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Preface

Point-to-set analysis studies mappings F from a given space X to another space
Y, such that F(x) is a subset of Y. Because we can see F(z) as a set that changes
with a, we are concerned first with sequences (or more generally nets), of sets.
Such nets can also be seen as point-to-set mappings, where X is a directed set.
Through appropriate generalizations, several basic continuity notions and results,
and therefore quite a bit of general topology, can be extended both to nets of sets
and to point-to-set mappings, taking into account the topological properties of X
and Y'; that is, without considering a topology for the family of subsets of Y. A
significant part of this theory, turning around fixed points of point-to-set mappings
and culminating with Kakutani’s theorem, was built during the first half of the
twentieth century.

We include in this book a self-contained review of the basics of set-valued
analysis, together with the most significant fixed point and related results (e.g.,
Ekeland’s variational principle, and Kakutani’s and Caristi’s theorems).

A particular class of point-to-set mappings, namely the class of maximal mono-
tone operators, was introduced in the 1960s. This class of mappings is a natural
extension of derivatives of convex functions to the realm of set-valued mappings,
because its prototypical example is the gradient of a convex and differentiable real-
valued function. We give in Chapter 4 a detailed review of some key topics of the
theory of maximal monotone operators, including Rockafellar’s fundamental results
on domains and ranges of maximal monotone operators and Minty’s theorems.

Maximal monotone operators enjoy without further assumptions some conti-
nuity properties, but in general they fail to be continuous, in the point-to-set sense.
However, in the 1960s, Brgndsted and Rockafellar showed that a particular subset of
maximal monotone operators, namely the subdifferentials of convex functions, can
be approximated by a continuous point-to-set mapping. In other words, a subdif-
ferential of a convex function can be embedded in a family of point-to-set mappings
parameterized by a positive number. This positive parameter measures the proxim-
ity of these approximations to the original subdifferential mapping. Such a family
received the name of e-subdifferential, where € is the parameter. This embedding
process, called “enlargement”, can be extended to arbitrary maximal monotone op-
erators. This is the core of the second part of this book. Such enlargements are
defined and analyzed in Chapter 5. In Chapter 6 they are used in the formulation
of several algorithms for problems of finding zeroes of point-to-set operators, and
more generally, to solving variational inequalities. The latter problem is a natu-

XV



XVi Preface

ral extension of nonsmooth convex optimization problems. Among the algorithms
treated in Chapter 6, we mention bundle methods for maximal monotone operators,
extragradient methods for nonsmooth variational inequalities, and robust versions
of proximal point schemes in Banach spaces.

This book is addressed to mathematicians, engineers, and economists inter-
ested in acquiring a solid mathematical foundation in topics such as point-to-set
operators, variational inequalities, general equilibrium theory, and nonsmooth opti-
mization, among others. It is also addressed to researchers interested in the new and
rapidly growing area of enlargements of monotone operators and their applications.

The first four chapters of the book can also be used for teaching a one-quarter
course in set-valued analysis and maximal monotone operators at the MSc or PhD
level. The only requisites, besides a level of mathematical maturity corresponding
to a starting graduate student in mathematics, are some basic results of general
topology and functional analysis.



Chapter 1

Introduction

1.1 Set-valued analysis

Point-to-set mappings appear naturally in many branches of science, such as control
theory [215], game theory [226], economics [7], biomathematics [96], physics [118],
and so on. The following section describes in some detail several problems involving
point-to-set mappings, drawn from different areas within mathematics itself.

Any ill-conditioned problem forces us to consider point-to-set applications.
For instance, they may represent the solution set when our problem has more than
one solution. It is clear that the use of these mappings will be satisfactory only if
we are able to extend to them, in some way, the main tools of point-to-point (i.e.,
classical) analysis.

The need for some sort of set-valued analysis was foreseen at the beginning of
the twentieth century by the founders of the functional calculus: Painlevé, Haus-
dorff, Bouligand, and Kuratowski. The latter considered them in his important
book on topology. The writers of Bourbaki’s volume on topology decided to avoid
the set-valued approach by considering these mappings as point-to-point mappings
from X to P(Y), the set of subsets of Y. This point-to-point approach has some
drawbacks, among which:

e The original nature of the problem is lost, and the (possible) structure of Y
cannot be exploited.

e Continuity in this framework is a too-restrictive condition, because of the
complicated topology of P(Y), thus satisfied by few mappings.

e The extra complexity provoked by this approach gives an erroneous impression
of the difficulty of point-to-set analysis, which can indeed be studied in a more
direct way.

In contrast with this point-to-point approach, point-to-set analysis follows the
theory developed by the above-mentioned authors, who studied a set-valued map
by means of its graph. This takes us back to the analytical geometry theory of
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the seventeenth century, developed by Fermat, Descartes, and Viete, among others,
who also studied functions via their graphs.

1.2 Examples of point-to-set mappings

Why should we study point-to-set mappings? We describe below some examples in
which these objects appear naturally.

Example 1.2.1. Inverse Problems
Let X and Y be topological spaces, G : X — Y a mapping, and consider the
problem
Find 2 € X such that G(x) = y. (1.1)

The set of solutions of the problem above is given by
Fy):={2€ X :G(z) =y}
Recall that (1.1) is said to be well posed (in Hadamard’s sense) when
e [t has a unique solution, and
e This solution depends continuously on the data.

This amounts to requiring F to be single-valued and continuous. For ill-posed
problems (i.e., those that are not well posed), which are a very common occurrence
in applications, F' may be empty, or multivalued, that is, point-to-set in general.

Example 1.2.2. Parameterized Optimization Problems

Take X and Y as in Example 1.2.1 and W : X x Y — R. Consider the problem
of determining V : Y — R given by:

V(y) = inf W(w,y) (1.2)

The function V is called the marginal function or value function associated with
W. For a given y € Y, the set

Gly)={zeX :W(z,y) =V(y)}

is a point-to-set mapping, which is also called the marginal function associated with
(1.2). It is important to determine conditions that ensure that G(y) is not empty
and to study its behavior as a function of y. We discuss more about marginal
functions in Chapter 3, Section 3.8.

Example 1.2.3. Optimality Conditions for Nondifferentiable Functions
Fermat’s optimality condition ensures that any extreme point x* of a differentiable

function f : R™ — R must verify Vf(z*) = 0. When dealing with convex nondif-

ferentiable functions, this condition can still be used, but the concept of derivative
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must be extended to this “nonsmooth” case. The subdifferential of f at x is defined
as

Of (@) :={weR" : f(y) = f(z) + (w,y —x) ¥y € R"}.

This defines a point-to-set mapping df : R™ — P(R™). It can be seen that f(x) =
{Vf(z)} if and only if f is differentiable at x (see e.g., [187, Theorem 25.1]). We
show in Chapter 4 that the optimality condition can now be expressed as 0 € 9f(z*),
thus recovering the classical Fermat result. The concept of subdifferential was
introduced in the 1960s by Moreau, Rockafellar, and others (see [160, 187]).

Example 1.2.4. Economic Theory and Game Theory

In the 1930s, von Neumann suggested the extension of Brouwer’s fixed point
theorem to point-to-set mappings, which Kakutani achieved in 1941 [112]. This
result was used by Arrow and Debreu in the 1950s, [6, 71], for proving the existence
of Walrasian equilibria, which was conjectured by Léon Walras himself at the end of
the nineteenth century, and provided the first formalized support for Adam Smith’s
inwvisible hand. In general, point-to-set mappings arise naturally in economics when
dealing with problems with nonunique solutions, and similar situations lead to the
appearance of these mappings in game theory; see [226].

Example 1.2.5. Variational Inequalities

Variational inequalities have been a classical subject in mathematical physics,
[118], and have recently been considered within optimization theory as a natural
extension of minimization problems [89]. Let X be a Banach space, X* its dual,
T:X — P(X*) a mapping, and C a closed subset of X. The problem consists of
finding T € C such that there exists @ € T(Z) satisfying (4,2—Z) > 0 for all x € C.

If C'is convex and T is the subdifferential of a convex function g : X — R, then
the solution set of the variational inequality coincides with the set of minimizers
of g in C. The subdifferential is point-to-set when g is not smooth, therefore it is
natural to consider variational inequalities with point-to-set mappings, rather than
point-to-point. In the realm of point-to-set mappings, the notion that extends in a
natural way the behavior of derivatives of real-valued functions is called mazimal
monotonicity. It is satisfied by subdifferentials of convex functions and it plays a
central role in set-valued analysis. Chapter 4 of this book is devoted to this family
of operators.

1.3 Description of the contents

The material in this book is organized as follows. Chapter 2 is dedicated to point-to-
set mappings and their continuity properties. Chapter 3 contains the basic core of
convex analysis, leading to several classical fixed point results for set-valued map-
pings, including the well-known theorems due to Caristi, Ekeland, Ky Fan, and
Kakutani. This chapter also includes some results on derivatives of point-to-set
mappings, and its last section describes certain duality principles for variational
inclusions. Chapter 4 deals with one important class of point-to-set mappings:
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maximal monotone operators, establishing their most important properties. The
final two chapters contain recent results that have not yet been published in books.
Chapter 5 is devoted to enlargements of maximal monotone applications. The most
important example of such an enlargement is the e-subdifferential of a convex func-
tion. An enlargement can be defined for an arbitrary maximal monotone operator,
in such a way that it inherits many of the good properties of the e-subdifferential.
We establish the properties of a whole family of such enlargements, and apply them
to develop extragradient type methods for nonsmooth monotone variational inequal-
ities, bundle methods, and a variational sum of two maximal monotone operators.

Chapter 6 applies the theory of the preceding chapters to the proximal point
algorithm in infinite-dimensional spaces, reporting recently obtained results, includ-
ing inexact versions in Banach spaces with constant relative errors and a convergence
analysis in Hilbert spaces with similar error criteria for nonmonotone operators.

In Chapters 2 and 3 we have drawn extensively from the excellent books [18]
and [194]. The contents of Chapters 2-4 can be considered classical and it can be
found in many well-known books, besides those just mentioned (e.g., [206, 172]).
However, most of this material has been organized so as to fit precisely the needs
of the last two chapters, which are basically new. We have made the book as close
as possible to being self-contained, including proofs of almost all results above the
level of classical functional analysis.



Chapter 2

Set Convergence and
Point-to-Set Mappings

2.1 Convergence of sets

Sequences of sets appear naturally in many branches of applied mathematics. In
Examples 1.2.1 and 1.2.2, we could have a sequence of problems of the kind (1.1) or
(1.2), defined by a sequence {y, }nen. This generates sequences of sets {F'(yn) bnen
and {G(yn) }nen. We would like to know how these sets change when the sequence
{Yn }nen approaches some fixed y. In Example 1.2.5, we may want to approximate
the original problem by a sequence of related problems, thus producing a sequence
of corresponding feasible sets and a sequence of corresponding solution sets. How
do these sequences approximate the original feasible set and the original solution
set? Convergence of sets is the appropriate tool for analyzing these situations. Con-
vergence of a family of sets to a given set C' is expressed in terms of convergence,
in the underlying space, of elements in each set of the family to a given point in C.
Therefore the properties of the underlying space are reflected in the convergence
properties of the family of sets. When the underlying space satisfies the first count-
ability axiom Ni, (i.e., when every point has a countable basis of neighborhoods),
then the convergence of sequences of sets can be expressed in terms of convergence
of sequences of point in these sets. This simplification is not possible when the
space is not IN7. For the latter spaces we need to use nets, a generalization of the
concept of sequences, in order to study convergence of families of sets.

Spaces that are not N7 are of interest in future chapters. An important ex-
ample, which motivates us to consider these spaces, is a Banach space endowed
with the weak topology. Throughout this chapter, we use nets in most of the basic
concepts and derive the corresponding sequential version for the case in which the
space is V7. Because some readers may be unfamiliar with the concept of nets, we
give here a brief introduction to this concept.
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2.1.1 Nets and subnets

A sequence in a topological space X is a function £ : N — X. The fact that
the domain of this function is the set N plays a central role in the analysis of
sequences. Indeed, the definitions of “tail” and “subsequence” strongly rely on the
order-related properties of N. The definition of net requires the use of a domain
I with less restrictive order properties than those enjoyed by N. We now give the
relevant definitions. A partial order relation > defined in a set I is defined as a
binary relation that is reflexive, (i.e., i »= i for all i € I), antisymmetric, (i.e., if
i = 7 and j = i then i = j), and transitive (i.e., if i = j and j = k then i > k).
A partial order is said to be total when every pair i,j € I verifies either i = j or
j = i. For instance, the usual order in the sets N,Z, R is total. The set P(X) of
parts of X with the order relation A = B defined by A C B for all A, B € P(X), is
a partial order that is not total. A set I with a partial order > is said to be directed
if for all 4, 5 € I there exists k € I such that k > ¢ and k = j. In other words, a set
is directed when every pair of elements has an upper bound. Every total order is
directed, because in this case the upper bound of any pair of indices is the largest
index of the pair. So we see that the set N with the usual order is a very special case
of a directed set. A less trivial example of a directed set is the collection of all closed
subsets of X, with the partial order of the inclusion. Indeed, given a pair of closed
subsets A, B of X, the subset A U B belongs to the collection and is a successor
of both A and B. Given a topological space X, a set U C X is a neighborhood
of a given point x whenever there exists an open set W such that x €¢ W C U.
The family of neighborhoods of a point provides another important example of a
directed set with the partial order defined by the reverse inclusion, that is, A »= B
if and only if B D A. More generally, any collection of sets A C P(X) closed under
finite intersections is a directed set with the reverse inclusion.

Definition 2.1.1. Given a directed set I and a topological space X, a net is a
function £ : I — X, where the set I is a partially ordered set that is directed. We
denote such a net {&}ier-

Because I = N is a directed set, every sequence is a net. We mentioned above
two important concepts related to sequences: “tails” and “subsequences.” Both
concepts rely on choosing particular subsets of N. More precisely, the family of
subsets

Ny = {JCN : N\ J is finite},

represents all the tails of N, and they are used for defining the tails of the sequence.
The family
N;:= {JCN : Jis infinite},

represents all the subsequences of N and they are used for defining all the subse-
quences of the sequence. Clearly, Noo C N;. We define next the subsets of an
arbitrary directed set I that play an analogous role to that of No and Nj in N.
The subsets that represent the “tails” of the net are called terminal sets. A subset
J of a directed set I is terminal if there exists jo € I such that k € J for all k£ = jp.
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A subset K of a directed set [ is said to be cofinal when for all i € I there exists
k € K such that k >= 4. It is clear that N, is the family of all the terminal subsets
of N, and N is the family of all cofinal sets of N. The fact that Now C N can be
extended to the general case. We prove this fact below, together with some other
useful properties regarding cofinal and terminal sets.

Proposition 2.1.2. Let I be a directed set.
(i) If K C I is terminal, then K is cofinal.
(ii) An arbitrary union of cofinal subsets is cofinal.
(iii) A finite intersection of terminal subsets of I is terminal.
() If J C I is terminal and K C I is cofinal, then J N K is cofinal.
(v) If J C I is terminal and K D J, then K is terminal.
(vi) J C I is not terminal if and only if I\ J is cofinal.

(vit) J C I is not cofinal if and only if I'\ J is terminal.

Proof. For proving (i), take any ¢ € I and k € K a threshold for K. Because [
is directed there exist j = i and j = k. By definition of threshold, we must have
j € K. Using now the facts that j = i and j € K, we conclude that K is cofinal.
The proof of (ii) is direct and is left to the reader. For proving (iii), it is enough to
check it for two sets. If J and K are terminal subsets of I, then there exist j € J
and k € K such that j € J for all j = j and k € K for all k = k. Because the set
I is directed, there exists ig € I such that ig = j and iy = k. Then ig € JN K and
every i = ig verifies i € JN K. So JN K is terminal. Let us prove (iv). Let jo
be a threshold for J and take any ¢ € I. Because [ is directed there exists i; € 1
such that i; > 7 and 7; > jo. Because K is confinal there exists ky € K such that
ko > 1. Using now the transitivity of the partial order, and the fact that ¢; = jo,
we conclude that kg € J. Therefore kg € KNJ. We also have kg = i1 = i and hence
J N K is cofinal. The proofs of (v)—(vii) are straightforward from the definitions.
d

Terminal sets are used for defining limits of nets, whereas cofinal sets are used
for defining cluster points.

Definition 2.1.3. Let {&}ier be a net in X.

(i) A point € € X is alimit of a net {&}ier C X if for every neighborhood V' of
§ there exists a terminal subset J C I such that {{;}jes C V. This fact is
denoted & = lim;cr & or & —ier €.

(ii) A poi@tﬁ_ € X is a cluster point of a net {&;}icr C X if for every neighborhood
V' of € there exists a cofinal subset J C I such that {&;}jes C V.
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Uniqueness of a limit is a desirable property that holds under a mild assump-
tion on X: whenever x # y there exist neighborhoods U, V' of z and y, respectively,
such that U NV = (. Such spaces are called Hausdorff spaces. It is clear that,
under this assumption, a limit of a net is unique. We assume from now on that the
topological space X is a Hausdorff space.

Definition 2.1.4. Given a net {&;}icr in X and a set S C X, we say that the net
is eventually in S when there exists a terminal subset J C I such that x; € S for
all 7 € J. We say that the net is frequently in S when there exists a cofinal subset
J C I such that x; € S for all j € J.

Remark 2.1.5. By Definition 2.1.4, we have that & is a cluster point of the net
{&Yier if and only if for every neighborhood W of &, the net is frequently in W.
Similarly, & is a limit of the net {& }Yicr if and only if for every neighborhood W of
£, the net is eventually in W.

Recall that a topological space satisfies the first countability axiom N7 when
every point has a countable basis of neighborhoods. In other words, for all z € X
there exists a countable family of neighborhoods U, = {U,,}men of x such that
each neighborhood of x contains some element of U,. The main result regarding
limits of nets is the characterization of closed sets (see [115, Chapter 2, Theorems
2 and 8]).

Theorem 2.1.6. A subset A C X is closed if and only if £ € A for all € such
that there exists a net {&;}ier C A that converges to §. If X is Ny, the previous
statement is true with sequences instead of nets.

Recall that every cluster point of a sequence is characterized as a limit of a
subsequence. A similar situation occurs with nets, where subsequences are replaced
by subnets. A naive definition of subnets would be to restrict the function £ to a
cofinal subset of I. However, the cofinal subsets of I are not enough, because there
are nets whose cluster points cannot be expressed as a limit of any subnet obtained
as the restriction to a cofinal subset of I (see [115, Problem 2E]). In order to cover
these pathological cases, the proper definition should allow the subnet to have an
index set with a cardinality bigger than that of I.

Definition 2.1.7. Let I, J be two directed sets and let {&}ier C X be a net in X.
A net {nj}jes C X is a subnet of {&}icr when there exists a function ¢ : J — I
such that

(SN1) n; = Eg(z) for all j € J. In other words, § o ¢ = 1.
(SN2) For alli € I there exists j € J such that ¢(j') =i for all j' = j.

The use of an exogenous directed set J and a function ¢ between J and I allows
the cardinality of J to be higher than that of I. When J is a cofinal subset of I,
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then taking ¢ as the inclusion we obtain a subnet of {&; };c;. With this definition of
subnets, the announced characterization of cluster points holds (see [115, Chapter
2, Theorem 6]).

Theorem 2.1.8. A point £ € X is a cluster point of the net {& Yier if and only if
it is the limit of a subnet of the given net.

Three other useful results involving nets are stated below.

Theorem 2.1.9.

(a) X is compact if and only if each net in X has a cluster point. Consequently,
X is compact if and only if each net in X has a subnet that converges to some
point in X.

(b) Let X,Y be topological spaces and f : X — Y. Then [ is continuous if and
only if for each net {&}ier C X converging to &, the net {f(&i)}ier C Y
converges to f(§).

(¢c) If X is a topological space and the net {&;}icr C X converges to £, then every
subnet of {&}: converges to €.

Proof. For (a) and (b), see, for example, [115, Chapter 5, Theorem 2 and Chapter
3, Theorem 1(f)]. Let us prove (c). Let {n;}jes be a subnet of {{;}icr and fix
W € Ug. Because {&}ier converges to &, there exists iy € I such that

&EeW  foralli>idy. (2.1)

Using (SN2) in Definition 2.1.7 for i := iy, we know that there exists jy € J such
that ¢(j) »= iw for all j = jw. The latter fact, together with (SN1) and (2.1),
yields

nj =E&pj) €W forall j > jw. (2.2)

So {n;}; is eventually in W, and hence it converges to £&. O

Let X be a topological space and take x € X. A standard procedure to
construct a net in X convergent to x is the following. Take as the index set the
family U, of neighborhoods of x. We have seen above that this index set is directed
with the reverse inclusion as a partial order. For every V € U,, choose zy € V.
Hence the net {zv}vey, converges to z. We refer to such a net as a standard net
convergent to x.

2.2 Nets of sets

A net of sets is a natural extension of a net of points, where instead of having a
point-to-point function from a directed set I to X, we have a point-to-set one.
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Definition 2.2.1. Let X be a topological space and let I be a directed set. A net
of sets {C;}ier € X is a function C : I = X; that is, C; C X for alli € I. In the
particular case in which I = N we obtain a sequence of sets {C, }nen C X.

Definition 2.2.2. Take a terminal subset J of I and choose x; € C; for all j € J.
The net {z;};cs is called a selection of the net {C;}icr. We may simply say in this
case that x; € C; eventually. Take now a cofinal subset K of I. If x, € Cy for
all k € K, then we say that x; € C; frequently. If a selection {x;};jcs of {Citicr
converges to a point x, then we write lim; x; = x. When K is cofinal and {xk }rex
converges to a point x, we write lim;cx ©; = T or x;— K.

Our next step consists of defining the interior limit and the exterior limit of a
net of sets. Recall that Z is a cluster point of a net {x;};,c; when x; € W frequently
for every neighborhood W of Z. If for every neighborhood of Z we have that x; € W
eventually, then Z is a limit of the net. We use these ideas to define the interior and
exterior limits of a net of sets.

Definition 2.2.3. Let X be a topological space and let {C;}icr be a net of sets in
X. We define the sets limext;c; C; and limint;c; C; in the following way.

(i) x € limextier C; if and only if for each neighborhood W of x we have
W N C; #0 frequently (i.e., W N C; # 0 for i in a cofinal subset of T).

(i) © € limint;e; C; if and only if for each neighborhood W of = we have
W N C; #0 eventually (i.e., WNC; # 0 for i in a terminal subset of I).

From Definition 2.2.3 and the fact that every terminal set is cofinal, we have
that limint; C; C limext; C;. When the converse inclusion holds too, the net of sets
converges, as we state next.

Definition 2.2.4. A net of sets {C;}ies converges to a set C' when
limint C; = limext C; = C.
1 K3
This situation is denoted lim; C; = C or C; — C.

When the space is N1 and we have a sequence of sets, we can describe the
interior and exterior limits in terms of sequences and subsequences. The fact that
this simplification does not hold for spaces which are not N is proved in [24,
Exercise 5.2.19].

Proposition 2.2.5. Let {Cy,}nen C X be a sequence of sets.

(i) If there exist ng € N and x,, € Cy, such that {xp}n>n, converges to x, then
z € limint,eny C,,. When X is Ny, the converse of the previous statement
holds.
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(ii) Assume that there exists J € Ny such that for each j € J there exists x; € C;
with {;} — 5 x. Then x € limext,eny Cr,. When X is Ny, the converse of
the previous statement holds.

Proof. The first statements of both (i) and (ii) follow directly from the definitions.
Let us establish the second statement in (i). Assume that X is Ny and let U, =
{Um }men be a countable family of neighborhoods of 2. We must define a sequence
{z,} and an index ng such that =, € C, for all n > ny and x,, — z. Take a
family of neighborhoods of x that is nested (i.e., Up4+1 C Uy, for all m). Because
r € limint,cy Cp, we know that for each m € N, there exists N,, € N such that
UnNCy # O for all n > N,,. Because the family is nested, we can assume that
Ny < Nppyq for all m € N. Fix ng € N. The set J := {n € N|n > N,,} € Ns and
we can choose ypm € U,, N C, for all n € J. For every n € J, there exists N, such
that N, < n < Npy1. Define the sequence z,, = Yy, for every n € J such that
N,, <n < Np41. Fix a neighborhood U of z, and take k such that U, C U. Then,
from the definition of x, and the fact that the family of neighborhoods is nested,
it can be checked that x, € Uy for all n > Nji. Hence {xn}nano converges to x.
Let us prove now the second statement in (ii). Let U, = {U,, }men be a family of
neighborhoods of z, as in (i). Because z € limext,en C), there exists ny € N such
that U; N Cy, # 0. The set {n € N|UxNC, # 0} is infinite and hence we can
choose some ns in the latter set such that no > ni. In this way we construct an
infinite set J := {ny }ren such that Uy N Cy, # 0 for all k. Taking x), € U, N C,,,
for all k we obtain a sequence that converges to x. This completes the proof of (ii)
a

The external and internal limits limext; C; and limint; C; always exist (al-
though they can be empty). Because they are constructed out of limits of nets, it
is natural for them to be closed sets. This fact is established in the following result,
due to Choquet [62]. Given A C X, A° denotes the complement of A (i.e., X \ 4),
A its closure, A° its interior, and JA its boundary.

Theorem 2.2.6. Let X be a topological space and let {C;}icr be a net of sets in
X. Then

(i)
linéilnt C;=nN {UieKCi : Kis a cofinal subset of I} .
(it)
lim (%Xt C; =nN {UiGKCZ- : Kis a terminal subset of I} .
1€

As a consequence, the sets limext;c; C; and limint;c; C; are closed sets.

Proof. (i) Note that = € limint;c; C; if and only if for every neighborhood W of x
we have that WNC; # () for all i € J, where J is a terminal subset of I. Fix now a co-
final set K C I. Then by Proposition 2.1.2(iv) we have that JN K is also cofinal and
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WNC; # 0 foralli € JNK. Hence WN (UpexCr) # 0. Because W is an arbitrary
neighborhood of x, we conclude that © € U;cxC;. Using now that K is an arbi-
trary cofinal set of I, we conclude that @ € N{U;cxC; : Kis a cofinal subset of I}.
Conversely, assume that = ¢ limint;c; C;. Then there exists W a neighborhood of
x such that the set of indices J :={i € I : WNC; # (0} is not terminal. Because

WnNC; =0 for all i € J¢ we have that W N (U;e s C;) = 0. Hence
xT ¢ UZ-GJCC’i. (23)

By Proposition 2.1.2(vi) J¢ is cofinal and hence (2.3) implies that
x & N{U;exC; : Kis a cofinal subset of I}.

The proof of (ii) follows similar steps and is left as an exercise. O

When X is a metric space, the interior and exterior limits can be expressed
in terms of the (numerical) sequence {d(z,Cy)}n. Let us denote the distance in X
by d: X x X — R and recall that for K C X,

d(z,K) := yiél}f{d(m,y).

In particular, d(z,()) = +o0o. Denote by B(x, p) the closed ball centered at = with
radius p; that is, Bz, p) :={z € X :d(z,z) < p}.

Proposition 2.2.7. Assume that X is a metric space. Let {Cy}nen be a sequence
of sets such that C,, C X for allm € N. Then,

(i) limext, Cp,:= {x € X :liminf, d(x,C),) = 0}. (2.4)

(1) limint, C, := {x € X :limsup,, d(z,C,) =0} (2.5)
= {rzeX :lim,d(zC,) =0} '
Proof. (i) Take z € limext, C,. By Proposition 2.2.5(ii) there exists a J € N}
and a corresponding subsequence {z;};cs such that z; —; x. If for some a > 0 we
have lim inf,, d(x, C),) > a > 0 then by definition of liminf there exists kg € N such
that inf,, >, d(z, Cy) > a. On the other hand, because z; — s « there exists jo € J
such that jo > ko and d(x,x;) < a/2 for all j € J, j > jo. We can write

a/2 > d(fL‘,l‘jo) > d(x7cjo) > gllf d(l‘,CJ) > a,
JZFRo

which is a contradiction. For the converse inclusion, note that the equality
liminf, d(z,C,) = 0 allows us to find J € Ny such that x; —; z. Therefore
by Proposition 2.2.5(ii) we must have z € limext,, C,,. The proof of (ii) follows
steps similar to those in (i). O

Example 2.2.8. Consider the following sequence of sets

{ {1/n} xR  if nis odd,

Cni=9 {1/ny x {1} if nis even.
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Then, limint, C,, = {(0,1)} and limext,, C};, = {0} x R (see Figure 2.1).

Cy &)

14 172

Figure 2.1. Internal and external limits

Because always limint; C; C limext; C;, for proving convergence of the net

{C;}ier it can be useful to find an auxiliary set C' such that limext; C; C C' C
limint; C;. The result below contains criteria for checking whether a set C' satisfies
some of these inclusions. In this result, we consider the following property of a
topological space X.
(P): If F is closed and = ¢ F then there exists a neighborhood U of x such that
UNF = 0. Regular topological spaces (i.e., those satisfying the third separability
condition (T3) stated below; see [115]), trivially satisfy (P). We recall next the
definition of (T3): if F' is closed and x ¢ F then there exist open sets U,V C X
such that F € U, z € V, and U NV = (. Property (P) also holds under a
weaker separability condition than (T3). This condition is called (Ty1): If 2,y are
two different points in X, then there exist neigborhoods U, and U, of z and y,
respectively, such that U, N ﬁy = (). Such topological spaces are called completely
Hausdorff spaces.

When working with V7 spaces, we always assume that the countable family
of neighborhoods U, around a given point x is nested; that is, U,,+1 C U,, for all
m.

Proposition 2.2.9 (Criteria for checking convergence). Assume that X is a
topological space. Consider a net {C;}icr of subsets of X, and a set C C X.

(a) C C limint; C; if and only if for every open set U such that CNU # 0, there
exists a terminal subset J of I such that C; NU # O for all j € J.

(b) Assume (only in this item) that C is closed and that X satisfies property (P).
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If for every closed set B such that C N B = (), there exists a terminal subset
J of I such that C; N B =0 for all j € J, then limext; C; C C.

(c) If limext; C; C C, then for every compact set B such that C N B = 0, there
exists a terminal subset J of I such that C;NB =0 for all j € J.

(d) Assume that C is closed, X is N1, and I = N; that is, we have a sequence of
sets {Cn}. Then the converse of (c) holds.

Proof.

(a) Suppose that C' C limint; C; and take an open set U such that
CNU # 0. Then there exists some x € C N U. The assumption on C implies
that x € limint; C;. Hence U is a neighborhood of = and by definition of interior
limit we must have U N C; # 0 for a terminal subset of I. This proves the “only if”
statement. For proving the “if” statement, consider C' satisfying the assumption on
open sets and take z € C. For every neighborhood W of x we have that WNC # (),
and by the assumption on C' we get W N C; # 0 for i in a terminal subset of I,
which implies that z € limint; C;.

(b) Take z € lim ext; C; and suppose that z ¢ C. Because C is closed, property
(P) implies that there exists U € U, with U N C = ). Applying now the assumption
to B := U we conclude that there exists a terminal subset .J of I such that

C;NU =0 for all j € J. (2.6)

Because z € lim ext; C; we have that U N C; # () for all ¢ in a cofinal subset of
I. This contradicts (2.6), establishing the conclusion.

(c¢) Assume that the conclusion does not hold. Then there exists a compact
set By such that C' N By = () and for every terminal subset .J of I there exists j € J
with C; N By # 0. For every fixed i € I, the set J(i) :={l € I : | > i} is terminal.
Then, by our assumption, there exists ; € J(i) such that C;, N By # (). For every
i € 1, select x;, € C;, N By. By Proposition 2.1.2(ii), the set K := U;eyl; is cofinal in
I and by construction {xy }rex C Bo. Because By is compact, by Theorem 2.1.9(a)
there exists a cluster point Z of {xy }rex with T € By. Take a neighborhood W of Z.
Because T is a cluster point of {x }rex, we must have {zy}rexs C W for a cofinal
subset K’ of K. Therefore W NC; # () for all i € K'. Because K’ C K is cofinal in
I, we conclude that & € limext; C;. Using the assumption that limext; C; C C, we
get that £ € C. So ¢ € C' N By, contradicting the assumption on By.

(d) Assume that C' satisfies the conclusion of (c¢). Suppose that there exists
z € lim ext,, C,, such that

z¢C. (2.7)

The space is N1, therefore there exists a countable nested family of neighbor-
hoods {Up, }m of z. By (2.7) we can assume that U,, N C = () for all m € N. The
fact that z € limext,, C,, implies that for all m € N there exists a cofinal (i.e., an
infinite) set K, C N such that U,, N C; # 0 for every i € K,,. For m := 1 take an
index 47 € K;. For this index ¢; take 21 € U3 N Cj;. The latter set is not empty by
definition of K. For n := 2 take an index i5 € K5 such that io ; 71. We can do this
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because K3 is infinite. For this index i take x5 € UsNC;,. In general, given z,, and
an index i,, € K, choose an index iy, +1 € K41 such that i1 Z iy, and take
Tmt1 € Ung1 N Cy,,,,. By construction, the set of indices {i, }n C N is infinite,
and hence cofinal. The sequence {z,,} converges to z, because x,, € U,, for all m
and the family of neighborhoods {U,, }, is nested. Note that only a finite number
of elements of the sequence {x,,} can belong to C, because otherwise, inasmuch as
C' is closed and the sequence converges to z, we would have z € C, contradicting
(2.7). So, there exists mo € N such that z,, ¢ C for all m > mg. Consider the
compact set B := {x,, :m > mg} U {z}. By construction, BN C = (). Applying
the assumption to B, there exists J € N such that

BNC; =0, (2.8)

for all j € J. Because J is terminal, there exists j € N such that j € J for all
j > 7. Consider the set of indices Jy := {im }m>me- This set Jy is cofinal and hence
there exists some i, € Jo N J. By definition of {z,,} we must have z € C;., N B,
contradicting (2.8). Therefore we must have z € C. 0

Remark 2.2.10. Proposition 2.2.9(d) is not true when C' is not closed. Take
X=R2,C:={zecR?:23+22>1},and C, ;= {x € R? : 22 + 23 =1+ 1/n} for
all n (see Figure 2.2). Then

lim Cy, = limext C, = {z € R? ;22 +ai=1}¢ C.

It is easy to see that whenever a compact set B satisfies BN C = (), it holds that
BNC, =0 for all n. Also, when X is not Ni we cannot guarantee the compactness
of the set B constructed in the proof of Proposition 2.2.9(d).

When X is a metric space, we can use the distance for checking convergence
of a sequence of sets.

Proposition 2.2.11 (Criteria for checking convergence in metric spaces).
Assume that X is a metric space. Consider a sequence {Cy} of subsets of X, and a
set C C X.

(a) C C limint, C,, if and only if d(x,C) > limsup,, d(z,Cy,) for all x € X.

(b) Assume that C is closed. If d(x,C) < liminf, d(z,C,,) for all x € X then
C D limext,, C,.

(c) Assume that X is a finite-dimensional Banach space. If C' D limext,, C,, then
d(z,C) <liminf, d(z,C,) for all x € X.

Proof. (a) Define d := d(x,C) = d(z,C) > 0. Then B(z,d + ¢)° N C # ) for all
e > 0. By Proposition 2.2.9(a) there exists J € N such that B(z,d+¢)°NC; # 0
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Figure 2.2. Counterexample for convergence criteria

for all j € J. In other words, there exists J € N such that d(z,C;) < d+¢ for all
7 € J, which implies that

limsupd(z,Cp) <supd(z,C;) < d+e.
n JjeJ
Inasmuch as € > 0 is arbitrary, we get the desired inequality.

For the converse result, observe that by the assumption every point x € C
satisfies lim sup,, d(z, Cy,) = 0 and hence z € limint,, C,, by (2.5).

(b) Take x € limext, C,,. By (2.4) we have liminf, d(z,C,) = 0, which
together with the assumption yields d(x, C') = 0. Because C is closed, we conclude
that x € C.

(¢) Suppose that C D limext,, C,, and let d := d(x,C) = d(x,C) > 0. If d =0
the conclusion obviously holds. Assume now that d > 0 and take € € (0,d). Then
B(z,d —e) N C = (). Because X is finite-dimensional, B(z,d — ¢) is compact, and
by Proposition 2.2.9(c) there exists J € N such that B(z,d —e) N C; = () for all
j € J. In other words, there exists J € N such that d(z,C;) > d—e for all j € J,
which implies that

liminf d(z, Cy) > inf] d(z,C;) > d—e.
n JE.
Inasmuch as ¢ € (0,d) is arbitrary, we get the desired inequality. O

Tychonoft’s theorem states that the arbitrary product of compact spaces is
compact. Mrowka [163] applied this result in order to obtain a compactness property
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of an arbitrary net of sets. Namely, he proved that every net of sets has a set
convergent subnet. Recall that the discrete topology in a space Y has for open sets
all possible subsets of Y. Given two nonempty sets A, B, by A” we denote the set
of all functions from B to A.

Theorem 2.2.12. Let X be a Hausdorff space and {C;}icr a net in X. Then there
exists a convergent subnet {C;}cr of {Citier.

Proof. Let B be the base of the topology of X and consider Y := {0,1}5, where
{0,1} is endowed with the discrete topology. Because {0,1} is compact, by Ty-
chonoff’s theorem we conclude that Y is compact as well. For every i € I, define
the net {f;}icr CY as

L 1 fWndC;, #0
fi(W) { 0 #wnc =0.

Because Y is compact, by Theorem 2.1.9(a) there exists a convergent subnet
{g;}jer of {fiticr. Let g € Y be the limit of the convergent subnet {g;};cs. By
the definition of subnet, there exists a function ¢ : J — I such that f ) = g; for
all j € J, where ¢ and J verify condition (SN2) of the definition of subnet. This
implies that the net {C; }Jej defined by C; := = Cy(;) is a subnet of {C; }Zej Let
W € B be such that W N C’ # () frequently in J. We claim that W N C’ £ 0
eventually in J. Note that this claim yields lim int; C = lim ext; C’ Let us prove
the claim. If W N C] # ) frequently in J then, by definition of C'j, we have that
W N Cyjy # 0 frequently in J. Using now the definition of f;, we get f,;)(W) =1
frequently in J. In other words, ¢;(W) = 1 frequently in J. Thus, the limit g
of {gj}jes must verify g(W) = 1, because otherwise g; must be eventually equal
to zero, a contradiction. So we have that g(W) = 1. Using again the fact that
g is the limit of {g;};cs, we conclude that gj(W) = 1 eventually. Backtracking
the previous argument, we obtain that W N C # () eventually in .JJ. Therefore,
limint; Cj = limext; C; and hence the subnet {C;},c; converges to this common
set. O

Recall that a topological space X satisfies the second countability axiom No
when there exists a countable family of open sets B := {U,, }men such that any
open set can be expressed as a union of elements in 5. We denote by A C B the
fact that A C B and A # B.

Remark 2.2.13. Assume that we have a sequence of sets {C), }nen. Looking at
this sequence as a net, we know by Theorem 2.2.12 that it has a convergent subnet.
However, for general topological spaces, this subnet is not necessarily a subsequence
of sets. In other words, the index set of the subnet is not necessarily a cofinal subset
of N. In [24, Proposition 5.2.13] it is shown that in metric spaces which are not Ny
there exist sequences of sets without a convergent subsequence. On the other hand,
when the space is N2, we can always extract a convergent subsequence of nets. We
prove this fact next.
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Proposition 2.2.14. Assume that X satisfies No. If limext, C, # 0, then there
exist J € Ny and a nonempty set C' such that C; — ;5 C.

Proof. Fix an element z € limext, C,,. Then there exist Jy € M and a sequence
{z;};e, such that x; € C; for all j € Jy and x; —, z. Let jo := min Jy. Consider
the index set

I ::{jGJ() 2CjﬂU17é®},
where U; is the first element of the countable basis 5. Define now an index set

J1 € Jp in the following way.

_Jlieh =5 >jo}, if I € Ny,
b {jed\L :5>jo}, otherwise.

By construction, J; C Jo and J; € Ny. Continuing this process, given J,_; and

=

Jk—1 :=min Ji_1, the kth index set Ji C Ji_1 is defined by considering the set
I = {j € Jp_1 : Cj N Uy 7é (Z)},
where Uy, is the kth element of B. Now define

T = {i€lp :j>jrt if I, € NV,
. i€\ I 2 j > jr1}, otherwise.

Thus this sequence of index sets satisfies
Jo2 12022 21 2k 201,

and Ji € /\/ﬁ for all k. Also, the sequence {j}ren of the first elements of each Jy, is
strictly increasing. Consider now the index set J consisting of all these minimum
elements; that is,

J = {jo,j17j27 e 7jk'—17jk‘7 .. }

Then J € N because all these elements are different. We claim that for any fixed
k € N, only one of the two possibilities below can occur for the basis element Uy.

(I) There exists my € N such that Uy N C; # 0 for all j € J such that j > my.
Equivalently,

{jEJ2UkﬂCj7é®}D{j€Jijka}. (2.9)

(IT) There exists my € N such that Uy N C; = 0 for all j € J such that j > my.
Equivalently,

{jedJ :UsnCj=0}D{jeJ :j>my}. (2.10)

For proving this claim, take k € N (or equivalently, Uy € B). Either I, € N
or I, ¢ Ny. Consider first the case in which I, € Aj. In this case we have Ji, C Ij.
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By construction, J, C Ji, for all £ > k. In particular, the first elements of all these
sets are in Ji. In other words,

{e€J j>g} =Lk drr1, -y C I CIe ={j € Jy—1 : C;NUx # 0}

Note that the leftmost set is contained in J, so by intersecting both sides with J
we have that case (I) holds with my, := jj in (2.9). Consider now the case in which
I ¢ Ny. This means that the set I, = {j € Jyr—1 : C;j N Uy # 0} is finite. Then
there exists j, € J such that j, > j for all j € I. Because I, C Jx_1, this implies
that j, will be strictly bigger than the first element of J,_; (i.e., jo > jx—1). By
construction of J, if j € J is such that j > js, then there existsp e N (p > £ > k—1)
such that j = j, = min J,. Therefore, j = j, € J, C Jy—1. So, if j € J is such that
j > je, then j € Ji—1 and j ¢ I, by definition of jy. It follows that

{jedJ jzjrc{jcder i jd Iy =1{j€ 1 : C;NUx =0}

Note again that the leftmost set is contained in J, so by intersecting both sides
with J we have that case (II) holds with mj, := j; in (2.10). The claim holds. Now
define C' := limext; C;. Because J C Jy, we have that z; —; z € C. So, C' # 0.
Our aim is to prove that C' C limint; C}, in which case C; —; C, by definition of
C'. In order to prove the claim, we use Proposition 2.2.9(a). It is enough to show
that for every basis element Uy € B such that

CNU, #0, (2.11)

there exists Ly € N such that C; N U, # 0 for all j € Lo N J. So, assume
that Uy € B verifies (2.11) and take # € C' N Uy. By definition of C, there exist
an infinite set L C J and a sequence {y;}jer such that y; € C; for all j € L
and y; —1 x. Because x € Uy, there exists Ly € Ny such that y; € Uy for all
7 € LoN L. Therefore, for this Uy there exists an infinite set of indices Lo N L such
that y; € C; N Uy. It follows that this U, must satisfy condition (I), which implies
the existence of an my, such that C; NUy, # 0 for all j € J, j > my,. By Proposition
2.2.9(a), we conclude that C' C limint; C; and hence C; —; C. 0O

For a sequence {ay,} of real numbers, it is well-known that its smallest cluster
point is given by liminf,, o, and its largest cluster point is given by limsup,, as,.
A remarkable fact is that Proposition 2.2.14 allows us to establish an analogous
situation for sequences of sets. Of course, cluster points must be understood in the
sense of set convergence, and the smallest and largest cluster points are replaced
by the intersection and the union of all possible cluster points, respectively. More
precisely, given a sequence {C),} of subsets of X, define the set

CP:={D : there exists J € Nj such that C; —; D}

={D : D is a cluster point in the sense of set convergence}. (2.12)

Corollary 2.2.15. Let X be Ny and let {C,} be a sequence of subsets of X.
Consider the set CP defined as in (2.12). Then
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(i) limint, Cp, = \peep D-

(ii) limext, Cp, = Upecep D-

Proof.

(i) Take # € limint, C,. By the definition of limint there exist an index
set J, € Ny and a corresponding sequence {x;};es, such that z; € C; for all
j € Jp with ; — . We must prove that « € D for all D € CP. In order to
do this, take D € CP. By the definition of CP there exists J e N; such that
Cj —; D. Note that JNJ, € Ny. Tt is clear that the sequence {z; }ieing, satisfies

xz; € Cj forall j € J N J, with Tj = jng, T Because J, € N, this means that
x € limint ; C; = D, as required. For the converse inclusion, take xr € NpecpD
and suppose that « ¢ limint,, C,,. Then there exist a neighborhood V of = and an
index set J, € Ny such that for all j € J, it holds that

C;NV =0 (2.13)
We have two alternatives for the subsequence {C}};c,:
(I) limext;ey, C; =0, or
(1) limextjes, C; # 0.

In case (I), we have C; —;, 0, so 0 € CP and hence NpeepD = 0, contradicting
the fact that @ € NpecpD. So, alternative (IT) holds and we can use Proposition
2.2.14 in order to conclude that there exist a nonempty set C' and an index set
Je M, J C J, such that

Cj —3; C. (2.14)

This implies that C' € CP, and by the assumption on x, we have x € C. This fact,
together with (2.14), implies that there exist an infinite index set J' C J C J, and
a sequence {y;}jes, with y; € C; for all j € J', such that y; —j x. Then, for large
enough j € J" we have C; NV # ), which contradicts (2.13). Thus, x € limint,, C,,.

(ii) If D € CP and x € D, then by definition of CP it holds that z €
limext,, C,,. This proves that J DeCPD C limext,, C,,. For the converse inclu-
sion, take z € limext, C,,. By the definition of limext there exist an index set
Jz € Ny and a corresponding sequence {z;};cz, such that z; € C; for all j € J,
with 2; —;, x. Because limext;, C; # 0, by Proposition 2.2.14 there exist a
nonempty set C' and an index set Je M, J c J, such that C; —; C. Because
z; € Cj for all j € J C J,, we also have z; —; z and hence x € limint; C; = C.
Then there exists C' € CP such that x € C' and we conclude that z € (Jpceop D-
a0
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Exercises

2.1. Prove that
(i) limint; C; C limext; C;.
lim; C; = 0 if and only if lim ext; C; = (.
lim int; C; = limint; C; (idem lim ext).
If B; C C; for all i € I then limint; B; C limint; C; (idem lim ext).
If ¢; ¢ B; € D; for all i« € I and lim; C; = lim; D; = C, then
limint; B; = C.
2.2. Let {C,,} be a sequence of sets.
(i) If Cpi1 C C, for all n € N, then lim,, C,, exists and lim,, C,, = N,,C,,.
(ii) If Chy1 D C,, for all n € N, then lim,, C,, exists and lim,, C,, = m

2.3. Let {C},} be a sequence of sets. Assume that lim,, C,, = C with C,, C C and
C,, closed for all n € N. Define D,, := (J;_, C;. Prove that lim, D,, = C.
State and prove an analogous result for lim,, C,, = C with C,, D C.

2.4. In items (i) and (ii) below, assume that X is a metric space.

(i) Take {z,} C X, {pn} C Ry, x and p > 0 such that lim, x,, = = and
lim,, p,, = p. Define C,, := B(xy, pn). Then lim,, C,, = B(z, p).

(ii) With the notation of (i), assume that lim,, p,, = co. Then lim,, C,, = X
and lim, X \ C,, = 0.

(iii) Take D C X such that D = X. Define C,, := D for all n € N. Then

lim, C,, = X.
(iv) Find {C,,} such that every C,, is closed, lim,, C;,, = X but lim,, X\ C,, #
0.

(v) If C, = Dy when n is even and C,, = D3 when n is odd, then lim ext,, C;, =
D1 U Dg and lim iIltn Cn == D1 N Dg.

2.5. Prove the following facts:
(i) limext;(A; N B;) C limext; A; N limext; B;.
(ii) limint;(A; N B;) C limint; 4; N limint; B;.
(iii) limext;(A; U B;) = limext; 4; U lim ext; B;.
(iv) limint;(A; U B;) D limint; A; U limint,; B;.
(v) Prove that all the inclusions above can be strict.
2.6. Assume that f: X — Y is continuous. Then
(i) f(limext; C;) C limext; f(C;).
(ii) f(limint; C;) C limint; f(C;).
(iii) limext; f~1(C;) C f~ (limext; C;).
(iv) limint; f=1(C;) € f~(limint; C;).
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2.7.

2.8.

2.9.

(vi)
(vii)

(viii)

(ix)

Prove that all the inclusions above can be strict. Hint: for (i)—(ii) try
f:R — R defined by f(t) := et and C,, := [n,n + 1]; for (iii)—(iv) try
f:R — R defined by f(t) := cost and C,, := [1 + 1/n, +00).

Assume that f is also topologically proper; that is, if {f(x,)} converges
in Y, then {z,} has cluster points. Then equality holds in (i).

Assume that f is topologically proper and bijective. Then equality holds
in (iii).

Find a topologically proper and surjective f for which the inclusion in
(i) is strict. Hint: try

t+(1—2m) ift > 2m,
f(t) =< cost ift € [—-n/2,2n],
t47/2 ift < —m/2,

and C,, :=[1+1/n,+00).

Show a topologically proper and injective f for which the inclusion in
(iii) is strict. Hint: try f : [-1,1] — R defined by f(¢) := ¢ and
Cp:=[141/n,+00).

Prove that the converse of Proposition 2.2.9(b) is not true. Hint: take C :=
{0} and C,, := [n,+00) for all n. Then C' D limext,, C,, = 0, but the closed
set B :=[1,+00) does not satisfy the conclusion.

Prove that Proposition 1.2.8(b) does not hold if C' is not closed (see Remark
2.2.10).

Prove that Proposition 1.2.8(c) does not hold if X is not finite-dimensional.
Hint: take X a Hilbert space, C' = {z : ||z]| = 2}, and C,, = {e,} for all n,
where {e,,} is an orthonormal basis. Then clearly C' D limext,, C,, = 0, but
the inequality involving distances is not true for z = 0.

2.3 Point-to-set mappings

Let X and Y be arbitrary Hausdorff topological spaces and let F' : X = Y be a
mapping defined on X and taking values in the family of subsets of Y; that is, such
that F'(z) C Y for all x € X. The possibility that F(z) =0 C Y for some z € X is
admitted.

Definition 2.3.1. Consider X,Y, and F' as above. Then F is characterized by its
graph, denoted Gph(F') and defined as

Gph(F) :=={(z,v) e X XY :ve F(x)}.

The projection of Gph(F') onto its first argument is the domain of F', denoted D(F')
and given by:

D(F):={z e X : F(x) #0}.
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The projection of Gph(F') onto its second argument is the range of F', denoted R(F)
and given by:

R(F):={ye€Y :3xz e D(F) such that y € F(x)}.

Definition 2.3.2. Given a point-to-set mapping F : X = Y, its inverse F~! :
Y = X is defined by its graph Gph(F~1) as

Gph(F™ ') :={(v,z) €Y x X :v€ F(x)}.
In other words, F~! is obtained by interchanging the arguments in Gph(F).

2.4 Operating with point-to-set mappings
Let X be a topological space and Y a topological vector space. We follow Minkowski
[148] in the definition of addition and scalar multiplication of point-to-set mappings.
Definition 2.4.1. Consider Fy,Fo : X =Y and define F1 +F5 : X =2Y as

(F1 + Fo)(x) :={v1 + vy :v1 € Fi(z) and vy € Fa(x)}.

Definition 2.4.2. Consider F': X =Y. For any A € R, define A\F : X =Y as
AF(z) :={ v :ve F(x)}.

Composition of point-to-set mappings is also standard.

Definition 2.4.3. Consider F': X =Y and G : Z = X and define FoG:Z =Y
as

(F o G)(x) := Useq @) F(2)-

Remark 2.4.4. Observe that when F' is point-to-point and M C Y, the set
F~1(M) can be seen as {z € X : F(z)NM # 0}, or as the set {z € X : {F(x)} C

These two interpretations allow us to define two different notions of the inverse
image of a set A C Y through a point-to-set mapping F'.

Definition 2.4.5.
(i) The inverse image of A is defined as
FYA) :={zecX :F(x)NA#0D}.
(i) The core of A is defined as
FtHA):={z e X : F(z) C A}
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2.5 Semicontinuity of point-to-set mappings

Assume that X and Y are Hausdorff topological spaces and F': X = Y is a point-
to-set mapping. We consider three kinds of semicontinuity for such an F'.

Definition 2.5.1.

(a) F is said to be outer-semicontinuous(0sc) at x € D(F) if whenever a net
{zitier C X converges to x then limext; F(x;) C F(x).

(b) F is said to be inner-semicontinuous (1SC) at © € D(F) if for any net {z; }ier C
X convergent to x we have F(z) C limint; F(x;).

(¢) F is said to be upper-semicontinuous (Usc) at x € D(F') if for all open W C Y
such that W D F(x) there exists a neighborhood U of x such that F(z') C W
forall 2’ € U.

We say that F is 0SC (respectively, 1SC, USC) if (a) (respectively, (b), (¢)) holds for
all x € D(F).

Remark 2.5.2. If F is 0sC or I1SC at z, then we must have F(z) a closed set.
Indeed, assume y € F(x) and define the net {z;} as x; = « for all i € I, which
trivially converges to z. Because y € F(x) for every W neighborhood of y we
have that W N F(z) = W N F(x;) # 0 for all ¢ € I. This gives y € limint; F(x;) C
limext; F'(x;) = F(x), where we are using in the equality the fact that F(x;) = F(x)
for all 7.

Two kinds of continuity are of interest for point-to-set mappings. We are
concerned mostly with the first one.
Definition 2.5.3.
(i) F: X =Y is continuous at x € D(F) if it is OSC and 1SC at x.

(ii)) F: X =Y is K-continuous at « € D(F) if it is USC and 1SC at = (K for
Kuratowski, [127]).

By the definition of interior and exterior limits, we have limint; F'(z;) C
limext; F'(x;). When F is continuous and the net {z;} converges to x, we must
have F'(z) C limint; F(z;) C limext; F(x;) C F(x). In other words,

lim F(x;) = F(a),
7
which resembles point-to-point continuity.

We show next that outer-semicontinuity at every point is equivalent to closed-
ness of the graph.

Theorem 2.5.4. Assume that X and Y are Hausdorff topological spaces and take
a point-to-set mapping F : X =Y. The following statements are equivalent.
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(a) Gph(F) is closed.

(b) For each y & F(x), there exist neighborhoods W € U, and V € U, such that
FW)nV =40.

(c) F is OscC.

Proof. Let us prove that (a) implies (b). Assume that Gph(F') is closed and fix
y & F(x). Closedness of the graph implies that the set F'(x) is closed. Hence there
exists a neighborhood V' € U, such that F(z) NV = (. We claim that there exist
neighborhoods Wy of x and V, € U, with Vo C V such that F(Wy) N Vy = 0.
Suppose that for every pair of neighborhoods W of z and U € U, with U C V'
we have (W) NU # 0. Take the directed set I = U, x U, with the partial
order of the reverse inclusion in both coordinates. For every (W,U) € I we can
choose zywy € W and ywy € F(zwy) NU. We claim that the nets {zwy} and
{ywu} converge to x and y, respectively. Indeed, take W7 € U,. Consider the
subset of I given by J := {(W,U) | W C Wi, U € Uy,}. The set J is clearly
terminal and for all (W,U) € J we have zwy € W C Wj. Hence the net {xywy}
converges to x. Fix now U; C V with U; € U,. Consider the subset of I given
by J := {(W,U)|U c Uy, W € U,}. Again the set J is terminal in I and for
all W,U) € J we have ywu € U C U;. Therefore the claim on the nets {xwy}
and {ywy} is true. Altogether, the net {(zwu,ywuv)} C Gph(F) converges to
(x,y). Assumption (a) and Theorem 2.1.6 yield (z,y) € Gph(F'), so that y € F(x),
which contradicts the assumption on y. Therefore there exist neighborhoods W
of x and Vy € U, with Vo C V such that F(Wy) N Vy = 0, which implies (b). For
the converse, take a net {(x;,yi)}ier C Gph(F) converging to (z,y) and assume
that y ¢ F'(z). By (b), there exist neighborhoods W € U, and V € U, such that
F(W)NV = . Because {(x;,y;)} converges to (z,y), there exists a terminal subset
J of I such that x; € W and y; € V for all ¢ € J. Because (z;,y;) € Gph(F), we
have that y; € F(z;) NV C F(W)NV =0 for all i € J, which is a contradiction,
and therefore y € F (). Hence, Gph(F) is closed by Theorem 2.1.6. Let us prove
now that (b) implies (¢). Take a net {z;};c; converging to = and suppose that
there exists y € limext; F'(z;) such that y ¢ F(x). Take neighborhoods W € U,
and V € U, as in (b). Because y € limext; F((x;) there exists a set J cofinal in
I such that F(x;) NV # @ for all i € J. For a terminal subset K of I, we have
that x; € W for all i € K. Hence for all i in the cofinal set K N J we have
0 #F(x;)NV Cc F(W)NV = (. This contradiction entails that y € F(x), which
yields that F' is 0sc. We complete the proof by establishing that (c) implies (b).
Assume that there exists y ¢ F(z) for which the conclusion in (b) is false. Asin the
argument above, we construct a net {(xwy,ywur)} converging to (z,y). Using this
fact and (c), we get that y € limint; F(zwy) C limext; F(xwy) C F(x), which
contradicts the assumption on y. O

A direct consequence of the previous result and Theorem 2.1.6 is the following
sequential characterization of outer-semicontinuous mappings for Ny spaces.
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Theorem 2.5.5. Assume that X,Y are N1 and take F : X =Y. The following
statements are equivalent.

(a) Whenever a sequence {(zn,yn)} C Gph(F) converges to (x,y) € X x Y, it
holds that y € F(x).

(b) F is 0sc.

Inner-semicontinuity of point-to-set mappings can also be expressed in terms
of sequences when the spaces are Nj.

Theorem 2.5.6. Assume that X,Y are Ny and take F : X =Y. Fiz x € D(F).
The following statements are equivalent.

(a) For anyy € F(x) and for any sequence {x,} C D(F) such that x,, — x there
exists a sequence {yn} such that y, € F(x,) for alln € N and y,, — y.

(b) F is1scC at x.

Proof. Assume that (a) holds for F' and take a net {z;} C X converging to x. We
must prove that F(z) C limint; F'(z;). Assume that there exists y € F(z) such that
y & limint; F(z;). This means that there exists a neighborhood Uy, of the countable
basis U, and a cofinal subset J of I such that Uy N F(z;) = 0 for all i € J. Using
the fact that the whole net {z;} converges to x, we have that the subnet {z;};cs
also converges to x. Because X is N1, we can construct a countable set of indices
{in, € J|n € N} such that the sequence {z;, }, converges to xz. Assumption (a)
yields the existence of a sequence y,, € F(z;,) with y, — y. Take now ng such that
Yn € Uy for all n > ng. For all n > ng we can write

UYn € Uk N F(Zin)~

By construction, 4, € J which yields Uy N F(z;,) = 0, a contradiction. Hence
y € limint; F'(z;), which entails that F' is 1SC at x.

Assume now that F' is 1SC at z. Fix y € F(x) and take a sequence {z,} C
D(F) such that x, — z. Every sequence is a net, thus we have that F(x) C
lim int,, F(x,), by inner-semicontinuity of F. Hence y € limint,, F'(z,). By Propo-
sition 2.2.5(i) with C,, = F(x, ), there exists vy, € F(x,) with y, — y. Therefore
(a) holds. O

Remark 2.5.7. The definition of USC can be seen as a natural extension of the
continuity of functions. Indeed, for point-to-point mappings upper-semicontinuity
and continuity become equivalent. However, this concept cannot be used for ex-
pressing continuity of point-to-set mappings in which F(z) is unbounded and varies
“continuously” with a parameter, as the following example shows.
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Example 2.5.8. Define F : [0,27] = R? as
F(a) :={\(cosa,sina) : A > 0}.

F' is continuous, but it is not USC at any « € [0,27]. As it is shown in Figure 2.3,
there exists an open set W D F(a) such that for § — « the sets F'(§) are not
contained in W.

Figure 2.3. Continuous but not upper-semicontinuous mapping

In resemblance to the classical definition of continuity, the following proposi-
tion expresses semicontinuity of point-to-set mappings in terms of inverse images.
The result below can be found in [26, Ch. VI, Theorems 1 and 2].

Proposition 2.5.9 (Criteria for semicontinuity). Assume that x € D(F).

(a) F isUSC at x if and only if F*1(W) is a neighborhood of x for all open W C'Y
such that W D F(x). Consequently, F is USC if and only if FTY(W) is open
for every open W C Y.

(b) F is1sc at x if and only if F~1(W) is a neighborhood of x for all open W C Y
such that W N F(x) # 0. Consequently, F is 1sC if and only if F~Y(W) is
open in Y for all open W C Y.

Proof. (a) The result follows immediately from the definitions.
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(b) Assume that F' is 1SC at x and let W C Y be an open set such that
W N F(z) # 0. We clearly have that € F~Y(W). Assume that F~1(W) is
not a neighborhood of x. Denote as U, the family of all neighborhoods of x. We
know that the set U, is directed with the reverse inclusion. If the conclusion is not
true, then for all V € U, V ¢ F~1(W). In other words, for all V' € U, there exists
xy € V such that

F(zy)NW = 0. (2.15)

Because zy € V for all V' € U,, we have that {zy} is a standard net, and

hence it tends to z. By inner-semicontinuity of F' we conclude that
F(z) C hvnébrifF(xv).

Take now y € W N F(x). The expression above yields y € liminfy ¢y, F(zv).
Because W is a neighborhood of y, we conclude that F(zy) N W # ) eventually
in U,. This fact clearly contradicts (2.15) and hence the conclusion must be true.
Conversely, assume that the statement on neighborhoods holds, and take a net
{w;}ier converging to x. We must prove that F(z) C liminf,c; F(x;). Takey € F(x)
and denote by U, the family of all neighborhoods of y. Fix an open neighborhood
W e U,. We claim that W N F(z;) # 0 eventually in I. Because y € F(z)
and W € U, we have that W N F(x) # (. By our assumption, the set F~*(WW)
is a neighborhood of . Using now the fact that the net {x;};c; converges to x
we conclude that x; € F~1(W) eventually in I. In other words, W N F(z;) # 0
eventually in 7. Our claim holds and the proof of the first statement is complete.
The second statement in (b) follows directly from the first one. 0O

Definition 2.5.10. We say that F : X =Y is closed-valued if F(z) is a closed
subset of Y for all x € X.

Let us recall the definition of locally compact topology (see, e.g., [63, Definition
2.1.1]).

Definition 2.5.11. A topological space Z is locally compact if each x € Z has a
compact neighborhood. In other words, when for each point we can find a compact
set V' and an open set U such that x € U C V.

We call to mind that when the space is Hausdorff and locally compact, then the
family of compact neighborhoods of a point is a base of neighborhoods of that point.
As a consequence, every neighborhood of a point contains a compact neighborhood
of that point. (see, e.g., [115, Ch. 5, Theorems 17 and 18]). These properties are
used in the result below, where we state the semicontinuity properties in terms of
closed sets.

Proposition 2.5.12.
(a) F is1sc if and only if FT1(R) is closed for all closed R CY.
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(b) F is USC if and only if F~1(R) is closed for all closed R CY .

(c) If F is 0sc, then F~Y(K) is closed for every compact set K C Y. If F is
closed-valued and X is locally compact, then the converse of the last statement
is also true.

Proof. Ttems (a) and (b) follow from Proposition 2.5.9 and the fact that F™!(A) =
(F71(A9))¢ for all A C Y. For proving (c), assume first that F is 0SC and take a
compact set K C Y. In order to prove that F~1(K) is closed, take a net {z;}icsr C
F~1(K), converging to x. By Theorem 2.1.6 it is enough to prove that z € F~!(K).
Because F(x;)NK # 0 for all i € I, there exists a net {y; }ier such that y; € F(x;)N
K for all i € I. Because {y;} C K and K is compact, by Theorem 2.1.9(a), there
exists a cluster point 7 of {y;} belonging to K. Therefore, for every neighborhood W
of § we have that y; € W frequently. This implies that F'(z;)NW # @ frequently. In
other words, § € limext; F(x;). By outer-semicontinuity of F', we get § € F(x), or,
equivalently, z € F~!(K). For proving the converse statement, take a net {(x;)}ics
such that x; — . We must prove that
lim ext F'(z;) C F(x).
el

Take y € limext;cr F(2;) and assume that y € F(x). Because F(z) is closed and
X is locally compact, there exists a compact neighborhood V' of y such that

VN F@) =0. (2.16)

The fact that y € limext;c; F'(x;) implies that VN F(z;) # () frequently. Therefore,
for a cofinal subset Jy of I we have that VN F(z;) # 0 for all ¢ € Jy. In other words,
the subnet {x;};cj, is contained in F~!(V') and converges to z. By assumption, the
set F~1(V) is closed, so we must have z € F~1(V), or, equivalently, F'(z) NV # 0,
which contradicts (2.16). The claim holds and y € F(x). 0O

Remark 2.5.13. If F is not closed-valued, the last statement in Proposition

2.5.12(c) cannot hold. By Remark 2.5.2, outer-semicontinuity forces F' to be closed-

valued. The statement on compact sets in Proposition 2.5.12(c) may hold for

nonclosed-valued mappings. Consider F' : R = R defined by F(z) := [0,1) for all = €
R. It is easy to see that for all compact K C R, either F~1(K) = or F71(K) = R,

always closed sets. Because its graph is not closed, F' is not 0SC. See Figure 2.4.

The three concepts of semicontinuity are independent, in the sense that a
point-to-set mapping can satisfy any one of them without satisfying the remaining
two. This is shown in the following example.

Example 2.5.14. Consider the point-to-set mappings Fi, Fs, F5 : R = R defined
as:

1 ifz#0, [ [0,1/2) ifx#0,
1/2] ifz=0. Fz(x)'{ 0,1)  ifz=0.
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Figure 2.4. Counterexample for outer-semicontinuity condition

[1/z,+00) ifz >0,
F5(z) =< (—00,0] ifx =0,
[-1/z,0] ifz<0.

It is easy to check that Fy is only 1sC, F5 is only Usc, and F3 is only 0SC (see
Figure 2.5).

Example 2.5.8 justifies the introduction of outer-semicontinuity in addition to
upper-semicontinuity. There are some cases, however, in which one of these kinds
of semicontinuity implies the other. In order to present these cases, we need some
definitions.

Definition 2.5.15. Let X be a topological space and Y a metric space. A point-
to-set mapping F : X =Y is said to be locally bounded at © € D(F') if there exists
a neighborhood U of x such that F(U) := U,eu F(z) is bounded, and it is said to be
locally bounded when it is locally bounded at every x € D(F).

2.5.1 Weak and weak* topologies

We collect next some well-known facts concerning weak and weak star topologies in
Banach spaces (see e.g., [22], [197] for a more detailed study).

Let X be a Banach space. The space of all bounded (i.e., continuous) linear
functionals defined on X is called the dual space of X and denoted X*. Let (-, :
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1

DO

0
F 18C, neither 0SC nor Usc

F35 08¢, neither 1SC nor USC

F5 Usc, neither 1SC nor 0SC

Figure 2.5. Inner-, upper-, and outer-semicontinuous mappings

X*x X — R be the duality pairing in X x X*; that is, the linear functional v € X*
takes the value (v,z) € R at the point z € X. The bidual of X, denoted X**, is
the set of all continuous linear functionals defined on X*. An element z € X can
be identified with the linear functional

With this identification, we have that X C X**. When the opposite inclusion holds
(i.e., when X = X**) we say that X is reflexive. The space X* is also a normed
Banach space, with the norm given by

[0l :=" sup |(v,z)], (2.17)
lzl|<1

for all v € X*. It is clear that all the elements of X* are continuous functions
from X to R with respect to the norm topology in X. In other words, for every
open set U C R, the sets v (U) := {z € X : (v,z) € U} are open with respect
to the norm topology in X. However, it is also important to consider the weakest
topology that makes every element of X* continuous. By construction, this topology
is contained in the original (norm) topology of X. For this reason, it is called the
weak topology of X. Because it is the weakest tolopology that makes all elements
of X* continuous, the weak topology in X consists of arbitrary unions of finite
intersections of sets of the form v=1(U), with v € X* and U C R an open set. A
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basis of neighborhoods of a point ¢y € X with respect to the weak topology consists
of the sets V(20)[v,.....um.e1.....e,,) defined as

V() [or,.omyersnem] =10 € X ¢ (v, ) — (vi,20)| <&, i =1,...,m}, (2.18)

where {v1,...,vn} C X* and €1,...,&,, are arbitrary positive numbers. Based on
these definitions, we can define convergence in X with respect to the weak topology.
A net {z;}ier C X is said to converge weakly to x € X if for every v € X* we have
that the net {(x;,v)}ier C R converges to (v,z). In other words, for every e > 0
there exists a terminal set J C I such that [(x;,v) — (z,v)| < ¢ for all i € J.
We denote this situation z; — . Consider now the space X*. For every z € X,
consider the family of linear functions A, : X* — R given by

A (v) = (v, ),

for all v € X*. Every element A, is continuous from X* to R with respect to
the norm topology in X. Again consider the weakest topology that makes A,
continuous for every x € X. This topology is called the weak™ topology in X*. A
basis of neighborhoods of a point vy € X* with respect to the weak™ topology is
defined in a way similar to (2.18):

V(00)[a1,zmoersnem] =10 € X 1 [(24,0) — (w5,00)| <&, i =1,...,m}, (2.19)

where {z1,...,z,,} C X and €1, ...,&,, are positive numbers. Hence we can define
the weak™ convergence in the following way. A net {v;};c; C X™* is said to converge
weakly" to v € X* when for every x € X we have that the net {{(v;,x)}ier C R
converges to (v, ). In other words, for every ¢ > 0 there exists a terminal set J C T

such that |(v;,z) — (x,v)| < e for all i € J. We denote this situation v; )

An infinite-dimensional Banach space X with the weak topology is not Ny,
and the same holds for its dual X* with the weak* topology.

We recall next, for future reference, one of the most basic theorems in func-
tional analysis: the so-called Bourbaki—Alaoglu Theorem.

Theorem 2.5.16. Let X be a Banach space. Then,

(i) A subset A C X* is weak® compact if and only if it is weak* closed and
bounded.

(i) If A C X* is convex, bounded, and closed in the strong topology, it is weak*
compact.

As a consequence of (i), every weak® convergent sequence is bounded.

Proof. See [74, 1, p, 424] for (i), and p. 248 in Volume I of [125] for (ii). The
last statement follows from the fact that the set consisting of the union of a weak*
convergent sequence and its weak* limit is a weak* compact set. Hence by (i) it
must be bounded. 0O
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As we see from the last statement of Theorem 2.5.16, weak* convergent se-
quences are bounded. This property is no longer true for nets, which might be
weak™ convergent and unbounded. This is shown in the following example, taken
from [24, Exercise 5.2.19].

Example 2.5.17. Let H be a separable Hilbert space with orthonormal basis {e,, }
and consider the sequence of sets {4, } defined as

A, ={en+nenp : pe N}

Using the sequence of sets {A,}, we construct a net {&;}ie; C H that is weakly
convergent to 0 and eventually unbounded; that is, for every 6 > 0 there exists
a terminal subset J C I such that ||&] > 6 for all ¢ € J. Our construction is
performed in two steps. Denote U the family of all weak neighborhoods of 0.

Step 1. In this step we prove that 0 € w — limint,, A,,, where w— means that
the limint is taken with respect to the weak topology in H. In order to prove this
fact, we consider the family of sets

W(xzo,e) :={u € H: [{u,x0)| < e},

for every given xyp € H, ¢ > 0. We claim that for every zp € H and £ > 0, there
exists ng = ng(xo, ) such that

W(xg,e)N A, #0  for all n > ng. (2.20)
Fix xg € H and € > 0. Because xg € H, there exists n; = nj(zg, ) such that

l{en, z0)| < % for all n > ny. (2.21)

Indeed, this follows from the fact that ||zo[|> = Y, [(en, z0)[* < 4+00. For every
fixed n > ny there exists j, € N such that

8 .
[{entp, 0)| < o for all p > j,.

Altogether, for every n > n; = n1(zo,€) we have
T j, = €n +Nenyj, € W(zo,e) NAp,

which proves (2.20) for ng := ni(xo,e). From (2.18), we see that finite inter-
sections of sets of the form W (xg,e) make a base of Uy (i.e., the family of sets
{W(z0,¢€)}zoeH,e>0 forms a subbase of Uy). We claim that the argument used above
for proving that (2.20) holds for W (z,¢), can be extended to a finite intersection
of these sets. Indeed, let W € Uy, so W D U, where U is given by

Ui={uecH: [(uz;)| <e,i=1,...,q} =N W(x;,e).

Choose ng := max{ni(x1,¢),...,nq(rq,€)}, where each n;(z;,¢) is obtained as in
(2.21). For each fixed n > ng, there exists j, € N such that

9 . .
|<6n+p7xi>|<% for auijna i=1,...,q.
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Altogether, for every n > ng we have
Tnj, =€n+nent;, EUNA, CWNA,,

which proves that 0 € w — limint,, A,,. A consequence of this fact is that, for every
W € Uy, there exists a natural number n = n(W) such that

WnA,#0 forall n>n(W). (2.22)
Without loss of generality, we can always choose n(W) such that

n(W) >n(W')  whenever W C W’

n(W)>n(W’) whenever W C W' (2.23)

This choice implies that the set @ := {n(W) € N : W € Up} must be infinite.

Step 2. There exists a net {{w }wew, C H weakly convergent to 0 and even-
tually unbounded. Take W € Uy. Using (2.22) we can choose {w € W N A,y
Because &y € W for all W € U it is clear that &y converges weakly to 0. We prove
now that {&w }wew, is eventually unbounded. Take 6 > 0. The set @ is infinite,
thus there exists Wy € Uy such that n(Wy) > 6. Consider the (terminal) set Jy :=
{Wely : W Wp}. By (2.23) we have that n(W) > n(Wy) > 0 for all W € Jj.
Because {w € Ay, wy, there exists p € N such that {w = enw) + n(W) enw)+p,
and hence we get

[ewll? = llenwy + (W) enw)spll?> = lleam) 12 + n(W)2|lenwy 4ol
= 1+n(W)?2>1+6%> 62

which gives ||&w || > 0 for all W € Jy, establishing that {{w bwew, is eventually
unbounded.

A topological space is called sequentially compact whenever every sequence has
a convergent subsequence. When a Banach space is separable (i.e., when there is a
countable dense set in X ') then the conclusion of Bourbaki—-Alaoglu theorem can be
strengthened to sequential compactness. The most common examples of separable
Banach spaces are ¢, and LP[a, b], for 1 < p < 0o, whereas ¢~ and L*[a, b] are not
separable (see, e.g., Theorems 3.2 and Theorem 4.7(d) in [135]).

The result stating this stronger conclusion follows (see Theorem 3.17 in [197]).

Theorem 2.5.18. If X is a separable topological vector space and if {v,} C X* is
a bounded sequence, then there is a subsequence {vy, } C {v,} and there is av € X*

w™
such that vy, — v.

When X is a reflexive Banach space (i.e., when the weak and weak* topologies
in X* coincide), we can quote a stronger fact (see [231, Sec.4 in the appendix to
Chapter V]). The spaces ¢, and LP[a, b], for 1 < p < oo are reflexive, whereas (1,
and L'[a, b], L>[a, b] are not.

Theorem 2.5.19. A Banach space X is reflexive if and only if every bounded
sequence contains a subsequence converging weakly to an element of X.
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Let X be a Banach space. A subset of X is weakly closed when it contains the
limits of all its weakly convergent nets. Because every strongly convergent net also
converges weakly, we have that the strong closure of a set is contained in the weak
closure. Denote A the strong closure and by A" the weak closure. Our remark is
expressed as A C A", When the set 4 is convex, then the converse inclusion holds.

Theorem 2.5.20. If X is a Banach space and A C X is convex, then the strong
and the weak closure of A coincide. In particular, if A is weakly closed and conver,
then it is strongly closed.

Proof. See, for example, page 194 in [70]. O

Let X be a Banach space and F': X = X™* a point-to-set mapping. We can
consider in X the strong topology (induced by the norm) or the weak topology, as
in (2.18). In X* we can also consider the strong topology (induced by the norm
defined in (2.17)), or the weak* topology, as in (2.19). Therefore, when studying
semicontinuity of a point-to-set mapping F' : X == X*, we must specify which
topology is used both in X and in X*. Denote (sw*) the product topology in
X x X* where X is endowed with the strong topology and X* is endowed with the
weak™® topology.

Proposition 2.5.21. Let X and Y be topological spaces and F': X =Y a point-
to-set mapping.

(i) If Y is regular (i.e., (T3)), F is USC and F(x) is closed for all x € X, then
F 15 osc.

(it) If X is a Banach space, Y = X*, and F : X = X* is locally bounded and
(sw*) OSC at x, then F is (sw*) USC at x.

(i11) If F is UsC and single-valued in a point x € D(F)°, then F is I1SC at .

(iv) Assume F is USC and compact-valued in a point xo (i.e., F(xq) is compact in
Y). Let {x;}icr C X be a net converging to xo and consider a net {y; }icr CY
such that y; € F(x;) for all i € 1. Then, there exists yo € F(xo) such that yo
is a cluster point of {y;}icr-

Proof.
(i) Take a net {x;};cr converging to x. We must prove that

lim E}Xt F(z;) C F(x).
1€
If the above inclusion does not hold, there exists y € lim ext;c; F(x;) with y & F(z).
Because F(x) is closed and Y is regular, there exist open sets V, W C Y such that
yeV, F(x) CW,and VNW = (). Because F is USC, there exists a neighborhood
U C X of x such that F(U) C W. Using the fact that {z;}ic; converges to x, we
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have that x; € U eventually. So for all j in a terminal subset J C I we have
F(z;) C F(U) Cc W. (2.24)

Because y € limext;er F'(z;) and V is a neighborhood of y we have that
VN F(x;) # 0 for all 7 in a cofinal subset K C I. Therefore we can find

yi € F(z;) NV, (2.25)

for all 4 in the cofinal subset K N.J C I. Using the fact that VN W = 0, we get
that (2.24) contradicts (2.25).

(ii) If the result does not hold, then there exist z € X and a set W C Y,
open in the weak* topology and containing F'(z), such that for each r > 0 we have
F(B(x,r)) ¢ W. This means that we can find a sequence {x,} C X and {y,} C Y
such that limx,, = x, y, € F(x,) for all n € N, and {y,} C W€ Let U C X be a
neighborhood of = such that F'(U) is bounded, whose existence is guaranteed by the
local boundedness of F'. Without loss of generality, we may assume that {z,} C U.
Because F'(U) is bounded, it is contained in some strongly closed ball B of X*. By
Theorem 2.5.16(ii), B is weak* compact. Note that y, € F(x,) C F(U) C B, so
{yn} C X* is a net contained in the weak* compact set B. By Theorem 2.1.9(a) we
have that there exists a weak* cluster point y of {y,}. Moreover, there is a subnet
(not necessarily a subsequence) of {y,} that converges in the weak* topology to y.
Because {y,} C W€, and W€ is weak™ closed, we conclude that y € W¢. Thus,

y & F(x), (2.26)

because F'(xz) C W. Using also the subnet of {y,} C W€ which converges to y, we
obtain a subnet of {(x,,y,)} contained in the graph of F that is (sw*)-convergent
to (z,y). Because F is (sw*)-0sC at x, we must have y € F(z), contradicting (2.26).

(iii) Assume that F'(z) is a singleton, and let {x;};cs be a net converging to
x. We must prove that F(x) € limint; F'(z;). Suppose that this is not true. Then
there exists an open set W C Y such that F(z) € W and

W N F(x) =0, (2.27)

for all ¢ € Jy, with Jy a cofinal subset of I. Because F(x) € W and F is upper-
semicontinuous at x, there exists an open neighborhood U’ of = such that F(U’) C
W. Because © € D(F)°, we can assume that U’ C D(F). Using the fact that
{z;}icr converges to x, there exists a terminal set I; C I such that x; € U’ for all
i€ 1I1. Fori € JynI; we have ) # F(x;) C F(U’) C W, which contradicts (2.27).
(iv) Suppose that the conclusion is not true. Hence, no z € F(xo) is a cluster
point of {y; };cr. Therefore, for every z € F(z) we can find a neighborhood W € U,
for which the set J, :={i € I : y; € W,} is not cofinal. By Theorem 2.1.2(vii), we
have that
(J)={iel: y, ¢ W,} is terminal (2.28)

Because F'(r9) C U.cp(sq)W2, by compacity there exist 21,...,2, € F(zo)
such that F(zo) C UJ_,U;, with U; :== W, for alll = 1,...,p. Call U := Uj_,Uj
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and [; := {iel :y & Ul};. By (2.28), we know that I; is terminal. We claim that
theset [ :={i €I : y; € U} is not terminal. By Theorem 2.1.2(vi), it is enough to

check that (1) is cofinal. Indeed,
(De={iel :ygUt=nl_{iel:yeU}=n_1,

so (I)€ is terminal, because it is a finite intersection of terminal sets. In particular,
it is cofinal as claimed. So our claim is true and I is not terminal. On the other
hand, F(xg) C U and by upper-semicontinuity of F, there exists V & Uz, such that
F(V) C U. Because the net {z;};c; converges to x¢, the set

Ip:={iel : z; eV}
is terminal. Altogether, for i € I

yi € F(z;) CF(V) CU,
which yields I = {i € I : y; € U} D Iy, and so I must be terminal. This
contradiction yields the conclusion. 0O

The result below is similar to the one in Proposition 2.5.21(ii).

Proposition 2.5.22. Let X be a topological space, Y be a metric space and F :
X = Y be a point-to-set mapping. If Y is compact (with respect to the metric
topology) and F' is 0SC, then F is USC.

Proof. Because Y is compact, it is locally compact. The compactness of Y also
implies that F'(U) C Y is bounded for all U C X. Hence F is locally bounded.
From this point the proof follows steps similar to those in Proposition 2.5.21(ii) and
it is left as an exercise. 0O

The following proposition connects the concepts of semicontinuity with set
convergence. The tools for establishing this connection are Proposition 2.2.14 and
its corollary.

Proposition 2.5.23. Let F': X =2 Y be a point-to-set mapping.
(i) If F is OSC at x then for any net {x;};cr such that

Ty — X

it holds that D C F(x). When X is N1 and Y is Na, the converse of the pre-
vious statement holds, with sequences substituting for nets. Namely, suppose
that for any sequence {xy, }nen such that

Ty — T

F(ZL’n) - D>
it holds that D C F(x); then F is OSC.
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(ii) F is 1SC at  if and only if for any net {x;} such that

Ty — X

it holds that D D F(x).

Proof.

(i) Suppose that F is 0SC at = and consider a net {xz;} satisfying the assump-
tion. Because F' is 0SC at z we have limext; F(x;) C F(x). Using the fact that
F(z;) — D, we conclude that D = limint; F'(z;) C limext; F(x;) C F(x). Let us
prove now the second part of (i). Assume that the statement on sequences holds
and take a sequence {(x,,y,)} that satisfies

Ty — T,
Yn € F(xn)a
Yn — Y.

We must prove that y € F(x). Because y € limint,, F(x,, ), we get that lim ext,, F'(zy,)
# (. By Proposition 2.2.14 there exist D # 0 and an index set J € Ny such
that F(z;) —; D. Because y; € F(x;) for all j € J and y; —; y, we get
y € limint; F(z;) = D. By the assumption, D C F(z), and hence y € F(z).

(ii) Suppose that F' is 1SC at 2 and consider a net {z;} satisfying the as-
sumption. Take y € F(z). By inner-semicontinuity of F, we have that y €
limint; F(x;) = D, as required. Conversely, assume that the statement on nets
holds for € D(F') and suppose F is not 1SC at x. In other words, there exists
a net x; — x such that y € F(z) with y ¢ limint; F'(z;). Therefore there exist a
neighborhood W of y and a cofinal subset K C I such that

for all ¢ € K. Consider now the net {F(x;)}icx. By Theorem 2.2.12 there ex-
ists a subnet {z;};cs of {z;}icx such that {F(z;)};cs is a convergent subnet of
{F(z;)}iex. By definition of subnet, there exists a function ¢ : J — K such that
Ty = z; for all j € J, where ¢ and J verify condition (SN2) of the definition
of subnet. Let D be the limit of the subnet {F(z;)};cs. The assumption on F
implies F'(z) C D. Hence y € D. In particular, we have that y € limint; F'(z;) and
therefore there exists a terminal subset .J C .J such that

W E(z) #0,

for all j € J. On the other hand, we have W N F(z;) = W N F(2,(;))

= () by the
definition of K. This contradiction implies that F' must be 1sc at z. [

Now we state and prove some metric properties associated with outer-semicontinuity
in the context of Banach spaces.

Proposition 2.5.24. Let X,Y be metric spaces and F' : X = Y a point-to-set
mapping that is locally bounded at T € D(F).
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(i) LetY be finite-dimensional. Assume that F is 0OSC with respect to the metric
topology in X at T. Then for all € > 0 there exists § > 0 such that whenever
d(x,x) < 0 it holds that F(x) C F(Z) + B(0,¢).

(i) Let' Y be finite-dimensional. If F(Z) is closed, then the e-§ statement in (i)
implies outer-semicontinuity of F at T with respect to the metric topologies in
X and Y.

(iii) Let X be a Banach space and Y = X* with the weak® topology. Assume
that F(Z) is weak® closed, then the e—0 statement in (i) implies (sw*) outer-
semicontinuity of F at T.

Proof.

(i) Suppose that F' is outer-semicontinuous at Z and assume that the assertion
on ¢ and ¢ is not true for F. Then there exists 9 > 0 and a sequence {z,, } such that
lim,, x,, = T and
F(zy) ¢ F(Z) + B(0,£0). This implies the existence of a sequence {y,} such that
Yn € F(x,,) for all n and y, & F(Z) 4+ B(0,ep). In other words,

d(yn, F(Z)) > g for all n. (2.29)

Let U be a neighborhood of Z such that F(U) is bounded and take ng € N such
that z,, € U for all n > ng. By the assumption on U, there exists a subsequence
{Yn,, } of {yn} converging to some y. Using (2.29) with n = nj and taking limits we
get

d(g, F(z)) > «o. (2.30)

By outer-semicontinuity of F' at T, we have § € F(Z), which contradicts (2.30).

(ii) Take a sequence {(x,,, yn)} C Gph(F) such that lim,, x,, = Z and lim,, y,, =
y. Assume that y ¢ F(Z). Hence there exists g > 0 such that d(y, F'(z)) > 2¢o.
Let 9 > 0 be such that F(z) C F(z) + B(0,e0/2) whenever d(z,z) < dy. Fix ng
such that d(x,,T) < do and d(y,,y) < €o/2 for all n > ny. Our assumption implies
that F(z,,) C F(Z) + B(0,e0/2) for all n > ng. But y,, € F(z,), so for n > ng we
have y,, € F(Z) + B(0,e0/2). Altogether,

2e0 < d(y, F(7)) < d(y, F(zn)) + d(F(2n), F(Z))
< d(y,yn) + d(F(zn), F(T))
< 80/2+€O/2:Eo,

a contradiction. Therefore F' is 0SC at .
(iii) By Theorem 2.5.4, it is enough to prove (sw*)-closedness of Gph(F'). Take

anet {(x;,y;)} C Gph(F) that verifies y; > ¢ and lim; 2; = Z. Assume again that
y € F(z). Because F(Z) is weak* closed, it must be strongly closed (because every
net that converges strongly converges also weakly*), and hence there exists g9 > 0
such that

d(g, F(z)) > eo. (2.31)
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For this eg, choose d9 > 0 such that whenever ||z — Z| < Jp we have F(z) C
F(z) + B(0,e9/2). Fix now a terminal subset J C I such that |x; — z| < do
for all ¢ € J. Then our assumption yields F(x;) C F(Z) + B(0,¢0/2). Therefore
{y:} € F(Z) + B(0,g9/2). The closed ball B(0,¢) is weak* compact by Theorem
2.5.16(ii) and F(Z) is weak* closed. By Theorem 2.5.27(iv), F(Z)+ B(0,¢) is weak*
closed. Using the fact that w* — lim, y; = g, we get § € F(&) + B(0,£9/2). This
contradicts (2.31). 0O

Remark 2.5.25. When Y is infinite-dimensional, item (i) of Proposition 2.5.24
may fail to hold. Indeed, let H be a Hilbert space and {e,} an orthonormal basis
of H. Take F': H — H defined as

e, ifx e {te, : 0 £t R},
Fz)=4¢ 0 ifz=0,
®  otherwise.

This F' is locally bounded at Z := 0, and it is also 0SC at ¥ := 0, from the strong
topology to the weak one. However, if ¢ < 1 and {z,} is a nontrivial sequence
converging strongly to 0, then we get y,, := e, € F(z,,). In this case, d(y,, F(Z)) =
d(yn,0) =1 > ¢ and hence the e-§ assertion is not valid. Local boundedness at Z
in this item is also necessary, as we show next. Consider F': R = R given by

1/z} ifx#0
P ={ §7 T

Clearly, F' is 0SC at Z := 0 and the e-§ assertion does not hold for z := 0. If F'(z) is
not closed, item (ii) may fail to hold. The construction of a suitable counterexample
is left to the reader (cf. Exercise 16).

The geometric interpretation of outer-semicontinuity stated above is not suit-
able for point-to-set mappings with unbounded images. The (continuous) mapping
of Example 2.5.8, for instance, does not satisfy the requirements of Proposition
2.5.24. For addressing such cases, it becomes necessary to “control” the size of the
sets F'(-) by considering its intersections with compact sets. We need now some
well-known facts from the theory of topological vector spaces, which have been
taken from [26, Chapter IX, § 2].

Definition 2.5.26. A wvector space Z together with a topology is said to be a
topological vector space when the following conditions are satisfied.

(1) The function
o IxXZ — Z
(,y) — x+y,

is (jointly) continuous; in other words, for each neighborhood W of z1 + za,
there exist neighborhoods Vi of z1 and Vo of zo such that Vi + Vo C W.
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(2) The function
T: RxZ — Z

Ny) = Ay,

is (jointly) continuous; in other words, for each neighborhood W of Ao zo,
there exists a neighborhood Vi of zy and r > 0 such that

B(Xo, ) Vo :={ z| A€ B(\o,7) ,z€ Vo} CW.

Theorem 2.5.27. [26, Chapter IX, § 2]. Let Z be a topological vector space.

(i) There exists a basis of neighborhoods Us of zero such that every element V €
Us 1s symmetric; that is,

reV — -—zeV.

(it) For each neighborhood U of 0, there exists a neighborhood V' of 0 such that
V+VvVcU.

(iii) If {zi}icr is a net converging to z, then for every a € R and every z € Z the
net {az; + Z} converges to az + Z.

(iv) If F C Z is closed and K C Z is compact, then F + K is closed.

Proposition 2.5.28. Let X be a topological space, Y a topological vector space,
and F: X =Y a point-to-set mapping.

(i) If F is 0sC in X at T, then for every pair V, W CY of neighborhoods of 0,
with V' compact, there exists a neighborhood U C X of & such that whenever
x € U, it holds that F(x)N'V C F(z) + W.

(ii) Assume that X and Y are topological spaces and that Y is locally compact.
If F(Z) is closed, then the statement on neighborhoods in (i) implies outer-
semicontinuity of F at T.

Proof.

(i) Assume that there exists a pair Vp, Wy C Y of neighborhoods of 0, with V4
compact, such that for every neighborhood U of Z, the conclusion of the statement
does not hold. Then there exists a standard net {xy }yey, (hence converging to ),
such that

F(IU)ﬂ Vo ¢F(f)+WO

This allows us to construct a net {yy} such that yy € F(ay) N Vo for all U and
yu & F(z) + W (2.32)

By compactness of Vj, there exists a cluster point ¢ of the net {yy}uey, with
y € Vi. Hence for every neighborhood W of § we have yy € W frequently in
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Uz, and because yy € F(zy) for all U € Uz, we conclude that W N F(xy) # 0
frequently in U;. This yields § € limext; F'(z;). By outer-semicontinuity of F', we
have that § € F(z). Consider now the neighborhood of § given by Wy := g + W.
By definition of cluster point we must have

yu € W, (2.33)
for all U in some cofinal set Uy of Uz. Because § € F(Z) we have
Wi=y+ Wy CF(f)+W0.

Combining the expression above with (2.33) we get yy € F(Z) + W) for all U € Uy,
contradicting (2.32). Therefore the conclusion in the statement of (i) holds.

(ii) Assume that the statement on neighborhoods holds. Take a net {(x;,v;)}
C Gph(F) converging to (Z, 7). Suppose that § € F(Z). Because F(Z) is closed,
there exists a neighborhood V' of ¢, which we can assume to be compact, such that
V N F(z) = 0. Take a neighborhood V; of 0 such that V = Vy + §. By Theorem
2.5.27(i) we can assume that Vp is symmetric. Because V' is compact, Vj is also
compact. We claim that § € F(Z)+ Vp. Indeed, if there exist z € F(Z) and vy € 1}
such that § = z+wvg then z =y —wvy € y+ Vo =V, which is a contradiction, because
z € F(z) and V N F(z) = 0. Consider now a compact neighborhood W of 0 such
that W O Y+ Vo. The assumption implies that there exists a neighborhood U of ¥
such that whenever x € U, it holds that F(x) N W C F(Z) + Vp. Because {(z;,v:)}
converges to (Z,¥), we have that y; € 7+ Vo C W and @; € U for all i € .J, where
J is a terminal subset of I. Therefore we have y; € F(x;) N W F(z) 4+ Vp for all
i € J ,and hence y; € F(Z) + Vy for all i € J. Note that Vj is compact and F(Z)
is closed, so that the set F'(Z) 4 Vj is closed by Theorem 2.5.27(iv). Using now the
fact that y; — y we conclude that § € F(z) + Vj, contradicting the assumption on
V. 0O

The result for inner-semicontinuity, analogous to Proposition 2.5.28, is stated
next.

Proposition 2.5.29. Let X be Ny, Y locally compact and Ny and F': X =Y a
point-to-set mapping.

(i) If F(z) is closed and F is 1SC in X at T, then for every pair V, W C Y of
neighborhoods of 0, with V' compact, there exists a neighborhood U C X of T
such that F(z)N'V C F(z)+ W for allz € U.

(i) The statement on neighborhoods in (i) implies inner-semicontinuity of F at
z.

Proof.
(i) If the statement on neighborhoods were not true, we could find neighbor-
hoods Vy, Wy C Y, with Vj compact, and a sequence {z,} converging to Z such
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that F'(z)N Vo ¢ F(xyn)+Wy. Define a sequence {z,} such that z, € F(z)N V, and
zn & F(xy) 4+ Wy. By compactness of V and closedness of F(z), there exists a sub-
sequence {zy, } of {z,} converging to some z € F(Z) N V,. By inner-semicontinuity
and Theorem 2.5.6, we can find a sequence {y, € F(z,)} also converging to Zz.
Then limy, 2, — yn, = 0, so that for large enough k£ we have that z,, — y,, € Wo.
Altogether, we conclude that z,, = yn, +[2n, —Un,] € F(xn, )+ Wy for large enough
k, but this contradicts the definition of {z,}.

(ii) We use again Theorem 2.5.6. Take a sequence {z,} converging to Z and
g € F(Z). We claim that for every neighborhood W of 0 in Y, it holds that
g € F(x,)+ W for large enough n. Note that if this claim is true, then we can take
a nested sequence of neighborhoods {W,,} of 0 such that § € F(x,) + W,,. Thus,
there exist sequences {y,}, {z,} such that y,, € F(xy,), 2, € Wy, and § = yn + 2n
for all n. The sequence {W,,} is nested, therefore {z,} converges to 0, and hence we
get that {y,} converges to §. So it is enough to prove the stated claim. If the claim
is not true we can find a neighborhood Wy and J € N such that y & F'(x,,)+ W, for
n € J. Take a compact neighborhood V{ of 3. By the statement on neighborhoods
with V =V and W = W), there exists a neighborhood U of z such that

F@z)n Vo C F(z)+ Wy

for all z € U. Thus, § € F(z)N Vy C F(x,) + Wy for large enough n, which
contradicts the assumption on Wy, establishing the claim. 0O

We can derive from the above proposition the following geometric characteri-
zation of continuity.

Corollary 2.5.30. Let X be N1, Y Ny and locally compact and F : X =Y a
point-to-set mapping. Assume that F is closed-valued at T € D(F). Then F is
continuous at T if and only if for every pair V., W CY of neighborhoods of 0, with
V' compact, there exists a neighborhood U C X of & such that

F(z)nV C F(x) + W, and

rel— {H@chﬂ@+W

Lipschitz continuity can also be expressed in a similar way, via compact neigh-
borhoods of 0. However, we only need the following stronger notion.

Definition 2.5.31. Let X and Y be Banach spaces and F : X = Y a point-
to-set mapping. Let U be a subset of D(F) such that F is closed-valued on U.
The mapping F is said to be Lipschitz continuous on U if there exists a Lipschitz
constant x > 0 such that for all x, ' € U it holds that

F(x) C F(2') + k||l — 2'|| B(0, 1).

In other words, for every x € U, v € F(z), and &’ € U, there exists v' € F(z') such
that
lo =o' < &l —a']].
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The next results present cases in which Lipschitz continuity implies continuity.

Proposition 2.5.32. Let X and Y be Banach spaces and F : X =Y a point-to-
set mapping. Let U be a subset of D(F) such that F is Lipschitz continuous and
closed-valued on U. Then,

(i) If U is open, then F is (strongly) 1SC in U.
(i) If Y = X*, then F is (sw*)-1SC in U.
(i) If Y = X* and F(x) is weak* closed then F is (sw*)-0SC in U.

In particular, when' Y = X* and F(x) is weak* closed, Lipschitz continuity of F on
U yields continuity of F' on U.

Proof.

(i) Take a net {z;};er strongly convergent to & € U. We must show that
F(z) C limint; F(x;). Because U is open we can assume that {z;};e;r C U. By
Lipschitz continuity of F', there exists x > 0 such that

F(z) € F(z;) + B(0, 5 |7 — ). (2.34)

Fix v € F(z) and take an arbitrary » > 0. There exists J C I a terminal set such
that ||z — x| < r/(2k) for all ¢ € J. Using (2.34) for ¢ € J we can define a net
{v;}ies such that v; € F(x;) and v = v; + u with ||[v —v;|| = [Jul] < K[| — 24| < /2
for alli € J. Therefore v; € B(v,r/2) for all i € J, which gives F'(z;)NB(v,7/2) # ()
for all i € J. Because J is terminal and > 0 is arbitrary, we get the desired inner-
semicontinuity.

Ttem (ii) follows from (i) and the fact that the strong topology is finer that
the weak* one. In other words, for every weak™ neighborhood W of v € X* there
exists 7 > 0 such that v € B(v,r) C W, so we get (strong) — limint; F'(z;) C
(w*) — limint; F'(x;).

Ttem (iii) follows from Proposition 2.5.24(iii) and the fact that Lipschitz con-
tinuity at T € U implies the e—¢ statement in this proposition. 0O

Exercises

2.1. Prove that for a point-to-point mapping F' : X — Y, the concepts of USC,
ISC are equivalent to continuity. However, 0SC can hold for discontinuous
functions. Hint: take F': R — R given by

| 1/z ifx#0,
F(x)'{o if 2 = 0.

2.2. Prove that the point-to-set mapping F' defined in Example 2.5.8 is continuous,
but not USC at any « € [0, 27].
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2.3.

2.4.

2.5.

2.6.

2.7.

2.8.
2.9.

2.10.

2.11.
2.12.
2.13.

2.14.

Prove that F is osc if and only if F~! is 0sc. Give an example of an I1SC
point-to-set mapping for which F~! is not 1sc. Hint: take F' : R = R defined
by F(z) :={z+ 1} if z < -1, F(z) .= {z — 1} if 2 > 1, and F(x) = {0} if
x € [-1,1].

Prove that the sum of 1SC point-to-set mappings is 1SC. The sum of 0sc
point-to-set mappings may fail to be 0sc. Hint for the last statement: take
F,F, : R = R, where Fy(x) := {1/x} if  # 0, F1(0) := {0}, and Fy(zx) :=
{z—(1/z)} if © # 0, F»(0) := [1,400), and prove that F; + F5 is not 0SC at
0.

Prove that if ' is osc, then AF is osc for all A € R. Idem for inner-
semicontinuity.

Let F: X =Y and G : Y = Z be point-to-set mappings. Prove that

(i) If F is 1sC (respectively, Usc) at = and G is I1SC (respectively, USC) in
the set F'(x), then G o F is 1SC (respectively, usc) at . In other words,
the composition of 1SC (respectively, USC) mappings is ISC (respectively,
USC).

(ii) The composition of 0SC mappings in general is not 0osc. Hint: take
F(z) ={1/z} for x # 0, F(0) = {0}, and G(z) = [1,«] for all x.

(iii) If'Y is a metric space, F' is 0sC and locally bounded at x, and G is 0sC
in the set F'(z), then G o F is OSC at =.

Prove items (a) and (b) of Proposition 2.5.9. Hint: for the “if” part of

item (b), assume that F is not ISC at z, and use Proposition 2.2.9(a) for

concluding the existence of an open set W for which the statement in the

latter proposition does not hold. This will lead to a contradiction.

Prove items (a) and (b) of Proposition 2.5.12.

Prove that F' is 0sc if and only if for all y ¢ F(z), there exists W € U, and

V € U, such that VN EF~Y W) = 0.

Prove that F' is 1sC if and only if for all y € F(z) and for all W € U, there

exists V € U,, such that V. C F~Y(W).

Prove the statements in Remark 2.5.13.

Prove the statements in Example 2.5.14.

Let X, Y, and Z be metric spaces, F': X = Y, and ¢ : Y — Z an homeo-

morphism (i.e., ¢ is a bijection such that ¢ and ¢! are continuous). If F is

USC then g o F': X = Z is UsC (see the proof of Theorem 2.7.7(IIT) for the

corresponding results for 1SC and 0sC).

Let X and Y be metric spaces. Given F : X = Y, define F : X = Y as
(i) Prove that if F' is 1SC then F is 1SC (see the proof of Theorem 2.7.7(III)

for the converse statement).

(ii) Prove that if I is 0sC, then F(x) is closed. Use this fact for proving
that when F'is 0SC, then F'is also 0SC. Give an example in which F' is
0sc and F is not.
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(iii) Prove that Gph(F) C Gph(F) C Gph(F).
(iv) Give examples for which the inclusions in item (iii) are strict.

2.15. Give an example of a mapping F' : X == Y, satisfying the -0 statement of
Proposition 2.5.24(i), but not the conclusion of Proposition 2.5.24(ii), in a
case in which F(Z) is not closed.

2.16. Prove all the assertions of Remark 2.5.25.

2.6 Semilimits of point-to-set mappings

In this section we connect the continuity concepts for point-to-set mappings intro-
duced in the previous section with the notions of set convergence given in Chapter
2. We consider point-to-set mappings F' : X = Y where X and Y are metric
spaces. Because metric spaces are Ny, the topological properties can be studied
using sequences.

In point-to-point analysis, upper-semicontinuity and lower-semicontinuity are
connected with upper and lower limits. Similarly, outer- and inner-semicontinuity
can be expressed in terms of semilimits of the kind given in Definition 2.2.3(1)—(ii).
For a definition that is independent of the particular sequence, denote by

x’—ua, (2.35)
the fact that 2’ € D(F) and converges to . We point out that when = € D(F),
then 2’ = z satisfies (2.35).
Definition 2.6.1. Given x € D(F), the outer limit of F at = is the point-to-set
mapping given by
(,F(x):={yeY :liminfd(y, F(z')) = 0} = limext F(z'), (2.36)

r—x -7
and the inner limit of F' at x is the point-to-set mapping given by

(_F(z):={yeY : lim sup d(y, F(2")) = 0}

={yeY : lim d(y, F(z')) = 0} = limint F(z). (2.37)

/
r —X
F

In the same way as outer and inner limits of sequences of sets, the point-to-set
mappings £, F'(-) and £_F(-) are closed-valued. It also holds that

(_F(z) C F(z) C €, F(x), (2.38)

for any « € D(F).
The following result gives a useful characterization of £, F'(-) and ¢_F'(-). The
proof is a direct consequence of Definition 2.6.1 and is omitted.

Proposition 2.6.2.
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(a) y € ,F(x) if and only if (x,y) € Gph(F), or, in other words,

0, F(z)={yeY : H{(zn,yn)} C Gph(F) withnlln;o(x,L,y,L) = (x,y)}.

(b) y € L_F(x) if and only if

V{x,} such that Tn—1 Fyn € F(xy,) such that y, — y.

Proposition 2.6.2 allows us to express outer- and inner-semicontinuity in terms
of outer and inner limits of F.

Corollary 2.6.3.

(a) F is 0sC at z if and only if £, F(x) C F(x).

(b) F is1sc at x if and only if F(x) C {_F(x).
Remark 2.6.4. As a consequence (see (2.38)), when F is continuous, it is closed-
valued and ¢ F(z) = F(z) = {,F(x), resembling the analogous fact for point-to-

point mappings. Also, F' is continuous if and only if Gph(F) is closed and F is
ISC.

Example 2.6.5. With the notation of Example 2.5.14, it is easy to check that
¢_F1(0) = Fi(0) =[0,1/2] C £, F1(0) = [0,1],
¢_F5(0) =[0,1/2] C F5(0) =[0,1) C £,F5(0) = [0,1],
¢_F5(0) =0 C F5(0) = (—o00,0] = ¢, F5(0).

Remark 2.6.6. (Outer- and inner-semicontinuity in the context of point-to-point
mappings). Looking at a point-to-point mapping F : X — Y as a point-to-set one
with values {F(z)}, it is clear that a point x belongs to D(F) if and only if F(x)
exists. It holds that

(i) F is continuous at = (in the classical sense) if and only if ¢ F'(x) = ¢

{F ()}

(ii) F is discontinuous at x (in the classical sense) if and only if £_ F(z) = ().

+F(:U) =

So we see that continuity in the sense of Definition 2.5.6 coincides with the classical
one for point-to-point mappings.
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Exercises

2.1. Prove Proposition 2.6.2.

2.2. Prove that
(1) limexty ., F(y) and limint,_., F(y) are closed,

(i) limint, ., F(y) C F(z) C limext,_., F(y), which explains the notation
of “interior” and “exterior” limits.

2.3. Prove that
(i) limexty ., F'(y) = ﬁn>o UyGB(m’n)n D(F) Fy) =
me>0 |:mn>0 UyEB(x,n) N D(F) B(F(y)’ 6)] .

(i) timinty o P(9) = Neso [Upso Nyenem o oo BE@),2)].

2.4. Take (4 F, {_F as in Definition 2.6.1. Let F' be defined as F(z) := F(z).
Prove that

(i) Gph(¢/_F) C Gph(F).
(ii) Gph({4F) = Gph(F).
2.5. Let X and Y be metric spaces and F' : X = Y. Define the set of cluster
values of F' at x, denoted cv(F, x), as the point-to-set mapping

cv(F,z) :=<cy€Y : liminf d(y,F(z")) =0

=

£

=QyeY : Ve>0 sup inf d(y, F(z)) <e
r>0 g’ € B(x,r)

' #x
Prove that
(i) (4 F(x) =cv(F,z) U{F(x)}.
(ii) F is continuous at x if and only cv(F,z) = {F(x)}.
2.6. Prove the statements in Example 2.6.5.
2.7. Prove items (i) and (ii) in Remark 2.6.6.

2.7 Generic continuity

Recall that a point-to-set mapping F': X = Y is said to be continuous when it is
0sC and 1SC at any « € D(F'). When X is a complete metric space and Y is a com-
plete and separable metric space, then under mild conditions semicontinuity implies
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continuity on a dense subset of X. Some classical definitions are necessary. Let X be
a topological space and let A C X. Given U C A, recall that the family of open sets
{GNA|G open in X} is a topology in A, called the relative topology in A. Given
U C A, the interior of U relative to A, denoted (U)9, is the set of points z € U for
which there exists an open set V' C X such that x € VN A C U. Analogously, the

closure of U relative to A, denoted (U) 4, is the set of points y € U such that for
every open set V' C X such that z € V N A, it holds that (VN A)NU # 0.

Definition 2.7.1. A set V C X is nowhere dense when (V)° = (). For A C X,
we say that a set V. C A, which is closed relative to A, is nowhere dense in A when
(V)4 =0.

Note that a closed set V' is nowhere dense if and only if V¢ is a dense open
set. A typical example of a nowhere dense set is L = L\ L°, where L is a closed
set. We use this fact in the proof of Theorem 2.7.7.

Definition 2.7.2. S C X is meager if and only if S = U2, V,,, where {V,,} C X
is closed and nowhere dense for alln € N. For A C X, we say that a set T C A
is meager in A when T = US2,S,, where {S,} C A is closed relative to A and

nowhere dense in A for all n € N.

Definition 2.7.3. A set Q C X is residual in X, or second category if and only
if Q D S¢ for some meager subset S of X. It is first category when its complement
s residual. For A C X, we say that a set P C A is residual in A when P D T°¢,
where T is meager in A.

A crucial result involving residual sets in metric spaces is Baire’s theorem
(1899): if X is a complete metric space and R is residual in X, then R is dense in
X (see, e.g., Theorem 6.1 in [22]).

Two direct and very useful consequences of Baire’s theorem are stated below.
The proofs can be found, for example, in [63, Chapter 3].

Corollary 2.7.4. Let X be a complete metric space and {D,,} a countable family
of dense open subsets of X. Then N, D,, is dense in X.

Taking complements in the above statement we get at once the following.

Corollary 2.7.5. Let X be a complete metric space and {F,} a family of closed
subsets of X such that X = U, F,,. Then there exists ng such that F? # ().

Definition 2.7.6. A topological space is said to be a Baire space if the intersection
of any countable family of open dense sets is dense.

It is known that an open subset of a Baire is also a Baire space, with respect
to the relative topology. As a consequence, if X is complete and D(F') C X is open,
then D(F') is a Baire space and the conclusion of Corollary 2.7.4 holds with respect
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to the topology induced in D(F).

When a property holds in a residual set, it is said to be generic. The next
result asserts that a semicontinuous point-to-set mapping is generically continuous;
that is, continuous in a residual set.

Theorem 2.7.7. Let X and Y be complete metric spaces. Assume that'Y satisfies
Ny and consider F': X =Y.

(I) If F is usC and F(x) is closed for all x € X, then there exists R C X, which
is a residual set in D(F'), such that F' is continuous on R.

(II) If F is 1sC and F(x) is compact for all x € X, then there exists a residual
R C X such that F is K-continuous on R.

(III) If F is1sC and F(x) is closed for all x € X, then there exists a residual R C X
such that F' is continuous on R.

Proof. Let V = {V,, }nen be the countable basis of open sets of Y. Without loss
of generality we may assume that for any y € Y and for any neighborhood U of
y, there exists n € N such that y € V,, C U, and also that V is closed under
finite unions; which means that for all ny,...,n, € N there exists m € N such that
U Vi, = Vi,

(I) Define the sets

L, =F'V,)={zeX : F)nV, #0}.

Because F' is USC, from Proposition 2.5.12(b) we have that L,, is closed relative
to D(F). It is clear that D(F) = U2, L,,. We use the sequence {L,} to construct
the residual set in D(F') where F' is continuous. Because L, is closed in D(F),
(0L,)¢ N D(F) is open and dense in D(F'). Then the set

oo

R:= () [(0L,)° N D(F)]

n=1
is a residual set in D(F'). Note that, by Proposition 2.5.21(i), F' is osc. Hence it is
enough to show that F' is 1sC on R. By Proposition 2.5.9(b), the latter fact will hold
at z € R if we prove that, whenever U C X is an open set such that U N F(x) # 0,
then the set F~1(U) is a neighborhood of z in D(F). Indeed, take z € R and U such
that U N F(z) # 0. Take V,, € V such that V,, C U and V,, N F(x) # 0. This means
that = € L,. Because xz € R, for every n such that x € L,,, we get x & JL,,. Hence
we must have z € (Ln)%( P where the latter set denotes the interior of L,, relative
to D(F'). By the definition of the interior relative to D(F), this means that there
exists a ball B(z,n) C X such that B(x,n) N D(F) C L, = F~Y(V,,) ¢ F~1(U).
Therefore, F~1(U) is a neighborhood of z in D(F'), as we wanted to prove. Hence
Fis1sc on R.

(IT) Again, we construct the residual set R by means of the countable basis
VY = {V,,}. Define

K, =F"'V,)={zecX : F(z) CV,}.
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By Proposition 2.5.12(a), these sets are closed. We claim that D(F) C U2, K.
Indeed, take z € D(F) and y € F(z). We know that there exists n, € N such
that y € V,,, C V,,, so that F(z) C Uycr(s)Vn,. By compactness of F(z) there
exists a finite subcovering V,,,,...,V,, such that F(zx) C UleVm. Because V is
closed under finite unions, there exists m € N such that UY_,V,, = V,, C Vin.
Thus, € F1(V,,) = K,,. As before, (0K,)¢ is a dense open set, implying that
the set R := N2, (0K,)° is residual. We claim that F is usCc on R. Indeed, take
x € Rand let U C Y be an open set such that F(z) C U. For every y € F(z),
there exists n, € N such that y € V,,, C Wy C U. In this way we obtain a
covering F'(x) C Uye p(z)Vn, , which by compactness has a finite subcovering F'(z) C
U?_ 1V, C U. Because {V,} is closed under finite unions, there exists V;,, € V such
that F(z) Cc UY_,V,, =V,, CV,, CU. Then x € K,,. Because z € R, in the same
way as in item (I), we must have z € (K,,)°. Thus, there exists > 0 such that
B(z,n) C Ky,. In other words, F(z") C V,, C U for any o’ € B(x,n), which implies
that F' is Usc at x. Therefore, F' is USC on R and inasmuch as it is also 1Sc, it is
K-continuous in R.

(IIT) We use the fact that if a metric space Y satisfies Ny then it is home-
omorphic to a subset Zy of a compact metric space Z (see, e.g., Proposition 5 in
[134]). Call ¢ : Y — Zy C Z the above mentioned homeomorphism and con-
sider the point-to-set mappings p o F : X — Zy C Z and G := po F : X — Z.
We claim that ¢ o F' and G are 1SC. Because G = g o F, it is enough to prove
inner-semicontinuity of ¢ o F. Take y € ¢ o F(x) and a sequence x,, — x. Then
¢ Yy) € F(x) and by inner-semicontinuity of F there exists a sequence {z,}
such that z, — ¢~ !(y) with z, € F(z,). Because ¢ is continuous, we have that
©(zn) — y with ¢(z,) € ¢ o F(z,). We have proved that ¢ o F' is 1s¢. Because
G(z) is a closed subset of Z, it is compact. So G satisfies all the assumptions of
item (IT), which implies the existence of a residual set R C X such that G is Usc
in R. Using now Proposition 2.5.21(i) and the fact that G is closed-valued, we
conclude that G is in fact 0sc in R. Note that the topology of Zy C Z is the
one induced by Z, and recall that the induced closure of a set A C Zj is given by
AN Zy, where A is the closure in Z. This implies that a subset A C Z is closed
for the induced topology if and only if A = AN Zy. We apply this fact to the set
A = (po F)(z). Because F(z) is closed and ¢ is an homeomorphism, we have that
(po F)(x) is closed in Zy. Hence, (po F)(x) = (po F)(z) N Zy. Take now x € R.
We claim that ¢ o F' is 0SC at . In order to prove this claim, consider a sequence
{(zn,yn)} C Gph(po F) C X x Zy such that z,, =~ z and y,, —Z° y, where we are
emphasizing the topologies with respect to which each sequence converges. Because
the topology in Zj is the one induced by Z, we have that (z,,y,) —~*% (z,y).
Observing now that {(z,,yn)} € Gph(p o F) C Gph G and using the fact that G
is 0sC at x € R, we conclude that y € G(z) N Zy = (po F)(x) N Zy = (p o F)(x),
as mentioned above. This yields y € (¢ o F)(x) and hence outer-semicontinuity
of po F in R is established. Finally, we establish outer semicontinuity of F' in R.
Consider a sequence {(Zn,y,)} C Gph F such that (z,,y,) — (x,y). Because ¢ is
an homeomorphism, (z,,¢(yn)) — (z,¢(y)), with {(x,, ¢(yn))} C Gphypo F. By
outer-semicontinuity of ¢ o F' in R, we have that ¢(y) € (¢ o F)(z). This implies
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that y € F'(z) and therefore F'is 0sc in R. 0O

Remark 2.7.8. The compactness of F(x) is necessary in Theorem 2.7.7(II). The
point-to-set mapping of Example 2.5.8 is 1SC, but there exists no a € [0, 27| such
that F'is USC at a. Also, the closedness of F'(x) is necessary in Theorem 2.7.7(III).
The point-to-set mapping of Remark 2.5.13 is 1SC, but there exists no = € R such
that F'is osc at =x.

2.8 The closed graph theorem for point-to-set
mappings

The classical closed graph theorem for linear operators in Banach spaces states that
such an operator is continuous if its graph is closed. Informally, lack of continuity
of a (possibly nonlinear) mapping F': X — Y at £ € X can occur in two ways: ex-
istence of a sequence {z"} C X converging to z such that {||F'(z™)||} is unbounded,
or such that {F(z")} converges to some § # F(Z). Closedness of Gph(F') excludes
the second alternative. The theorem under consideration states that the first one is
impossible when F is linear. In this section we extend this theorem to point-to-set
mappings. The natural extension of linear operators to the point-to-set setting is
the notion of a convexr process, which we define next.

Definition 2.8.1. Let X and Y be Banach spaces. A mapping F : X =Y is
(i) Convex if Gph(F') is convex
(ii) Closed if Gph(F) is closed

(i1i) a Process if Gph(F) is a cone

Hence a closed convex process is a set-valued map whose graph is a closed
convex cone. Most of the properties of continuous linear operators are shared by
closed convex processes. The one under consideration here is the closed graph
theorem mentioned above. An important example of closed convex processes are
the derivatives of point-to-set mappings introduced in Section 3.7. We start with
an introductory result.

Proposition 2.8.2. F: X =Y is convex if and only if aF(x1) + (1 — a)F(x2) C
F(azy + (1 — a)xg) for all 1,22 € D(F) and all o € [0, 1].

It is a process if and only if 0 € F(0) and AF(x) = F(\x) for all x € X and
all X > 0.

It is a convex process if and only if it is a process satisfying F(x1) + F(x2) C
F(x1 4+ xz2) for all x1,20 € X.

Proof. Elementary. 0O
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We remark that if F' is a closed convex process then both D(F') and R(F) are
convex cones, not necessarily closed.

We present now an important technical result, which has among its conse-
quences both the closed graph theorem and the open map one. It was proved
independently by Robinson and by Ursescu (see [179] and [222]).

Theorem 2.8.3. If X and Y are Banach spaces such that X is reflexive, and
F: X =3Y is a closed convex mapping, then for all yo € (R(F))° there exists v > 0
such that F~1 is Lipschitz continuous in B(yo,v) (cf. Definition 2.5.51).

Proof. Fix yg € (R(F))° and 29 € F~'(yo). Define p : ¥ — R U {oo} as
p(y) := d(zo, F~'(y)). We claim that p is convex and lsc. The convexity is an
easy consequence of the fact that F~! has a convex graph, which follows from the
fact that Gph(F') is convex. We proceed to prove the lower-semicontinuity of p. We
must prove that the sets S,(\) := {y € Y|p(y) < A} are closed. Take a sequence
{yn} C S,(X) converging to some y. Fix any e > 0. Note that p(y,) < A < A+¢ for
all n, in which case there exists x,, € F~!(y,) such that ||z, — zo| < A +¢; that is,
{zn} C B(xg, A+ ¢€). By reflexivity of X, B(x, A+ ¢) is weakly compact (cf. The-
orem 2.5.19), so that there exists a subsequence {z,,} of {z,} weakly convergent
to some T € B(xg, A +¢). Thus, {(@n,,Yn,)} C Gph(F) is weakly convergent to
(Z, 7). Because Gph(F) is closed and convex, Gph(F') is weakly closed by Corollary
3.4.16, and hence (Z,y) belongs to Gph(F'). Thus, noting that € B(zg, A +¢), we
have
@) = it |z — ol < 17— w0l < A+e.
z€F~1(y)

We conclude that p(g) < A+ ¢ for all € > 0, and hence y € S,(\), establishing the
claim. Note that
Dom(p) = R(F) = U2, S,(n).

Because (R(F))° # (0 and the sublevel sets S,(n) are all closed, there exists ng
such that (S,(ng))° # 0; that is, there exists »r > 0 and y' € S,(ng) such that
B(y',r) C Sy(ng). We have seen that p is bounded above in a neighborhood of
some point ¢’ € Dom(p). We invoke Theorem 3.4.22 for concluding that p is locally
Lipschitz in the interior of its domain R(F'). Hence there exist § > 0 and L > 0
such that

lp(y) = p(yo)l = lp(W)| = p(y) < Ly — yoll

for ally € B(yo,0). It follows that p(y) < (L+1) ||y — yo||, and now the definition of
p yields the existence of z € F~!(y) such that ||z — zo|| < (L + 1) ||y — yol|. Hence
F~1is Lipschitz continuous in B(yo,6). 0O

We mention that the result of Theorem 2.8.3 also holds when X is not reflexive
(see [179, 222]). Next we obtain several corollaries of this theorem, including the
open map theorem and the closed graph one.

Corollary 2.8.4. If X and Y are Banach spaces such that X 1is reflexive, and
F : X 3Y is a closed convex mapping, then F~! is inner-semicontinuous in
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(R(F))°-

Proof. The result follows from the fact that local Lipschitz continuity implies
inner-semicontinuity. 0O

Note that F' is a closed convex process if and only if ! is a closed and convex
process.

Corollary 2.8.5 (Open map theorem). If X and Y are Banach spaces, X
is reflerive, F 1 X = Y s a closed convex process, and R(F) =Y, then F~1 is
Lipschitz continuous; that is, there exists L > 0 such that for all z; € F~1(y) and
all y2 €Y, there exists o € F~Y(y2) such that ||x1 — xa|| < L |ly1 — yal|.

Proof. Note that 0 € (R(F))° because R(F) =Y. Also 0 € F(0) because Gph(F)
is a closed cone. Thus, we can use Theorem 2.8.3 with (zg,yo) = (0,0), and conclude
that there exists # > 0 and o > 0 such that

lp(y) = p(0) = p(y) < ollyll < (o + 1)|lyl|
for all y € B(0,6). Hence, there exists z € F~!(y) such that

[ = zoll = llz]] < (o + 1) [lyl- (2.39)

Take y1,y2 € Y and 1 € F~1(y;). Because R(F) =Y, there exists z € F~1(yy —
y1). If y1 = ya, then take z1 = 29 and the conclusion holds trivially. Otherwise,
let g := My2 — y1), with X := 0/(2||y2 — y1]|) Using (2.39) with y := ¢ and x :=
T € F71(g), we get that ||Z|| < (o0 + 1) ||g||. Take z2 := 21 + A~1Z. We claim that
T3 € F~1(y2). Indeed,

xy = a1+ ATIZEF ) AT ETL(Y)
= Fly)+F A9 =F Y y1)+ F y2—y1) C F ' (y2)

because F~! is a convex process. It follows that
|2y — a2 = A7 2] < Ao+ D) [1gl = Lillys — well
with L=0oc+1. O

Now we apply our results to the restriction of continuous linear maps to closed
and convex sets.

Corollary 2.8.6. Let X andY be Banach spaces such that X is reflexive, A : X =
Y a continuous linear mapping, and K C X a closed and conver set. Take xo € K
such that Axg belongs to (A(K))°. Then there exist positive constants 6 > 0 and
L > 0 such that for all y € B(Axg, ) there exists a solution x € K to the equation
Ax =y satisfying ||z — xo|| < L [ly — Axol|.

Proof. The result follows from Theorem 2.8.3, defining F' : X == Y as the
restriction of A to K, which is indeed closed and convex: indeed, Gph(F) =
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Gph(A) N K x Y which is closed and convex, because Gph(A) is closed by con-
tinuity of A, and convex by linearity of A. 0O

When K is a cone, the restriction of a continuous linear operator A to K is a
convex process, and we get a slightly stronger result.

Corollary 2.8.7. Let X andY be Banach spaces such that X is reflexive, A : X =
Y a continuous linear mapping, and K C X a closed and conver cone such that
A(K) =Y. Then the set-valued map G : Y = X defined as G(y) :== A~ (y) N K is
Lipschitz continuous.

Proof. We apply Corollary 2.8.5 to Ak, which is onto by assumption. O

We close this section with the extension of the closed graph theorem to point-
to-set closed convex processes, and the specialization of this result to point-to-point
linear maps, for future reference.

Corollary 2.8.8 (Closed graph theorem). Take Banach spaces X andY such
that Y is reflezive. If F : X = Y is a closed convex process and D(F) = X,
then F is Lipschitz continuous; that is, there exists L > 0 such that F(x1) C
F(x2) + L||z1 — 22| B(0,1) for all 1,22 € X.

Proof. The result follows from Corollary 2.8.5 applied to the closed convex process
F-1. 0

Corollary 2.8.9. Tuake Banach spaces X and Y such that Y is reflexive. If A :
X =Y is a linear map such that D(A) = X and Gph(A) is closed, then A is
Lipschitz continuous.

Proof. The graph of a linear map is always a convex cone. Under the hypothesis
of this corollary, A is a closed convex process, and hence Corollary 2.8.8 applies.
d

Exercises

2.1. Prove that F is a convex closed process if and only if F~! is a closed and
convex process.

2.2. Prove Proposition 2.8.2.
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2.9 Historical notes

The notion of semilimits of sequences of sets was introduced by P. Painlevé in 1902
during his lectures on analysis at the University of Paris, according to his student L.
Zoretti [239]. The first published reference seems to be Painlevé’s comment in [165].
Hausdorff [90] and Kuratowski [128] included this notion of convergence in their
books, where they developed the basis of calculus of limits of set-valued mappings,
and as a consequence this concept is known as Kuratowski—Painlevé’s convergence.
‘We mention parenthetically that in these earlier references the semilimits were called
“upper” and “lower”. We prefer instead “exterior” and “interior”, respectively,
following the trend started in [94] and [194].

Upper- and lower-semicontinuity of set-valued maps appeared for the first
time in 1925, as part of the thesis of F. Vasilesco [224], a student of Lebesgue who
considered only the case of point-to-set maps S : R = R. The notion was extended
to more general settings in [35, 127], and [128].

Set-valued analysis received a strong impulse with the publication of Berge’s
topology book [26] in 1959, which made the concept known outside the pure math-
ematics community. Nevertheless, until the late 1980s, the emphasis in most publi-
cations on the subject stayed within the realm of topology. More recently, the book
by Beer [24] and several survey articles (e.g., [212] and [137]) shifted the main focus
to more applied concerns (e.g., optimization, random sets, economics). The book
by Aubin and Frankowska [18] has been a basic milestone in the development of the
theory of set-valued analysis. The more recent book by Rockafellar and Wets [194]
constitutes a fundamental addition to the literature on the subject.

The compactness result given in Theorem 2.2.12 for nets of sets in Hausdorff
spaces was obtained by Mrowka in 1970 [163], and the one in Proposition 2.2.14 for
sequences of sets in Na spaces was published by Zarankiewicz in 1927 [233].

The generic continuity result in Theorem 2.7.7 is due to Kuratowski [127] and
[128]. It was later extended by Choquet [62], and more recently by Zhong [236].

The notion of convex process presented in Section 2.8 was introduced inde-
pendently, in a finitely dimensional framework, by Rockafellar ([185], with further
developments in [187]) and Makarov—Rubinov (see [138] and references therein).
The latter reference is, to the best of our knowledge, the first one dealing with the
infinite dimensional case.

The extension of the classical closed graph theorem to the set-valued frame-
work was achieved independently by Robinson [179] and Ursescu [222].



Chapter 3

Convex Analysis and
Fixed Point Theorems

3.1 Lower-semicontinuous functions

In this chapter we establish several results on fixed points of point-to-set mappings.
We start by defining the notion of a fixed point in this setting.

Definition 3.1.1. Let X be a topological space and G : X = X a point-to-set
mapping.

(a) T € X is a fixed point of G if and only if T € G(T).

(b) Given K C X, T is a fixed point in K if and only if T belongs to K and
z e G(z).

We also use the related concept of equilibrium point.

Definition 3.1.2. Given topological vector spaces X and Y, a point-to-set mapping
G:X3Y, and a subset K C X, T is an equilibrium point in K if and only if &
belongs to K and 0 € G().

We first establish a result on existence of “unconstrained” fixed points, as in
Definition 3.1.1(a), namely Caristi’s theorem, and then one on “constrained” fixed
points, as in Definition 3.1.1(b), namely Kakutani’s one. The first requires the no-
tion of lower-semicontinuous functions, to which this section is devoted. Kakutani’s
theorem requires convex functions, which we study in some detail in Section 3.4.

In the remainder of this section, X is a Hausdorff topological space. Consider
a real function f : X — RU {00, —o0}. The extended real line RU {0, —co} allows
us to transform constrained minimization problems into unconstrained ones: given
K C X, the constrained problem consisting of minimizing a real-valued ¢ : X — R
subject to x € K is equivalent to the unconstrained one of minimizing ¢x : X —
R U {oo}, with ¢x given by

57
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| p(x) fzekK,
prc(r) = { 00 otherwise. (3.1)

We also need the notions of an indicator function of a set and of a domain in
the setting of the extended real line.

Definition 3.1.3. Given K C X, the indicator function of K is dx : X — RU{oo}
given by

0 ifze K,

oo otherwise.

Sk (z) = {

It follows from Definition 3.1.3 that px = ¢ + k.

Definition 3.1.4. Given f: X — RU {00, —o0}, its domain Dom(f) is defined as
Dom(f) = {z € X : f(x) < co}. The function f is said to be strict if Dom(f) is
nonempty, and proper if it is strict and f(x) > —oo for all z € X.

We introduce next the notion of epigraph, closely linked to the study of lower-
semicontinuous functions.

Definition 3.1.5. Given f: X — R U {co, —oo} its epigraph Epi(f) € X x R is
defined as Epi(f) :={(z,\) € X xR: f(x) < A}.

Observe that f is strict if and only if Epi(f) # 0, and f is proper if and
only if Epi(f) # 0 and it does not contain “vertical” lines (i.e., a set of the form
{(z,\) : A € R} for some z € X).

The projections of the epigraph onto X and R give rise to two point-to-set
mappings that are also of interest and deserve a definition. These point-to-set
mappings, as well as the epigraph of f, are depicted in Figure 3.1.

Definition 3.1.6. Given f: X — R U {00, —o0},
(a) Its level mapping Sy : R =2 X, is defined as Sy(\) = {zx € X : f(z) < A}
(b) Its epigraphic profile Ef : X = R is defined as Ef(x) ={A e R: f(z) < A}

Proposition 3.1.7. Take f: X — R. Then
(i) Ey is osc if and only if Epi(f) is closed.
(11) Sy is 0sC if and only if Epi(f) is closed.

Proof.

(i) Follows from the fact that Gph(Ef) = Epi(f).

Item (ii) follows from (i), after observing that (A, ) € Gph(Sy) if and only if
(x,\) € Gph(Ef). O
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Figure 3.1. Epigraph, level mapping, and epigraphic profile

Next we introduce lower-semicontinuous functions.

Definition 3.1.8. Given f: X — RU {oo, —oc} and T € R, we say that

(a) f is lower-semicontinuous at T (Isc at T) if and only if for all X € R such that
f(T) > A, there exists a neighborhood U of T such that f(x) > X for allx € U.

(b) f is upper-semicontinuous at Z (Usc at Z) if and only if the function —f is
lower-semicontinuous at T.

(c) f is lower-semicontinuous (respectively, upper-semicontinuous) if and only if
[ is lower-semicontinuous at x (respectively, upper-semicontinuous at ) for
allxz e X.

It is well-known that f is continuous at x if and only if it is both Isc and Usc
at x.

The next elementary proposition, whose proof is left to the reader, provides
an equivalent definition of lower-semicontinuity. For z € X, U, C P(X) denotes
the family of neighborhoods of x.

For a net {z;} C X and a function f: X — R, we can define

lim inf f(z:) := Jszpl inf f(2)),
J terminal

and

limsup f(x;) := inf sup f(x;).
i€l JclI, i€t

J terminal
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Recall that for every cluster point A of a net {\;};c; C R we have

liminf A\; < A < limsup ;.
el iel

If the net converges to A, then we have equality in the above expression. We also
need to define liminf and lim sup using neighborhoods of a point:

liminf f(x) := sup inf f(x),
T—T Ucly TEU

and

limsup f(z) := [}&f{ Slelgf(x)
T—T T

Proposition 3.1.9. Given f: X — RU {oc}, the following statements are equiv-
alent.

(i) [ islsc at T.
(i1) f(z) <liminf,_z f(x).
(1ii) f(Z) <liminf; f(x;) for all net {z;} C X such that lim; x; = Z.

Proof. The proofs of (i)—(ii) and (iii)—(i) are a direct consequence of the defini-
tions, and (ii)—(iii) uses the fact that liminf, .z f(z) < liminf; f(x;) for every net
{z;} C X such that lim; x; = Z. The details are left to the reader. O

The following proposition presents an essential property of lower semicontin-
uous functions.

Proposition 3.1.10. Given f : X — R U {oco}, the following statements are
equivalent.

(i) f islsc.

(ii) Epi(f) is closed.
(1ii) Ey is OSC.

(iv) Sy is Osc.

(v) Sy(X) is closed for all X € R.

Proof.

(i) = (ii) Take any convergent net {(z;, A;)} C Epi(f) with limit (z,\) € X xR.
Tt suffices to prove that (z,\) € Epi(f). By Definition 3.1.5, for all i € I,

flzi) < A (3.2)
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Taking “limites inferiores” in both sides of (3.2) we get, using Proposition
3.1.9(iii),
f(z) < liminf f(x;) < lminf \; = A,

so that f(z) < A; that is, (x, \) belongs to Epi(f).
(i) =
(iii)
(iv)

iii) The result follows from Proposition 3.1.7(i).

(

= (iv) Follows from Proposition 3.1.7.

= (v) Follows from the fact that Sy is 0sC (cf. Exercise 2.14(ii) of Section
2.5).

(v) = (i) Note that (v) is equivalent to the set Sy(A)° being open, which is
precisely the definition of lower-semicontinuity.

Corollary 3.1.11. A subset K of X is closed if and only if its indicator function
Or 1s lsc.

Proof. By Definition 3.1.3, Epi(dx) = K x [0, cc], which is closed if and only if K
is closed. On the other hand, by Proposition 3.1.10, dx is Isc if and only if Epi(dx)
is closed. O

Classical continuity of f is equivalent to the continuity of the point-to-set
mapping Ey.

Proposition 3.1.12. Given f: X — RU{oco,—oc} and z € X,
(a) Ey is1SC at z if and only if f is USC at x.

(b) Ey is continuous at x if and only if f is continuous at x.

Proof.

(a) Assume that E; is 1SC at z. If the conclusion does not hold, then there
exist a net {x;} converging to x and some v € R such that f(z) < v <
limsup; f(z;). It follows that v € E¢(x) and because {x;} converges to z,
by inner-semicontinuity of Ey we have that Ey(z) C limint; Ef(z;). This
means that for every ¢ > 0 there exists a terminal set J. C [ such that
B(v,e) N E¢(xz;) # 0 for all i € J.. In other words, for every i € J. there
exists v; € Ef(x;) with v —e < y; <+ ¢. Hence we have

limsup f(2,) < sup () < 7 <7+
i€ Je

Because ¢ > 0 is arbitrary, the above expression yields limsup; f(z;) < 7,
contradicting the assumption on ~.



62 Chapter 3. Convex Analysis and Fixed Point Theorems

(b) The result follows from (a) and the equivalence between items (i) and (iii) of
Proposition 3.1.10.

Remark 3.1.13. Inner-semicontinuity of Sy neither implies nor is implied by
semicontinuity of f. The function f : R — R depicted in Figure 3.2 is continuous,
and Sy is not 1SC at A. Indeed, taking A and z as in Figure 3.2 and a sequence
An — A such that A\, < X for all n, there exists no sequence {z,} converging to x
such that x,, € S¢(A,). The function f: R — R defined by

f(x):{ 0 ifzeqQ

1 otherwise

is discontinuous everywhere, and Sy is 1SC.

x

x € Sp(A), and @ & liminty, Sp(An)

Figure 3.2. Continuous function with non inner-semicontinuous level mapping
The following proposition deals with operations that preserve lower-semicontinuity.

Proposition 3.1.14.
(i) If f,g: X — RU{oo} arelsc then f + g is Isc.
(i) If fi : X — RU {00, —o0} is Isc for 1 <i <m then infi<i<pm fi is Isc.

(iii) For an arbitrary set I, if f; : X — R U {oo,—o0} is lsc for all i € I then
sup,cy fi 15 Isc.
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(w) If f: X — RU{oo, —o0} is Isc then af is Isc for all real o > 0.

(v) If X and Y are topological spaces, g :' Y — X is continuous and f : X —
R U {o0, —o0} is 1sc, then fog:Y — RU{oo, —c0} is lsc.

Proof.
(i) Use Proposition 3.1.9(iii), noting that

limiinf flz) + limiinfg(xi) < limiinf[f(xi) + g(z;)],

if the sum on the left is not co — oo (see, e.g., [194, Proposition 1.38]).

(ii) and (iii) Use Proposition 3.1.10(ii), noting that Epi(infi<;<m, fi) = U Epi(f;),
Epi(sup;c; fi) = NierEpi(fs).

(iv) Use Proposition 3.1.10(v), noting that S, r(A) = Sy(A/ ).

(v) Note that Sfog(A) = g7 (S¢(N)). S¢()) is closed by Proposition 3.1.10(v)
because f is lsc, so that g~ (S¢()\)) is closed by continuity of g, and the
result follows.

The next proposition contains a very important property of Isc functions.

Proposition 3.1.15. If f : X — RU{oo} is Isc, K is a compact subset of X and
Dom(f)N K # 0, then f is bounded below on K and it attains its minimum on K,
which is finite.

Proof. For every n € N, define the sets
L, ={xe X : f(z) > —n}.

Note that L, C L,4+1. All these sets are open by lower-semicontinuity of f and
K C U,L,. Because K is compact and the sets are nested, there exists ng € N
such that K C Ly,. Therefore for every x € K we have f(z) > —ng and hence
o :=infex f(x) > —ng which yields f bounded below in K with o € R (note that
a < oo because Dom(f) N K # 0). To finish the proof, we must show that there
exists € K such that f(Z) = a. If this is not the case, then K can be covered by
the family of sets defined by

Ap={zre X : f(:r)>a+%}.

We have A,, C A, 11 and all these sets are open by lower-semicontinuity of f. Using
compacity again we conclude that there exists ny € N such that K C A,,. In other
words,

1
= inf > — >
« xngf(x) >a+ - «,
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a contradiction. Therefore f must attain its minimum value o on K. [0

Exercises

3.1.

3.2.

3.3.

3.4.
3.5.

3.6.

3.2

Let X,Y be metric spaces. Given F' : X == Y, for each y € Y define
@y X = RU{oo} as ¢, (z) = d(y, F(x)). Prove that

(i) Fis1sc at z if and only if ¢, is Usc at = for all y € Y.

(ii) Assume that F(z) is closed. If ¢, is Usc at « for all y € YV, then F is
0OSC at .

(i) Assume that Y is finite-dimensional. If F' is 0sC at x then ¢, is Usc at
x for all y € Y. Hint: use Definition 2.5.6 and Proposition 2.2.11.

Given {f;} (i € I), let f:=sup,c; f; and f:=infics f;.
(i) Prove that Epi(f) = NicsEpi(fi).
(ii) Prove that if I is finite then Epi(f) = UjerEpi(f;).

(iii) Give an example for which U;e7Epi(f;) € Epi(f). Hint: consider { f, }nen
defined as f,(x) = 22 + 1/n.

Take f, f as in Exercise 2 and Sy as in Definition 3.1.6(a).
(i) Prove that S7(\) = NierSy, (A).

(ii) Prove that S¢(A) D NierSy (), and find an example for which the
inclusion is strict.

Prove Proposition 3.1.9.

Take Ef as in Definition 3.1.6(b). Prove that Gph(E;) = Epi(f) and that
D(E}) = Dom(f).

Prove the statements in Remark 3.1.13.

Ekeland’s variational principle

Ekeland’s variational principle is the cornerstone of our proof of the first fixed point
theorem in this chapter. In its proof, we use the following well-known result on
complete metric spaces. We recall that the diameter diam(A) of a subset A of a
metric space X is defined as diam(A) = sup{d(z,y) : z,y € A}.

Proposition 3.2.1. A metric space X is complete if and only if for every se-
quence {F,} of nonempty closed sets, such that F,11 C F, for alln € N and
lim, diam(F,,) = 0, there exists T € X such that N2>, F,, = {z}.

Proof. See Theorem 5.1 in [22]. O
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The next theorem is known as Ekeland’s variational principle, and was pub-
lished for the first time in [80].

Theorem 3.2.2. Let X be a complete metric space and f: X — RU{oo} a strict,
nonnegative, and lsc function. For all & € Dom(f) and all € > 0 there exists T € X
such that

(a) f(ZT)+ed(2,Z) < f(2).
(b) f(Z) < f(x) +ed(z,Z) for all x # &.

Proof. Clearly, it suffices to prove the result for € = 1, because if it holds for this
value of g, then it holds for any value, applying the result to the function f = f/e,
which is Isc by Proposition 3.1.14(iv).

Define the point-to-set mapping F : X = X as F(x) = {y € X : f(y) +
d(z,y) < f(z)}. Because d(z,-) is continuous and f is Isc, we get from Proposition
3.1.14(i) that f(-) + d(z,-) is Isc, and then from Proposition 3.1.10(v) that F'(x) is
closed for all z € X. We claim that F' satisfies:

if x € Dom(f) then x € F(z) C Dom(f), (3.3)

if ye F(z) then F(y) C F(z). (3.4)

Statement (3.3) is straightforward from the definition of F'(z); in order to prove
(3.4), take any z € F(y). Using the triangular property of d, and the facts that
z € F(y), y € F(z), we get

f(z) +d(z,2) < f(2) +d(z,y) +d(y, 2) < f(y) +d(z,y) < fo),

which establishes the claim.
Define now ¢ : X — R U {oo} as ¢(y) = inf.cp(,) f(2). For all y € Dom(f),
we have, by (3.3) and nonnegativity of f, that

0 <(y) < oo. (3.5)
It follows from the definition of ¢ that
dz,y) < f(x) = f(y) < f(z) — ¥(2) (3.6)

for all z € Dom(f), y € F(z), which allows us to estimate the diameter of each
F(z), according to

diam(F(x)) = sup{d(u,v) : u,v € F(a)} < 2f(2) — (@), (3.7)
because it follows from (3.6) and the triangular property of d that

d(u,v) < d(u,z) + d(z,v) < 2[f(x) — ¥(z)]. Given & € Dom(f), we define a
sequence {z,} C X from which we in turn construct a sequence of closed sets
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F, C X satisfying the hypotheses of Proposition 3.2.1. Let zg = &, and, given
xn € Dom(f), take 41 € F(z,) so that

f@ngr) < plan) +277. (3.8)

The definition of ¢ and (3.5) ensure existence of x,1. Define F), := F(x,). Note
that 0 € F,, C Dom(f) by (3.3), and that F,,11 C F, for all n € N by (3.4). These
facts imply that

$(n) < V(Ens) (3.9)

for all n € N. If we prove that lim,diam(F,,) = 0, then the sequence {F,,} will
satisfy the hypotheses of Proposition 3.2.1. We proceed to establish this fact. By
(3.8), the definition of v, and (3.9), we have

P(@nt1) < flant1) S Plan) + 27" < h(@nga) +277 (3.10)

By the definition of F,,, (3.7), and (3.10), diam(F,4+1) < 2[f(xn+1) — ¥(znt1)]
< 277+l 50 that lim,diam(F,) = 0, and we proceed to apply Proposition 3.2.1
to {F,}, concluding that there exists z € X such that {z} = NS F,. Because
T € F(xg) = F(z), we get that f(z) + d(z,2) < f(z), estabhshlng (a). The
latter inequality also yields Z € Dom(f). Because Z € F,, = F(x,,) for all n € N,
we conclude from (3.4) that F(z) C F(x,) = F, for all n € N, so that F(Z) C
N> F, = {Z}, and henceforth, in view of (3.3), F(Z) = {Z}. Thus, « ¢ F(z) for

all © # z; that is, f(z) + d(z,z) > f(Z) for all x # Z, establishing (b). O

The following is an easy consequence of the previous theorem, and is also
found in the literature as Ekeland’s variational principle. Its proof is direct from
the previous result.

Corollary 3.2.3. Let X be a Banach space and f : X — RU {oo} a strict, lsc,
and bounded below function. Suppose that xo € X and € > 0 are such that

flzo) < Inf f(x) +e
Then for all X € (0,1) there exists & € Dom(f) such that
(a) A|Z — ol <e.
(b) Allz — zo]| < f(z0) — f(2).
(c) Mz —z| > f(z) — f(x), for all x # .

3.3 Caristi’s fixed point theorem

Next we present our main result on existence of unconstrained fixed points of point-
to-set mappings, an extension of Caristi’s theorem for the point-to-point case (see
[58]). We follow here, for the point-to-set case, the presentation in [16], taken from
[201].
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Theorem 3.3.1. Let X be a complete metric space and G : X = X a point-to-set
mapping. If there exists a proper, nonnegative, and lsc function f: X — R U {oco}
such that for all x € X there exists y € G(x) satisfying

fy) +d(z,y) < fx), (3.11)

then G has a fized point; that is, there exists & € X such that T € G(z). If
the stronger condition G(x) C F(x) holds for all x € X, with F(z) = {y € X :
fly) +d(z,y) < f(x)}, then there exists T € X such that G(z) = {z}.

Proof. Fix ¢ € (0,1). By Theorem 3.2.2, there exists Z € X such that
f(Z) < f(z) +ed(x, T) (3.12)

for all z # z. For F': X = X as defined in the statement of the theorem, we observe
that (3.11) is equivalent to G(z) N F(z) # 0 for all z € X. Thus, G(z) N F(z) # 0,
or equivalently, there exists § € G(Z) such that

f(@) = f(y) +d(y, 7).

(
We claim that § = z. Otherwise, by (3.12) with = g, we have that f(z) <
f(g) + ed(g, z), which, together with (3.13), implies that 0 < d(z,7) < ed(z,7),
which is a contradiction. Thus, the claim holds and § = Z. Because § € G(Z),
it follows that T is a fixed point of G, proving the first statement of the theorem.
Under the stronger hypothesis, (3.13) holds for all y € G(z) and the same argument
shows that z = y for any such y. Thus, G(z) ={z}. 0O

w

13)

T
T

)
(

Next we present a related result, where the assumption of lower-semicontinuity
of f is replaced by outer-semicontinuity of G.

Theorem 3.3.2. Let X be a complete metric space, and G : X = X an 0SC
point-to-set mapping. If there exists a nonnegative f : X — R U {oc} such that
G(x)NF(x) #0 for all x € X, with F(z) ={y € X : f(y) +d(z,y) < f(x)}, then
G has a fized point.

Proof. Take an arbitrary zo € Dom(f). We define inductively {z,} C X as
follows. Given z,, € Dom(f) take x,,4+1 € G(x,) such that

d($n+1>xn) S f(xn) - f(xn+1)- (314)

This sequence is well defined because G(z) N F(x) # @ for all z € X. It follows
from (3.14) that {f(zy)} is nonincreasing, and bounded below by nonnegativity of
f, so that {f(z,)} converges. Summing (3.14) with n between p and g — 1 we get

qg—1

d(wp, xq) < Z d(@nt1,20) < f(2p) — f(2q). (3.15)

n=p

Inasmuch as {f(z,)} converges, it follows from (3.15) that {z,} is a Cauchy se-
quence, which thus converges, by completeness of X, say to z € X. By definition of
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{zn}, we have that (z,,zn+1) € Gph(G) for all n € N. Because lim, (zy, Tpt1) =
(z,z) and G is 0sc, we conclude that (z,z) € Gph(G), in other words, € G(Z).
ad

Remark 3.3.3. In the case of Theorem 3.3.2, the stronger condition G(x) C F(x)
for all x € X is not enough for guaranteeing that the fixed point z satisfies {z} =
G(z), because f may fail to be lsc, and thus Ekeland’s variational principle cannot
be invoked.

3.4 Convex functions and conjugacy

We start with some basic definitions. Let X be a real vector space.

Definition 3.4.1. A subset K of X is convex if and only if \x + (1 — X)y belongs
to K for all x,y € K and all X € [0,1].

Definition 3.4.2.

(a) A function f: X — R :=RU{oc} is convex if and only if f( Az + (1 —N)y) <
Af(x)+ (1= N)f(y) for all z,y € X and all X € [0,1].

(b) A function f: X — R is concave if and only if the function —f is conver.

(c) A function f : X — R is strictly convex if and only if f(A\x + (1 — N)y) <
Af(x)+ (1= X)f(y) for all x,y € X,z # y, and all X\ € (0,1).

The following elementary proposition, whose proof is left to the reader, presents
a few basic properties of convex functions.

Proposition 3.4.3.
(i) If f,g: X — R are convez, then f +g: X — R is convex.
(i) If f: X — R is convex, then af : X — R is convex for all real a > 0.

(ii) If fi : X = R are convez for all v € I, where I is an arbitrary index set, then
sup;c; fi : X — R is convex.

(iv) f: X — R is convezr if and only if Epi(f) C X x R is convexr.

Although convex functions can be defined in purely algebraic terms, as in Def-
inition 3.4.2, they become interesting only through their interplay with continuity
and duality notions. Thus, in the remainder of this chapter we assume that X
is a Banach space and X™* its dual; that is, the set of linear and continuous real
functionals defined on X, endowed with the weak topology, as defined in Section
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2.5.1. We recall that (-,-) : X* x X — R denotes the duality pairing (i.e., (p,z)
means just the value p(z) of p € X* at x € X).

We start with a basic topological property of convex sets, whose proof is left
to the reader.

Proposition 3.4.4. If K C X is convex then its closure K and its interior K° are
also convew.

We introduce next the very important concept of conjugate functions, origi-
nally developed by Fenchel in [84].

Definition 3.4.5. Given f : X — R, we define its conjugate function f*: X* — R
as [*(p) = sup,ex{(p, x) — f(x)}-

Proposition 3.4.6. For any f : X — R, its conjugate f* is convex and lsc.

Proof. For fixed z € X the function ¢, : X* — R defined as ¢,(p) = (p,x) is
continuous, by definition of the dual topology, and henceforth Isc. It is also trivially
convex, by linearity. Constant functions are also convex and lIsc, therefore the
result follows from Definition 3.4.5 and Propositions 3.1.14(i), 3.1.14(iii), 3.4.3(i),
and 3.4.3(iii). O

Example 3.4.7 (Normalized_duality mapping). Let g: X — R be defined by
g(z) = ||x||?. Then g* : X* — R is given by g*(v) = $||v||* for allv € X*. Indeed,

) = sup {02) = Jlel?} = sup sup (0.2 - Jel?}

r>0 ||z||=r

2
r 1
—sup {ll - 5 } = 31l
r>0

Remark 3.4.8. Note that if f is strict (i.e., if Dom(f) # @), then f*(p) > —oc for
all p e X*.

Definition 3.4.9. Assume that [ : X — R is strict. We define the biconjugate
[ X = Roas f*0 = (f7)*; that is, f**(§) = sup,ex-{({,p) — f*(p)}

It is important to determine conditions under which f** = f. In view of
Definition 3.4.9, strictly speaking, reflexivity of X is a necessary condition, because
f** is defined on X** = (X*)*. But, because the application Z : X — X** defined
as [Z(x)](p) = (p,x) is always one-to-one, we can see X as a subspace of X**,
identifying it with the image of Z, in which case the issue becomes the equality of
f and 7;‘(, meaning the restriction of f** to X C X**. According to Proposition
3.4.6, convexity and lower-semicontinuity of f are necessary conditions; it turns out
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that they are also sufficient. For the proof of this result, we need one of the basic
tools of convex analysis, namely the convex separation theorem, which is itself a
consequence of the well-known Hahn—Banach theorem on extensions of dominated
linear functionals defined on subspaces of Banach spaces. We thus devote some
space to these analytical preliminaries.

Definition 3.4.10. Let X be a Banach space. A function h : X — R is said to be
a sublinear functional if and only if

(i) h(z+y) < h(z)+ h(y) for all z,y € X (i.e., h is subadditive), and

(i) h(Ax) = Ah(zx) for all x € X and all real A > 0 (i.e., h is positively homoge-
neous).

Theorem 3.4.11 (Hahn—Banach theorem). Let X be a Banach space, V C X
a linear subspace, h : X — R a sublinear functional, and g : V — R a linear
functional such that g(x) < h(x) for allz € V.. Then there exists a linear g : X — R
such that g(z) = g(z) for all x € V and g(z) < h(z) for all z € X.

Proof. See Theorem 11.11in [22]. 0O

A variant of the Hahn-Banach theorem, also involving the behavior of g and
h in a convex set C' C X is due to Mazur and Orlicz [146]. We state it next, and
we use it later on for establishing Brgndsted-Rockafellar’s lemma; that is, Theorem
5.3.15.

Theorem 3.4.12. If X is a Banach space and h : X — R a sublinear functional,
then there exists a linear functional g : X — R such that g(x) < h(z) for allx € X
and inf,ec g(x) = inf,co h(x), where C is a convexr subset of X.

Proof. See Theorem 1.1 in [206]. 0O

Before introducing the separation version of Hahn—Banach theorem, we need
some “separation” notation.

Definition 3.4.13. Given subsets A and B of a Banach space X, p € X*, and
a € R, we say that

(a) The hyperplane H, o = {x € X : (p,x) = a} separates A and B if and only
if (p,x) <o« forallz € A and (p,x) > « for all x € B.

(b) The hyperplane H, , strictly separates A and B if and only if there exists
€ > 0 such that (p,x) < a—¢€ for allz € A and (p,z) > a+ € for all x € B.

Theorem 3.4.14. Let X be a Banach space and A, B two nonempty, convex, and
disjoint subsets of X .
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(i) If A° # () then there exist p € X* and o € R such that the hyperplane Hp
separates A and B.

(i1) If x is a boundary point of A and A° # ), then there exists a hyperplane H
such that x € H and A lies on one side of H.

(iii) If A is closed and B is compact then there exist p € X* and o € R such that
the hyperplane Hy, . strictly separates A and B.

Proof. This theorem follows from Theorem 3.4.11, and is in fact almost equivalent
to it; see, for example,Theorem 1.7 in [38]. 0O

We state for future reference an elementary consequence of Theorem 3.4.14.

Proposition 3.4.15. Let X be a Banach space and A a nonempty, convez, and
open subset of X. Then A% = A.

Proof. Clearly A = A° C A°. Suppose that the converse inclusion fails; that
is, there exists z € A’ \ A. By Theorem 3.4.14(i) with B = {x}, there exists
a hyperplane H separating x from A, so that A lies on one of the two closed
halfspaces defined by H, say M. It follows that A C M, so that A°c M ° implying
that x € M?, contradicting the fact that x belongs to the remaining halfspace
defined by H. 0O

Given C' C X, denote C' the > weak closure of C. It is clear from the definitions
of weak and strong topology that AY > Afor all A C X. A classical application of
Theorem 3.4.14(iii) is the fact that the opposite inclusion holds for convex sets.

Corollary 3.4.16. Let X be a Banach space. If A is convex, then A" =A.

Proof. Suppose that there exists # € A" such that = ¢ A. By Theorem 3.4.14(iii)
there exist p € X* and a € R such that (p,z) < a < (p, z) for all z € A. Because x €
A" there exists a net {a;}ic1 C A weakly converging to x. Therefore, lim;(p, a;) =
(p, ), which contradicts the separation property. 0O

Our next use of the convex separation theorem establishes that conjugates of
proper, convex, and Isc functions are proper.

Proposition 3.4.17. Let X be a Banach space. If f : X — R U {oco} is proper,
convezx, and lsc, then f* is proper.

Proof. Take # € Dom(f) and A < f(z). We apply Theorem 3.4.14(iii) in X x R
with A = Epi(f) and B = {(z,\)}. Because f is Isc and convex with nonempty
domain, A is closed, nonempty, and convex by Propositions 3.1.10(ii) and 3.4.3(iv).
The set B is trivially convex and compact, and thus there exists a hyperplane Hr ,
strictly separating A and B. Observe that 7 belongs to (X x R)* = X* x R; that
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is, it is of the form m = (p,u) with p € X*, so that (m, (z,\)) = (p,z) + pX. By
Definition 3.4.13(b),

(p,x) + pA > « Y(xz, \) € Epi(f), (3.16)

{p, ) + pX < a. (3.17)
Taking « € Dom(f) and A = f(z) in (3.16), we get

(p,z) + pf(x) >a Vo e Dom(f), (3.18)
and thus, using (3.17) and (3.18),

(p,T) + pf(T) > (p,T) + pA. (3.19)

We conclude from (3.19) that y is positive, so that, multiplying (3.18) by —u~!, we

obtain (—u~'p,z) — f(z) < —p~ta for all z € Dom(f). It follows from Definition
3.4.5 that f*(—p~'p) < —p~ta < oo. In view of Remark 3.4.8, we conclude that
f*is proper. 0O

With the help of Theorem 3.4.14(iii), we establish now the relation between
f and f;‘;‘(

Theorem 3.4.18. Assume that f: X — RU{oo} is strict. Then,
(i) f7x (@) < f(z) for allx € X.
(i) The following statements are equivalent.

(a) f is convex and lsc.

) f=fix.

Proof.
(i) It follows from Definition 3.4.9, and the form of the immersion Z of X in
X** that

fix(x) = pseglg*{@, z) = f*(p)}- (3.20)

By the definition of f*, f*(p) > (p,z) — f(x), or equivalently f(x) > (p,x) — f*(p)
for all x € X, p € X*, so that the result follows from (3.20).

(ii) (a)= (b) We consider first the case of nonnegative f: f(x) > 0 for all
z € X. In view of item (i), it suffices to prove that f(z) < f/%(x) for all z € X.
Assume, by contradiction, that there exists £ € X such that f/*)*( (z) < f(z). We
apply Theorem 3.4.14(iii) in X x R with A = Epi(f) and B = {(z, f/%(%))}. Asin
the proof of Proposition 3.4.17, we get a separating hyperplane H o, with m = (p, i)
and (7, (z,\)) = (p, x) + pX. Thus, we get from Definition 3.4.13(b) that

(p, ) + A > « V(z,\) € Epi(f), (3.21)
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(0,7) + 175 (@) < o (3.22)
Taking = € Dom(f) and making A — oo in (3.21), we conclude that ¢ > 0. Non-
negativity of f and the definition of epigraph imply that (3.21) can be rewritten as
(p,z) + (p+e)f(x) > a for all z € Dom(f) and all real € > 0, and therefore, in
view of Definition 3.4.5, we have

Flolut+e)™pl < —(nte) o (3.23)
Using now (3.23) and (3.20) we get
@) >~ o), 3) — ()] >

(—(p+e) 'p,z) + (u+e)ta. (3.24)
It follows from (3.24) that (p,Z) + (1 +€)f/% () = « for all € > 0, contradicting
(3.22). The case of nonnegative f is settled; we address next the general case. Take

p € Dom(f*), which is nonempty by Proposition 3.4.17. Define f : X — R U {oo}
as

f(@) = (@) = (p,x) + (D). (3.25)
Because —(p, -)+ f*(p) is trivially convex and lsc, we get from Propositions 3.1.14(i)
and 3.4.3(i) that f is convex and lsc. The definition of f* and (3.25) also imply
that f(m) > 0 for all z € X. Thus we apply the already established result for
nonnegative functions to f , concluding that f = ff}*( It is easy to check that
fr(0) = £ (0 +p) = *0), 7% (2) = f7%(x) = (p,x) + £*(p). The latter equality,
combined with (3.25) yields f = f/%.
(b)= (a) The result follows from the definition of f;% and Proposition 3.4.6.
a

We define next the support function of a subset of X.

Definition 3.4.19. Let X be a Banach space and K a nonempty subset of X. The
support function ox : X* — RU {oo} is defined as o (p) = sup,ex (D, x).

Example 3.4.20. Let X be a reflexive Banach space, so that Z can be identified
with the identity, and f;*;( with f**. Given K C X, consider the indicator function
dx of K. We proceed to compute 0, 07" . Observe that

Ok (p) = sup {{p,x) — oK (2)} = Sup, (p,x) = oK (p),

0 (z) = pseu)lg*{m x) — ok (p)}-

Note that 077 (x) > 0 for all © € X. By Theorem 3.4.18(ii), 07F = dk if and only if
0k is convex and lIsc, and it is easy to check that this happens if and only if K is
closed and convex. It is not difficult to prove, using Theorem 3.4.14(iii), that for a
closed and convex K it holds that

K={zxeX:(pzx)<og(p) Vpe X"} (3.26)
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The equality above allows us to establish that 3 (z) = 0 whenever = € K and that
§3%(x) = oo otherwise. Hence we conclude that K is closed and convex if and only
it 63 = k.

The following lemma is used for establishing an important minimax result,
namely Theorem 5.3.10. The proof we present here is taken from Lemma 2.1 in
[206]. Given a, 8 € R, we define o V § = max{a, 8}, a A § = min{«, §}.

Lemma 3.4.21. Let X be a Banach space. Consider a nonempty and convex subset
Z CX.

(a) If f1,..., fp: X — R are convex functions on Z, then there exist oy, .. ., oy >
0 such that Y."_ a; =1 and

it {fi(2) V fa(@) V-V o)}
= inf {01 f1(2) + azfol@) + -+ apfylo)}.

(b) If g1,...,9p : X — RU{—00} are concave functions on Z, then there exist
a1, ...,0p >0 such that Zle o; =1 and

222{91(56) ANg2(x) A A gp(a)} =

sug{algl(x) + aoga(z) + - - + apgp(x) }.
xe

Proof.

(a) Define h : R? — R as h(a1,az,...,ap) = a1V---Va,. Note that h is sublin-
ear in RP. Consider also the set C' := {(a1,...,a,) € R? |3z € Z such that f;(z) <
a;(1 <i<p)}. It is easy to see that C is a convex subset of R?. By Theorem 3.4.12,
we conclude that there exists a linear functional L : RP — R such that L < A in
R? and inf,ec L(a) = inf,ec h(a). Because L is linear, there exist A1, -+, A, € R
such that L(a) = Mai + -+ + Apap for all a = (a1, ...,a,) € RP. Using the fact
that L < h and the definition of h, it follows that \; > 0 for all ¢ = 1,...,p and
that 3% | oy = 1 (Exercise 3). Define f(z) := (fi(z),..., fp(x)). We claim that

inf A(f(2) = inf M fil@) + o+ (). (3.27)

We proceed to prove the claim. Take p € C. Observe that

Inf n(f(x)) = if fi(@) V-V fp(2) < A(p). (3.28)

Taking the infimum on C in (3.28) and using the definition of L we get

inf L(f(2)) < inf h(f(z)) < Jnf, h(p) = Jnf, L(p). (3.29)
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Inasmuch as f(z) € C for all x € Z,

inf L(p) < inf L(f(x)). (3.30)

pnecC z€Z

Combining (3.29) and (3.30), we get (3.27), from which the result follows.
(b) The result follows from (a) by taking f; := —¢g; (1 <i<p). O

We close this section with the following classical result on local Lipschitz
continuity of convex functions, which is needed in Chapter 5. The proof below was
taken from Proposition 2.2.6 in [66],

Theorem 3.4.22. Let f : X — R be a convex function and U C X. If f is bounded
above in a neighborhood of some point of U, then f is locally Lipschitz at each point
of U.

Proof. Let xg € U be a point such that f is bounded above in a neighborhood
of zg. Replacing U by V := U — {zo} and f(:) by g := f(- + z¢) we can assume
that the point of U at which the boundedness assumption holds for f is 0. By
assumption there exists € > 0 and M > 0 such that B(0,e) C U and f(z) < M
for every z € B(0,¢). Our first step is to show that f is also bounded below
in the ball B(0,e). Note that 0 = (1/2)z + (1/2)(—=z) for all z € B(0,¢), and
hence f(0) < (1/2)f(z) + (1/2)f(—%). Therefore, f(z) > 2 f(0) — f(—%). Because
—z € B(0,¢), we get f(z) > 2 f(0) — M, showing that f is also bounded below.
Fix x € U. We prove now that the boundedness assumption on f implies that f
is bounded on some neighborhood of z. Because x is an interior point of U, there
exists p > 1 such that px € U. If A = 1/p, then B(z, (1 — A)e) is a neighborhood
of z. We claim that f is bounded above in B(z, (1 — A)e). Indeed, note that
B(z,(1=X)e) ={(1-N)z+A(px)|z € B(0,¢)}. By convexity, for y € B(z, (1—\)e),
we have
F() < (1= NFE) + M(p2) < (1= MM + A f(pa) < oo.

Hence f is bounded above in a neighborhood of x. It is therefore bounded below by
the first part of the proof. In other words, f is locally bounded at x. Let R > 0 be
such that |f(z)| < R for all z € B(z, (1 — A)e). Define r := (1 — M)e. Let us prove
that f is Lipschitz in the ball B(z,7/2). Let x1, 22 € B(z,7/2) be distinct points
and set x3 := x2 + (r/2a)(xz2 — x1), where a := ||x2 — 21]|. Note that x3 € B(x,r).
By definition of z3 we get

r n 2
= x T
200+ 7r ! 200+ 1

€2 35

and by convexity of f we obtain

flza) <

flay) +

,
200+ 1 2a+rf(x3)'

Then

f(w2) — fan) < —2

< 5 flas) — [ 1)
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2 2R
< flas) = )] € =l — ol

using the definition of «, the fact that z1, 23 € B(z,r), and the local boundedness
of f on the latter set. Interchanging the roles of 1 and x2 we get

[Flz2) — Fa)] < 2 — )

and hence f is Lipschitz on B(x,r/2). 0O

3.5 The subdifferential of a convex function

Definition 3.5.1. Given a Banach space B, a proper and convez f : X — RU{oo},
and a point x € X we define the subdifferential of f at x as the subset f(x) of X*
given by

Of (@) ={veX": f(y) > f(x) + (v,y —x) Vye X}

The elements of the subdifferential of f at x are called subgradients of f at x.
It is clear that 0f can be seen as a point-to-set mapping df : X = X*. We start
with some elementary properties of the subdifferential.

Proposition 3.5.2. If f : X — R U {occ} is proper and convex, then
(i) Of (x) is closed and convex for all x € X.
(i) 0 € Of (x) if and only if x € argminx f :={z € X : f(2) < f(y) Vy € X}.

Proof. Both (i) and (ii) are immediate consequences of Definition 3.5.1. 0
The following proposition studies the subdifferential of conjugate functions.

Proposition 3.5.3. If f : X — R U {oo} is proper and convex, and x € D(0f),
then the following statements are equivalent.

(a) vedf(x).
(b) (v,z) = f(z) + f*(v).

If f is also 1sc then the following statement is also equivalent to (a) and (b).
(c) x € 0f*(v).

Proof.
(a)= (b) Inasmuch as v belongs to df(x) we have that

[ (W) 2 (v,z) = f(z) = sup{{v,y) — f(y)} = f*(v), (3.31)

yeX



3.5. The subdifferential of a convex function 77

so that equality holds throughout (3.31), which gives the result.
(b)= (a) If (b) holds then

f@) = (v, 2) = [ (v) = Sgg{@,w — (W)} ={v,2) = f(2)

for all z € X, so that f(x) — (v,2) > (v, z) — f(z) for all z € X, which implies that
v e df(z).
(b)= (c)

[H(w) = sup{(w,y) = f(y)} = ysgg{[@,y) —fWl+(w—v,y)} >

yeX

(v,x>ff(x)+(w7v,x> :f*(v)+<x,w7v>,

using (b) in the last equality. It follows that € 9f*(v).
(¢)= (b) If = belongs to df*(v), then for all w € X*,

[H(w) = [ (v) + (w = v, z),
implying that (v,z) — f*(v) > (w,z) — f*(w), and therefore
(v,2) = f*(v) = f™(2) = f(2), (3.32)

using in the last equality Theorem 3.4.18(ii), which can be applied because f is
convex and lsc, and the fact that © € D(0f) C X, so that [/ (z) = f*(2). In
view of (3.32), we have

(v, 2) = fz) = [ (v) 2 (v,2) = f(2), (3.33)
so that equality holds throughout (3.33) and the conclusion follows. 0O
Remark 3.5.4. Observe that the lower-semicontinuity of f was not used in the
proof that (b) implies (c) in Proposition 3.5.3.

Corollary 3.5.5. If X is reflexive and f : X — R U {oo} is proper, convex, and
Isc then (Of) ' =0f*: X* = X.

Proof. Tt follows immediately from the equivalence between (a) and (c) in Propo-
sition 3.5.3. 0O

Next we characterize the subdifferential of indicator functions of closed and
convex sets.

Proposition 3.5.6. If K C X is nonempty, closed, and convez, then

(a) D(90x) = K.
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(b) For every x € K, we have that

{veX*: (v,y—z) <0 Vye K} ifxekK

00k (x) = { 0 otherwise. (3:34)

Proof. By Definition 3.5.1, v € 90 (x) if and only if

(v, — ) < 0r(y) — Ox (2) (3.35)

for all y € X. The image of dx is {0, 00} therefore it is immediate that 0 € 90y (x)
for all x € K, so that K C D(9dk). On the other hand, if ¢ K, then for y € K
the right-hand side of (3.35) becomes —oco, and thus no v € X* can satisfy (3.35),
so that 0k (z) = 0; that is, D(ddx) C K, establishing (a). For (b), note that it
suffices to consider (3.35) only for both = and y belonging to K (if ¢ K, then
00 = 0, as we have shown; if z belongs to K but y does not, then (3.35) is trivially
satisfied because its right-hand side becomes o). Finally, note that for z,y € K,
(3.35) becomes (3.34), because i () =0k (y) =0. O

3.5.1 Subdifferential of a sum

It follows easily from the definition of subdifferential that
Of(x) + 0g(x) C O(f + g)(x), (3.36)

where f,g: X — RU {oo} are proper, convex, and Isc. The fact that the converse
may not hold can be illustrated by considering f and g as the indicator functions
of two balls By and By such that {x} = By N By. Using Proposition 3.5.6(b), it
can be checked that 00p,np, () = d(dp, + 0B,)(z) = X 2 0dp, (x) + ddp, (x) We
must require extra conditions for the opposite inclusion in (3.36) to hold. These
conditions are known as constraint qualifications. The most classical constraint
qualification for the sum subdifferential formula is the following.

(CQ): There exist € Dom(f) N Dom(g) at which one of the functions is continuous.

Theorem 3.5.7. If f,g : X — RU{oo} are proper, convex, and lsc, and (CQ)
holds for f,g, then the sum subdifferential formula holds; that is, Of(x) + Og(x) =
A(f + g)(z) for all x € Dom(f) N Dom(g).

Proof. In view of (3.36), it is enough to prove that df(z) + dg(z) D (f + g)(z).
Fix z¢ € Dom(f) N Dom(g) and take vy € O(f + g)(xp). Consider the functions

fi(x) = f(z + 20) = f(@o) — (x, v0),

and
g1(x) = f(z + o) — f(z0).
Note that f1(0) =0 = ¢1(0). It can also be easily verified that
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(i) oo € O(f + g)(xo), then 0 € A(f1 + ¢1)(0).
(ii) If 0 € 8f1(0) + Ag1(0) then vy € Of (xg) + Ag(x).

We claim that 0 € 9f1(0) + dg1(0). Observe that 0 € 9(f1 + ¢1)(0) by (i), and that
f1(0) = ¢1(0) = 0. Tt follows that

(fi+91)(x) > (f1 +91)(0) =0. (3.37)

By assumption, f; is continuous at some point of Dom(f1) N Dom(g1), so that
Dom(f1) has a nonempty interior. Call C; := Epi(f;) and Cy := {(z,7) € X x
R |r < —gi(x)}. By (3.37), (C1)° = {(z,8) € X xR | fi(z) < B} does not
intersect C. Using Theorem 3.4.14(i) with A := (C1)° and B := Cs, we obtain a
hyperplane H := {(z,a) € X xR : (p,x) + at = a} separating C; and Cs. Because
(0,0) € C; N Co, we must have a = 0. Using the fact that H separates C; and Co
we get

(p,z)+at>0> (p,z)+ bt (3.38)

for all (z,a) € Epi(f;) and all (z,b) such that b < —g;i(z). Using (3.38) for the
element (0,1) € Epi(f1), we get t > 0. We claim that ¢ > 0. Indeed, if t = 0
then p # 0, because (p,t) # (0,0). By (3.38), (p,z) > 0 for all z € Dom(f;) and
(p,z) <0 for all z € Dom(g1). Hence the convex sets Dom(f;) and Dom(g;) are
separated by the nontrivial hyperplane {z € X | (p,z) = 0}. By assumption, there
exists z € (Dom(f1))° NDom(g;) € Dom(f1) N Dom(gy). It follows that (p,z) = 0.
Because z € (Dom(f1))°, there exists § > 0 such that z — dp € Dom(f1). Thus,
{p,z — dp) = —6||p||*> < 0, which contradicts the separation property. Therefore,
it holds that ¢t > 0 and without any loss of generality, we can assume that ¢ = 1.
Fix z € X. The leftmost inequality in (3.38) for (z, fi(x)) yields —p € 9f1(0),
and the rightmost one for (z, —g1(z)) gives p € 9¢1(0). Therefore, 0 = —p +p €
0f1(0) + 0¢1(0). The claim is established. Now we invoke (ii) for concluding that
vo € Of (x0) + dg(x0), completing the proof. 0O

We leave the most important property of the subdifferential of a lsc convex
function, namely its maximal monotonicity, for the following chapter, which deals
precisely with maximal monotone operators.

3.6 Tangent and normal cones

Definition 3.6.1. Let X be a Banach space and K a nonempty subset of X. The
normal cone or normality operator Ng : X = X* of K is defined as

{veX* :(v,y—z)<0Vye K} ifzekK

3.39
0 otherwise. ( )

NK(.’IJ) = {

The set Ng () is the cone of directions pointing “outwards” from K at x; see
Figure 3.3.
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Ni(y)

Figure 3.3. Normal cones

The following proposition presents some properties of the normal cone of closed
and convex sets. We recall that A C X is a cone if it is closed under multiplication
by nonnegative scalars.

Proposition 3.6.2. For a nonempty, closed, and conver K C X, the following
properties hold.

(i) Ng = 0dk.
(ii) Nk (x) is closed and convez for all x € X.
(i1i)) Nk (x) is a cone for all x € K.

Proof. Item (i) follows from Proposition 3.5.6(b), item (ii) follows from (i) and
Proposition 3.5.2(i), and item (iii) is immediate from (3.39). 0O

We introduce next three cones associated with subsets of X and X*.

Definition 3.6.3. Let X be a Banach space, K a nonempty subset of X, and L a
nonempty subset of X*.

(a) The polar cone K~ C X* of K is defined as

K ={peX*:(p,z) <0 Vx e K}. (3.40)

(b) The antipolar cone L® C X of L is defined as

L°={ze X :(p,x) <0 Vpe L} (3.41)



3.6. Tangent and normal cones 81

(c) The tangent cone Tk : X = X of K is defined as

Tk(x) = Ng(2)°={y e X : (p,y) <0 Vp e Ng(z)}. (3.42)

Remark 3.6.4. Observe that if X is reflexive then L® = L~ for all nonempty
L C X*. Indeed, note that in this case we have L~ C X*™* = X and the conclusion
follows from (3.40) and (3.41).

Remark 3.6.5. As mentioned above, in geometric terms Ny (z) can be thought
of as containing those directions that “move away” from K at the point x, and
Tk (x) as containing those directions that make an obtuse angle with all directions
in Nk (z). We prove in Proposition 3.6.11 that Tk (z) can also be seen as the closure
of the cone of directions that “point inwards” to K at x.

We need in the sequel the following elementary results on polar, antipolar,
tangent, and normal cones.

Proposition 3.6.6. Let X be a Banach space and K C X, L C X* closed and
convex cones.

(i) K= (K")° and L C (L°)".
(i1) If X is reflexive, then K = (K ).

Proof.

(i) The inclusions K C (K~)® and L C (L°)~ follow from Definition 3.6.3(a)
and (b). It remains to prove that K D (K ~)°, which we do by contradiction,
invoking Theorem 3.4.14(iii): if there exists y € (K )¢\ K then, because K is
closed and convex, there exists p € X* and o € R such that

(p.y) > a, (3.43)

(p,z) <a VzeK. (3.44)

Because K is a cone, 0 belongs to K, so that we get a > 0 from (3.44), and
hence, in view of (3.43),

(p,y) > 0. (3.45)

The fact that K is a cone and (3.44) imply that, for all p > 0 and all z € K, it holds
that (p, pz) < «, implying that (p,2) < p~ta (ie., (p,z) < 0), so that p € K,
which contradicts (3.45), because y belongs to (K~ )°.

(ii) The result follows from (i) and Remark 3.6.4. O

Corollary 3.6.7. Let X be a Banach space and K C X a closed and convex set.
Then Nk (x) = Ty (x) for all x € X.
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Proof. Use Proposition 3.6.6(i) and Definition 3.6.3(c) with L := Ng(z) to
conclude that Ng(x) C (Ng(x)®)” = Tx(x). For the converse inclusion, take
p € Tx (), and suppose that p ¢ Ni(x). Then there exists yo € K such that

(p,yo —x) > 0. (3.46)

We claim that yo — 2 € Tk (x). Indeed, (w,yo —x) < 0 for all w € Nk (z), and then
the claim holds by Definition 3.6.3(c). Because yop — = € Tk (x) and p € Tj (z), we
conclude that (p,yo — z) < 0, contradicting (3.46). O

Definition 3.6.8. Given a nonempty subset K of X, define S : X = X as

JA{ly=—x)/A r ye K,A >0} ifrekK,
Sk (w) = { 1] otherwise.

We mention that Sk (x) is always a cone, but in general it is not closed.
Proposition 3.6.9. If K is convex then Sk (x) is convex for all x € K.

Proof. Note that af[(y — z)/A\ + (1 — a)[(y' — x)/N] = (y'" — x)/N’, with X =
[a/A+ (1 —a)/N]7L and ¥ = aN' A7y + (1 — )N (V) 71y, and that a\’ A7 +
(1 —a)N"(N)~! =1, so that y” belongs to K whenever y and ¢y’ do. The result
follows then from Definition 3.6.8. O

Example 3.6.10. Take K = {x € R? : ||z|| < 1,22 > 0}, Z = (1,0). It is easy to
check that Sk (Z) = {(v1,v2) € R? : v1 < 0,09 > 0}, Ng(Z) = {(v1,v2) € R : vy >
0,v2 < 0}. Thus, Tk(Z) = Ng(%)° = {(v1,v2) € R? : v1 < 0,09 > 0} = Sk(Z).
Note that (0,1) € Sk (%) \ Sk (Z).

Proposition 3.6.11. If K C X is nonempty and convex, then Tk (x) = Sk (x) for
allz € K.
Proof. In order to prove that Sk (z) C Tk(z) = Ng(x)°, it suffices to show
that Sk (x) C Nk (x)°, because it follows immediately from Definition 3.6.3 that
antipolar cones are closed. Take z € Sk (z), so that there exist y € K, A > 0
such that z = A~1(y — z). Observe that, for all w € Ng(z), it holds that (w,z) =
A Hw,y —2) <0, because y € K, w € Ng(x), and A > 0. Thus, 2 belongs to
Ng(z)°, and the inclusion is proved.

For the converse inclusion, suppose by contradiction that there exists w €
Ng(x)® such that w ¢ Sk (x). By Theorem 3.4.14(iii) with A = Sk(z), B = {w},
there exist p € X* and a € R, such that

(p,z) <a  VzeSk(z), (3.47)
(p,w) > a. (3.48)
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Because 0 € Sk(x), we have from (3.47) that o > 0. Then by (3.48)

(p,w) > 0. (3.49)

Take y € K and A > 0. By (3.47) with z =y — 2 € Sk (x) it holds that

P,y —x) = Mp, (y —2)/\) < A (3.50)

Letting A go to zero in (3.50), we get (p, y—x) < 0. Note that y € K is arbitrary and
hence p € Nk (x). Using the fact that w € Nk (x)®, we conclude that (p,w) < 0,
which contradicts (3.49). 0O

We present next a property of the cones Sk (z) and Tk ().

Proposition 3.6.12. Take a convex set K C X.

(i) v € Sk(x) if and only if there exists t* > 0 such that x + tv € K for all
t € 0,t].

(ii) v € Tk (x) if and only if for all € > 0 there exists u such that ||u —v|| < e and
t* > 0 such that x +tu € K for all t € [0,t*].

Proof.

(i) The “if” part follows readily from the definition of Sk. For the “only
if” part, note that, for all v € Sk (x) there exist t* > 0 and y € K such that
v=(y—x)/t*. Take t € [0,1*]; we can write

. 1 t t o 1 t t
T+ 11—( ﬁ)x—l—ﬁ(m—&— v)-( t*>x—|—t*y,
so that x + tv € K by convexity of K.

(ii) Fix v € T (x) and € > 0. By Proposition 3.6.11, there exists u € Sk (x)
such that |ju — v|| < e. By (i), there exists t* > 0 such that z+tu € for all t € [0, "],
proving the “only if” statement. The converse statement follows from the definition
of Sk and Proposition 3.6.11. 0O

The next result provides a useful characterization of the tangent cone Tk .

Proposition 3.6.13. If K C X is convez then

Tx(z) = {yeX:z + A\yn € KVn forsome (y,, \n) — (y,0)

with A, > 0}. (3.51)

Proof. Let T(z) be the right-hand side of (3.51), and let us prove that Tr () C
T(z). Take z € Tk (z). By Proposition 3.6.11, z is the strong limit of a sequence
{zn} C Sk(x); that is, in view of Definition 3.6.8, z, = A, '(y, — ) with A\, >
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0, yp € K for all n € N. Take {v,} C (0,1) such that lim, y,A, = 0. Then
T+ (YnAn)zn = « + Yn(yn — x) belongs to K, because both z and y,, belong to K,
which is convex. Because lim,(2n, 7An) = (z,0), we conclude that z belongs to
T(x).

Next we prove that T'(z) C Tk (z) = N (2)°. Take z € T'(z) and v € N (z).
By definition of T'(z), there exist {z,} and A, > 0 such that z = lim, z,, and
Yn := 2 + A2z, belongs to K for all n € N. Thus

(v, z) = lim(v, z,) = lim(v, \,,* (y,, — x)) <0, (3.52)

using the fact that v € Nk (z) in the last inequality. It follows from (3.52) that z
belongs to Nk ()¢, establishing the required inclusion. 0O

Proposition 3.6.14. Take K C X.
(a) If © € K° then Tk (x) = X, and therefore Nk (x) = {0}.

(b) Assume that X is finite-dimensional. If K is convex and Ng (x) = {0}, then
r e K°.

Proof.

(a) Take z € K°, so that for all z € X there exists p > 0 such that = + pz
belongs to K, and therefore pz = (x + pz) — x belongs to Sk (x). Because Sk (z) is
a cone, we conclude that z € Sk (). We have proved that X C Sk (z) C Sk(z) =
Tk (x), and thus Ng(x) = {0} by Corollary 3.6.7.

(b) Assume that Nk (z) = {0}. Because x € D(Nk), we know that z € K.
Suppose, by contradiction, that = belongs to the boundary 0K of K. Then there
exists {z,} C K¢ such that lim, x,, = x. Because K is convex and z, € K¢,
there exists p, € X* such that (p,,zn) > 0k (pn) = sup,c i (Pn, y). Because ok is
positively homogeneous, we may assume without loss of generality that ||p,||, =1
for all n € N. Tt follows that (p,,y — z,) < 0 for all y € K and all n € N.
Inasmuch as X is finite-dimensional and {p,,} is bounded, it has a subsequence that
is convergent, say to p, with ||p||, = 1. Thus, (p,y —z) <0, so that p is a nonnull
element of Ny (), contradicting the hypothesis. 0O

Remark 3.6.15. Proposition 3.6.14(b) does not hold if K is not convex: taking
K C R? defined as K = B(0,1) U B((2,0), 1), it is not difficult to check that for
x = (1,0), it holds that x belongs to 0K, and Tk (r) = R2. Finite-dimensionality of
X is also necessary for Proposition 3.6.14(b) to hold. Indeed, let X be an infinite-
dimensional Hilbert space, with orthonormal basis {e,}. Define K := {z € H :
—1/n < {(z,e,) < 1/n for all n € N}. It is a matter of routine to check that K is
closed and convex. We prove next that Nx(0) = {0}: if w € Ng(0), then (w,y) <0
for all y € K, and taking first y = n~'e, and then y = —n"le,, it follows easily

that w = 0. On the other hand, 0 ¢ K°, as we prove next: defining z,, = n~le,,
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z!, = 2n~'e,, we have that {z,} C K, {2z} C K¢ and both {z,} and {z}}
converge strongly to 0, implying that 0 belongs to the boundary of K.

Remark 3.6.16. K = {z} if and only if Nk (z) = X, or equivalently Tk (x) = {0}.

The next two propositions, needed later on, compute normal and tangent
cones of intersections of two sets.

Proposition 3.6.17. Let K, L be nonempty, closed, and convex subsets of X.
(i) Nik(x)+ Np(z) C Nxnr(z) for all x € X.
(i) If K°NL # 0, then Nxar(z) C Ng(x) + Np(x) for all z € X.

Proof.

(i) Note that N = 00k, N, = 00, and Ngny, = O(0k +91), so the inclusion
follows readily from (3.36).

(ii) The conclusion is a direct consequence of Theorem 3.5.7 and the fact dx
is continuous at every point of the nonempty set K° N L. 0O

Proposition 3.6.18. Let K and L be nonempty subsets of a Banach space X.
Then

(i) Tknr(x) C Tr(x) NTr(z) for all x € X.

(ii) If K and L are closed and convex, and K° N L # 0, then Tk (x) N Ty (x) C
Trnp(x) for al z € X.

Proof.

(i) It follows easily from the fact that T4 (x) C Tp(z) whenever A C B, which
has the desired result as an immediate consequence.

(ii) Take any z € Tk (x) N Tr(z). We must prove that z belongs to Txnr(x).
By Definition 3.6.3(c) and Proposition 3.6.17(ii),

Tkno(z) = Nxnr(2)® = (Nk(z) + Np(2))®;
that is, we must establish that
(v+w,2z) <0 (3.53)

for all (v,w) € N (x)x Np(x). Because z belongs to Tk (z) we know that (v, z) < 0;
because z belongs to T (x), we know that (w,z) < 0. Thus, (3.53) holds and the
result follows. O

The next proposition, also needed in the sequel, computes the tangent cone
to a ball in a Hilbert space, at a point on its boundary.
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Proposition 3.6.19. Let X be a Hilbert space. Take T € X, p >0, K = B(Z, p),
and x € OK. Then Tk (x) ={v e X : (v,z —z) < 0}.

Proof. We start by proving that if (v, 2—Z) < 0 and ||v|| = 1, then v € Tk (z). The
fact that {v € X : (v,x — %) < 0} C Tk (x) then follows after observing that both
sets are cones and that Tk (x) is closed. Let y, =« + n~lv. Because lim, v, = =,
Proposition 3.6.13 implies that establishing that y,, € K = B(z, p) for large enough
n is enough for ensuring that v € Tk (), and henceforth that the required inclusion
holds. Indeed,

12 2 - 2 - -
lyn = ZI° = llz = 2|” + 072 Jo]|* + 20" Hv, 2 — 7) =

pr+nt (n7 - 2(v,x - 7)) . (3.54)

Because (v,z — z) < 0, the rightmost expression in (3.54) is smaller than p? for
large enough n, and so y,, belongs to B(z,p) = K.

It remains to establish the converse inclusion. Take u € Tk (x). By Proposition
3.6.13 there exists a sequence {(un,A,)} € X X R converging to (u,0) such that
Yn = T + Anu, belongs to K for all n € N. Take now y € B(Z,p) = K. Because
lx — Z|| = p, we have

(z—Zy—a)=—|z—z|°+(@—zy—7) <

—p*+lz =2 ly -zl < —p* +p* =0. (3.55)

Because y,, € K and w,, = (yn, — x)/\y, putting y = y,, in (3.55) and dividing by
An, we get that (u,z — ) <0, so that u € {v € X : (v,z — ) <0} as needed, and
the inclusion holds. 0O

Exercises

3.1. Prove Proposition 3.4.3.

3.2. Prove Proposition 3.4.4.

3.3. In Lemma 3.4.21 prove that the coefficients \; in the expression of L verify
Ai>0foralli=1,...,pand >}  a; =1.

3.4. Consider dx as defined in Definition 3.1.3. Prove that dx is convex and Isc
if and only if K is closed and convex.

3.5. Let X be a Banach space and f : X — RU {co} a convex function. Prove
the following statements.

(i) If Y is a Banach space and @ : Y — X a linear mapping, then fo @ :
Y — RU {00} is convex.

(ii) If ¢ : R — R is convex and nondecreasing then ¢ o f is convex.
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(i) Consider Sy as in Definition 3.1.6(a). Prove that if f is convex then
S¢(A) is convex for all A € R. Give an example disproving the converse
statement.

3.6. Let X be a Banach space and consider f,g : X — R U {oco}. Prove the
following results on conjugate functions.
(i) If f < g then g* < f*.
(i) If Q@ : X — X is an automorphism, then (f o Q)* = f* o (Q*)~!, where
Q* denotes the adjoint operator of @ (cf. Definition 3.13.7).
(iii) If h(z) = f(A\r) with A € R, then h*(p) = f*(\~!p).
(iv) If h(z) = Af(z) with X\ € R, then h*(p) = Af(\~!p).
3.7. Given a cone K C X, consider K~ as in Definition 3.6.3 and dx as in
Definition 3.1.3. For a subspace V of X, let Vt ={p € X*: (p,x) =0 Vz €
V}. Prove the following statements.
(i) If K is a cone, then 63 = dx-.
(ii) If V is a subspace, then §;; = dy+.
3.8. Given a subset K of X, consider ox as in Definition 3.4.19.

(i) Use Hahn-Banach theorem to prove that for all closed and convex K it
holds that K = {x € X : (p,z) < ox(p) Vp € X*}.

(ii) Exhibit a bijection between nonempty, closed, and convex subsets of X
and proper, positively homogeneous, Isc, and convex functions defined
on X*.
3.9. Prove the statements in Example 3.4.20.
3.10. Prove Proposition 3.5.2.

3.11. Prove that Proposition 3.6.17 does not hold when K° N L = (. Hint: for
X =R? take K = B((—1,0),1), L = B((1,0),1), and = = (0,0).

3.7 Differentiation of point-to-set mappings

In this section we extend to a certain class of point-to-set operators part of the
theory of differential calculus for smooth maps in Banach spaces. Most of the
material has been taken from [17]. Throughout this section, we deal with Banach
spaces X and Y, and a point-to-set mapping F': X = Y that has a convex graph
and is convex-valued (i.e., F(x) is a convex subset of Y for all x € X).

If we look at the case of point-to-point maps, only affine operators have convex
graphs. On the other hand, we can associate with any convex function f : X —
R U {oo} the epigraphic profile (cf. Definition 3.1.6(b)) E; : X = RU{cc}, namely

Ef(z)={teR:t> f(z)}. (3.56)

As noted before, the graph of Ej is precisely the epigraph of f. Thus, in this
section we generalize the differentiable properties of point-to-point linear mappings
and convex functions. We also encompass in our analysis point-to-set extensions of
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convex mappings F' : X — Y (where X and Y are vector spaces), with respect to
a closed and convex cone C' C Y, as we explain below.

Our departing point is the observation that derivatives of real-valued functions
can be thought of as originating from tangents to the graph.

Definition 3.7.1.

(a) The derivative DF (zo,y0) : X =Y of F at a point (xg,y0) € Gph(F) is the
set-valued map whose graph is the tangent cone TGph(F)(l‘o, Yo), as introduced
in Definition 3.6.3(c).

(b) The coderivative DF (zo,yo)* : Y* = X* of F at (x0,y0) € Gph(F) is defined
as follows; p € DF(xo,y0)"(q) if and only if (p, —q) € Napn(r) (o, yo)-

We start with some elementary properties.

Proposition 3.7.2.
(i) D(E~")(yo, w0) = [DF (o, y0)] "
(ii) D(F~1)(yo,70)*(p) = —[DF(w0,90)*] "' (~p)-
Proof. For (i), note that (u,v) € Gph(D(F~1)(yo, z0)) = Taph(r-1) (Yo, zo) if and

only if (v,u) € Gph(DF(z0,v0)) = Tapn(r)(Z0,%0). Item (ii) is also an elementary
consequence of the definitions. 0O

Proposition 3.7.3. The following statements are equivalent.
(i) p € DF(z0,y0)"(q)-
(i) (q,90 — y) < (p, w0 — ) for all (x,y) € Gph(F).

(i) (p,u) < {q,v) for allu € X and all v € DF(z0,y0)(u).

Proof. Elementary, using Definition 3.7.1. 0O

Example 3.7.4. For K C X, define ¢ : X =Y as

0 ifrek
¢K(m):{ 0 ifz ¢ K.

Then, Doy (x,0) = ¢, (x) for all x € K. Indeed
Gph(DQSK (iL’, 0)) = TGph((bK) (Cﬂ, O) = TKX{O}(‘% O)

= Tk (x) x {0} = Gph(dr (a)-
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Note that if F': X — Y is point-to-point and differentiable, then DF' (¢, yo)
is the linear transformation F'(zg) : X — Y7 that is, the Gateaux derivative of F
at o (cf. Proposition 4.1.6).

Next we change our viewpoint; we move from our initial geometrical definition,
in terms of tangent cones to the graph, to an analytical perspective, in which the
derivative is an outer limit of incremental quotients.

Let ACY. Foragiveny € Y, d(y, A) denotes the distance from y to A; that
is, d(y, A) = infea ||z — ¥y

Proposition 3.7.5. Take F : X =Y with convex graph and (xo,yo) € Gph(F).
Then vy € DF (x0,y0)(uo) if and only if

Flzo + hu) —
lim inf inf d (vo, M) —0, (3.57)

u—uo h>0 h

Proof. By Definition 3.7.1, if vg € DF(x0,y0)(uo) then (uo,vo) € Tapn(r)(Zo, o),
implying, in view of Proposition 3.6.12(ii), that for all 1 > 0, e > 0, there exist
u(e1) € X and v(ez) € Y satisfying ||u(e1)]| < €1, |[v(e2)]| < e2, and ¢* > 0 such
that

(%0, ¥0) + 1 [(uo, vo) + (u(€1), v(e2))] € Gph(F),

for all ¢ € [0,¢*]. Hence,

F(xo + t(vo + ule1))) — yo

Vg € 1 - 1}(62),
and thus
F t —
wf d (Uo7 (zo + t(uo + uler))) yo) < e (3.58)
t€[0,t*] t

We claim that

F(z+su)—y 5 F(z+tu)—y
s 4
for all 0 < s <t and for all y € F(x). Indeed, we get from Proposition 2.8.2

(3.59)

;F(x+tu)+ (17§)yCF(§(:ﬂ+tu)+ (17§)x) = F(z + su),

establishing the claim. In view of (3.59), the function ¢(t) = d(v, (F(z+tu) —y)/t)
is increasing, in which case

F tu) — F tu) —
lim d (1,07 <%+—U>y0) —infd (Uo’ M) , (3.60)
t10 t t>0 t

Taking now u = ug + u(ey), we get from (3.58) and (3.60),

F —
e2> inf d (vm (o + tluo + ufe1))) yo>
te[0,t*] t
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~infd (vo, F(xo + t(uo 1‘ u(e))) — :Uo>
= limd (vo, Flao + tuo - ule)) = y”) . (3.61)

It follows from (3.61) that

F tu) —
inf  infd <v0, M) < ég,

lu—uol|<ey t>0 t

and letting e1 — 0 and €3 — 0, we obtain (3.57). The proof of the converse
statement is similar, and we leave it as an exercise. [0

This concept of derivative allows a first-order expansion for point-to-set map-
pings, as we show next.

Proposition 3.7.6. Take F : X =Y with convex graph, (zo,y0) € Gph(F), and
x € D(F). Then

F(z) — yo C DF(x0,y0)(x — xg). (3.62)
Proof. By convexity of Gph(F),

(I —1t)yo +ty € F(zo + t(z — 20))
for all y € F(x) and all ¢ € [0,1]. Hence,

F(zo+tlx —x0)) — Yo
; .

Y—1"Y €

Thus
(r —20,¥ — y0) € Saph(r)(To,Y0) C Taph(r)(To, Yo);

that is, ¥y — yo € DF(x0,y0)(x — xp). Inasmuch as this inclusion holds for all
y € F(zx), (3.62) holds. O

Next we look at the partial order “Z=” induced by a closed and convex cone

C CY;thatis, y ¢ if and only if ' —y € C (cf. Section 6.8). Given F: X =Y

and K C X, the set-valued optimization problem min< F(z) s.t. « € K counsists of

finding 2o € K and yo € F(zp) such that yo 3 y for all y € F(x) and all z € K,
which can be rewritten as

F(z) Cyo+C (3.63)

forall x € K.

The study of optimization problems with respect to partial orders induced by
cones receives the generic designation of wvector optimization, and is currently the
object of intense research (see [136]). Here we show that our concept of derivative
allows us to present first-order optimality conditions for this kind of problems, when
the objective F' has a convex graph. As mentioned above, this includes not only
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the case of linear point-to-point operators F' : X — Y, but also the following
class of nonlinear point-to-point maps. Given a cone C' C Y, there is a natural
extension of the definition of epigraphical profile to a C-convex map F' : X — Y
(see Definition 4.7.3). Indeed, we can define the point-to-set map F:X=Y
defined as Fi(z) :=={y e Y : F(z) Sy} = {y € Y : y € F(z) + C}. It is easy to
check that Gph(F ) C X x Y is convex. Thus, the first-order optimality conditions
presented next include extensions to the point-to-set realm of optimization problems
with C-convex point-to-point objectives (possibly nonlinear).

Definition 3.7.7. Given a closed and conver cone C C Y, the positive polar cone
is defined as C* CY* as C* ={z € Y"* : (z,y) > 0 Vy € C} (cf. (3.40)).

Theorem 3.7.8. Let F: X =Y be a point-to-set mapping with convexr graph and
fir C CY a conver and closed cone. Let = be the order induced by C in'Y. Take
K C X. A pair (v0,y0) € K x F(x0) is a solution of ming F(z) s.t. v € K if and
only if one of the two following equivalent conditions holds.

(i) DF(x0,90)(u) C C for allu e X.
(i) 0 € DF(x0,y0)*(2) for all z € C*.

Proof. Assume that (i) holds. By Proposition 3.7.6
F(z) C yo+ DF(xo,y0)(x — x0) Cyo + C,

for all z € K; that is, yo 3 F(z) for all z € K, so that (zg,yo) solves the opti-

~

mization problem. Conversely, assume that (zg,yo) solves (3.63). Take u € X and
v € DF(x0,90)(u). By Definition 3.7.1 and Proposition 3.6.12(ii), for all ¢ > 0
there exist w € X, ¢ € Y, and t* > 0 such that [|Jw —u| <e, ||¢ —v| < ¢, and

(an yO) + t(wa Q) € Gph(F)a
for all ¢ € [0,¢*]. This yields yo + tq € F(xo + tw) for all t € [0,¢*]. In other words,

F(xo + tw) — yo

€
4 t

Because v — ¢ € B(0,¢) we conclude that

F(xo + tw) — yo

v=q+(@v—q)€ ;

+ B(0,e) C C+ B(0,¢), (3.64)
using (3.63) in the inclusion. Because C'is closed, taking limits as € — 0 in (3.64)
we obtain that v belongs to C', which establishes (i).

It remains to prove the equivalence between (i) and (ii). Note that 0 €
DF(x0,y0)* (2) if and only if, in view of Definition 3.7.1(b), (0, —=2) € Ngpn(r) (%0, %o)
= TG_ph(F)(:no,yO), using Definition 3.6.3(c). It follows that (z,v) > 0 whenever
(u,v) € Tapn(r(To,%0), or, equivalently, whenever v € DF(x0,y0)(u). In view of
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the Definition of C*, this is equivalent to DF(xq,yo) C C** = C (the last equality
is proved exactly as in Proposition 3.6.6(ii)). 0O

Next we present the basics of calculus of derivatives and coderivatives of point-
to-set maps, namely several cases for which we have a chain rule.

Proposition 3.7.9. Consider reflexive Banach spaces X, Y, and Z. Let F: X =
Y be a closed and convex operator, in the sense of Definition 2.8.1, and A : Z — X
a continuous linear mapping.

(i) If A is surjective then D(FA)(z,y) = DF(Az,y) o A for all
(2,y) € Gph(F o A).

(ii) If A* is surjective then D(FA)(z,y)* = A* o DF(Az,y)* for dll (z,y) €
Gph(F o A).

Proof. Let G = Fo A. Tt is easy to verify that Gph(G) = (A x I)~}(Gph(F)),
where [ is the identity operator in Y. In view of the definition of DF'| the statement
of item (i) is equivalent to

Tapn(o)(2:y) = (A x 1) 71 (Tapnr)(Az,9)) . (3.65)
and item (ii) is equivalent to
Nepne)(2,y) = (A* x I) (Ngpu(r)(Az, 1)) - (3.66)

We proceed to prove both inclusions in (3.65). Take (u,v) € Tgpha)(2,%). In
view of Proposition 3.6.13, there exist t,, | 0, u,, — u, and v,, — v such that
Yy + tho, € G(z + thu,) = F(Az + t,Au,). By the same proposition, in order
to show that (u,v) belongs to (A x I)™'Tapnr)(Az,y) it suffices to find s, | 0,
wy, — Au, and U, — v such that y + s,0, € F(Az + s,wy). It is obvious that
this inclusion is achieved by taking s, = t,, U = v,, and w, = Au, (note that
lim,, Au,, = Au by continuity of A).

For the converse inclusion, we assume the existence of s, | 0, w, — Au, and
Up — v such that y + s,0, € F(Az + s,w,) and we must exhibit ¢,, | 0, u, — wu,
and v, — v such that y + t,v, € G(z + t,u,) = F(Az + t,,Au,). In this case we
take also t,, = s, and v,, = v,,. For choosing the right w,,, we invoke Corollary 2.8.6
with K = Z, xg = u, and y = w,,: there exists L > 0 and u,, such that Au,, = w,
and [|u, — u|| < L ||lw, — Au||. This is the appropriate u,, because, inasmuch as
lim, w,, = Au, we get that lim,, u,, = u.

The equality in (3.66) is established in a similar fashion, using the surjectivity
of A*. a

The surjectivity and continuity hypotheses in Proposition 3.7.9 can be some-
what relaxed at the cost of some technical complications; see Theorem 4.2.6 in
[17].

A similar result holds for left composition with linear mappings.
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Proposition 3.7.10. Consider reflexive Banach spaces X, Y, and Z. Let F : X =
Y be a closed and convex operator, in the sense of Definition 2.8.1 and a linear
mapping B : Y — Z. Then the following formulas hold for all (x,y) € Gph(F).

(i) D(BF)(z,By) = Bo DF(z,y).
(ii)) D(BF)(x, By)* = DF(z,y)* o B*.

Proof. The argument is similar to the one in the proof of Proposition 3.7.9. O

We combine the results in Propositions 3.7.9 and 3.7.10 in the following corol-
lary.

Corollary 3.7.11. Consider reflexive Banach spaces W, X, Y, and Z. Let F :
X =2Y be a closed and convex operator, in the sense of Definition 2.8.1, A: W — X
a continuous linear mapping, and B 1Y — Z a linear mapping.

(i) If A is surjective then D(BFA)(u, By) = Bo DF(Au,y)o A for allu € W
and all y € F(Au).

(i) If A* is surjective then D(BF A)(u, By)* = A* o DF(Au,y)* o B*
for all w e W and all y € F(Au).

Proof. The results follow immediately from Propositions 3.7.9 and 3.7.10 0O
The following corollary combines compositions with sums.

Corollary 3.7.12. Consider reflezive Banach spaces X, Y, and Z. Let F: X = Z
and G :'Y = Z be two closed and convex operators, in the sense of Definition 2.8.1,
and such that D(F) = X, and A: X =Y a continuous linear mapping.

(i) If A is surjective then D(F + GA)(x,y+ z) = DF(x,y) + DG(Ax, z) o A, for
allz € A7Y(D(Q)), all y € Fz, and all z € G(Ax).

(i1) If A* is surjective then D(F + GA)(x,y+z)* = DF(x,y)*+ A* o DG(Az, z)*
for all x € A=Y(D(Q)), all y € Fz, and all z € G(Ax).

Proof. Note that F' + GA = B o G o A, where A(z) = (z, Az), G(z,y) =
F(z) x G(y), and B(z1,22) = 21 + 2z2. It suffices to check that DG(z,y, 21,22) =
DF(z,21) x DG(y, 22) and to apply Corollary 3.7.11. O

The case of the derivative of a sum results from Corollary 3.7.12 and is pre-
sented next.

Corollary 3.7.13. Consider reflevive Banach spaces X and Y. Let F,G : X =3Y
be two closed and convex point-to-set mappings, in the sense of Definition 2.8.1,
and such that D(F) = X. Then the following formulas hold for all x € D(G), all
y € Fzx, and dll z € Gr.
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(ii)) D(F + G)(x,y + 2)* = DF(z,y)* + DG(z, 2)*.

Proof. The result follows from Corollary 3.7.12 by taking X =Y and the identity
operator in X as A. 0O

Next we consider the restriction of a mapping to a closed and convex subset
of its domain. Note that F)x = F' + ¢, with ¢ as in Example 3.7.4.

Corollary 3.7.14. Consider reflexive Banach spaces X andY . Let F: X =3'Y be
two closed and conver point-to-set mappings, in the sense of Definition 2.8.1, with
D(F)=X, and K C X a closed and convex set. Then

(i) D (F/k) (z,y) is the restriction of DF (z,y) to Tk (z).
(ii) D (Fyx) (z,9)"(q) = DF(2,)*(q) + N (z).

Proof. The result follows from Corollary 3.7.13 with G = ¢, using that Fx =
F+G. O

Exercises

3.1. Prove Proposition 3.7.2(ii).

3.2. Prove Proposition 3.7.3.

3.3. Prove the “if” statement of Proposition 3.7.5.
3.4. Prove Proposition 3.7.10.

3.5. Let f : X — RU{oo} be convex and proper and fix & € Dom(f). Prove that
the following statements are equivalent.

(i) T is a minimizer of f.

(ii) (0,—1) belongs to Ngpi(s)(Z, f(Z)) = Napn(e,) (T, f(T)), with Ef as in
Definition 3.1.6(b).

(iii) 0 belongs to D(Ef)(Z, f(z))*(1).
(iv) D(Ey)(Z, f(Z))(u) C Ry for all u € X.
Hint: use Proposition 3.7.6 and Theorem 3.7.8.

3.8 Marginal functions

Definition 3.8.1. Let X and Y be Hausdorff topological spaces and F : X =Y
a point-to-set mapping. Given f : Gph(F) — R, define g : X — RU {o0} as
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9(x) == supyep(y) f(2,y), which is called the marginal function associated with F
and f.

The result below relates the continuity properties of F' and f with those of g.

Theorem 3.8.2. Consider F, f, and g as in Definition 3.8.1 and take x € D(F).

(a) Let X be a metric space and'Y a topological space. If F is USC at x, F(x) is
compact and f is upper-semicontinuous at every (z,y) € {xz} x F(z), then g
18 upper-semicontinuous at x.

(b) Let X and Y be Hausdorff topological spaces. If F is 1SC at & and f is lower-
semicontinuous at every (x,y) € {x} x F(x), then g is lower-semicontinuous
at x.

(c) Assume any of the assumptions below:

(i) X is a Banach space, Y = X*, F is (sw*)-0sC and locally bounded at .,
and f is (sw* )-upper-semicontinuous at any (z,y) € {x} X F(x).
(ii) X and Y are Banach spaces, Y is reflexive, F is (sw)-0SC and locally

bounded at x, and f is (sw)-upper-semicontinuous at any (z,y) € {x} X

Then g is upper-semicontinuous at x.

Proof.
(a) In order to prove that g is upper-semicontinuous at x, we must establish
that for all € > 0 there exists n > 0 such that for all 2’ € B(z,7n) it holds that

g(z') < g(z) +e. (3.67)

Take any y € F(z). Because f is upper-semicontinuous at (z, y), there exist r(y) > 0
and a neighborhood W, € U,, such that, whenever (2',y’) € B(z,r(y)) x Wy, it holds
that

f@' ) < fla,y) +e/2. (3.68)

When y runs over F(z), the neighborhoods W, provide an open covering of F(x);
that is, F((x) C Uyep(z)Wy. Because F'(x) is compact, there exists a finite subcov-
ering Wy, , ..., W, ,such that F(x) C Ul_,W,, =: W. Because F' is USC at x, there
exists 7 > 0 such that F'(z") C W for all 2’ € B(x, 7). Set n < min{min{r(y;) : ¢ =
1,...,p},7}. Consider the set

We claim that (3.67) holds for this choice of 7. Indeed, if 2’ € B(z,n) and z € F(a'),
we have
z€ F(2') C F(B(z,n)) CW =U_ | W,,, (3.69)
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where we used the fact that 77 < 7 and the definition of 7. In view of (3.69), there
exists an index i such that z € Wy, . Thus, (2',2) € B(x,7(yi,)) x Wy, . Using
now (3.68) for y' = z and y = y;, € F(x), and the definition of g, we conclude that

f@,2) < flzyi) +e/2< sup flx,y) +e/2<g(z) +e. (3.70)
yEF ()
Inequality (3.67) now follows by taking the supremum with z € F'(z’) in the leftmost
expression of (3.70), establishing the claim.
(b) Assume g is not lower-semicontinuous at x. So there exist & € R such that
g(x) > o and a net {x; };e; converging to x with

9(zi) < «, (3.71)

for all 4 € I. Because F is ISC at x, we have F(z) C limint,e; F(z;). By definition
of g and the fact that g(z) > « there exists y € F(x) such that f(z,y) > «. Using
now the fact that f is lower-semicontinuous at (x,y) we can find a neighborhood
UxW C X xY of (z,y) such that f(z',y') > « for all (2/,y") € U x W. Using the
fact that {x; }iesr converges to x we have that there exists Iy C I a terminal set such
that x; € U for all ¢ € Iy. Because y € W N F(x), we have by inner-semicontinuity
of F that there exists a terminal set I; C I such that

F(xl)ﬂW;é@,

for all ¢ € I. For i € Iy NIy, choose y; € F(x;) NW. So (z;,y;) € U x W and
hence f(x;,y;) > a. Therefore, g(z;) > f(zi,y;) > «, contradicting (3.71). Hence
we must have g Isc at z.

(c) Consider first assumption (i). In order to prove that g is (strongly) upper-
semicontinuous at x, we must prove that whenever g(x) < ~, there exists a strong
neighborhood U of x such that g(z’) < v for all 2/ € U. If the latter statement
is not true, then there exists a sequence {x,} converging strongly to z such that
g(x,) > 7 for all n. Because g(v,) = sup,ep(s,) f(Tn,2) > v >v—1/n there exists
zn € F(xy,) such that f(x,,2,) >~ —1/n for all n. We prove the conclusion under
the assumption (i). Using the local boundedness of F', choose a neighborhood V' of
such that F'(V) C B(0,p) C X*. Fix nyg € N such that z,, € V for all n > ng. This
gives z, € F(z,) C F(V) C B(0, p) for all n > ng. By Theorem 2.5.16(ii) applied to
A := B(0, p) we have that the net {z,} is contained in a weak* compact set. Using
now Theorem 2.1.9(a) there exists a weak* convergent subnet of {z,}, which we call
{zi}i, converging to a weak™® limit point z. By (sw*)-outer-semicontinuity of F' we
get z € F(x). Call {z;}; the subnet of {z,,} which corresponds to the subnet {z;};
(in other words, the subnet that uses the same function ¢ in Definition 2.1.7). By
Theorem 2.1.9(c), the subnet {z;}; converges to x. Altogether, the subnet {(z;, z;) };
converges (sw*) to (z, z). Using these facts and (sw*)-upper-semicontinuity of f we
get

f(z.2) < gla) <7 < limsup f(zz,30) < f(z 2),
7

which is a contradiction. This proves that g must be upper-semicontinuous at x.
Case (ii) is dealt with in a similar way, quoting Theorem 2.5.19 instead of Theorem
2.5.16(ii), and using a subsequence {z,, } of {z,} instead of a subnet. 0O
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Remark 3.8.3. If F' is not USC, or has noncompact values, then g may fail to
be upper-semicontinuous. The point-to-set mapping pictured in Figure 3.4(a) has
compact values but it is not UsC at 0, and the one pictured in 3.4(b) is usc at 0,
but has noncompact values. In both cases, g is not upper-semicontinuous at 0. In
both (a) and (b), f is given by f(z,y) := zy. Indeed, take F as in Figure 3.4(a)
and consider the sequence z,, := 1/n for all n. We have

g(r,) = max ywz, =max{l/n® 1} =1,
ye{l/n,n}

and hence limsup,, g(z,) =1 > g(0) = 0. For the case pictured in (b) we can take
the same sequence {z,}, obtaining

g(zn) = sup y/n=+o0,
y€[1/n,400)

and henceforth limsup,, g(x,) > ¢(0) = 0. In Figure 3.5 we consider F' : R = R
defined by
[ [0,1/z) ifx#0,
F(x)'_{ 0 if 2 = 0.

This F' is clearly not 0SC, and again g is not upper-semicontinuous at 0,
because 1 = limsup,, g(x,) > ¢(0) = 0.

(a) (b)

Figure 3.4. Compact-valuedness and upper-semicontinuity

3.9 Paracontinuous mappings

Let X,Y be Banach spaces, and F' : X == Y a point-to-set mapping. For each
p € Y*, define v, : X — R as y,(x) = SUDy e () (0,y) = Op@) (p). If we take now
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Figure 3.5. Example with g not upper-semicontinuous at 0

v:Y*x X — RU{oo} given by v(p,z) = 7,(x), it follows easily from Theorem
3.8.2(a) that if F is compact-valued and usc then v is Usc on Y* x D(F'), and
thus, for all p € Y*, 5, is Usc on D(F). The converse of this statement is not
valid in general; that is, vy, can be Usc in situations in which F' is neither UsC nor
compact-valued, as the following example shows.

Example 3.9.1. Define F': R = R as

| Az, 1/x} itz #0,
F(x){ 2Z+1 ifz=0.

Clearly, F' is neither compact-valued nor Usc at z = 0. On the other hand, because
Y* =R, we have that 7,(0) = sup oz, ts = oo for all ¢ # 0. It also holds that for
all @ # 0, y:(x) = max{tz,t/x}, and it is easy to check that ~; is Usc at 0 for all
teR.

Example 3.9.1 shows that upper-semicontinuity of v, for all p € Y* is a weaker
condition than upper-semicontinuity of F'. Point-to-set mappings for which ~, is
Usc enjoy several interesting properties, thus justifying the following definition.

Definition 3.9.2. Given Banach spaces X,Y, a point-to-set mapping F: X =Y
is said to be

(a) Paracontinuous (pC) at x € D(F) if and only if for all p € Y* the function
Y+ X — RU{oo} defined as vp(x) = op@)(p) (with o as in Definition
3.4.19) is Usc at x.
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(b) Paracontinuous if it is PC at x for all x € D(F).

Obviously, paracontinuity depends on the topologies of X and Y. We de-
note with s—PC and w—PC paracontinuity with respect to the strong and the weak
topology in X, respectively. Paracontinuous mappings are called upper hemicontin-
uous in [18, Section 2.6]. Because the expression “hemicontinuity” has been quite
frequently used for denoting mappings whose restrictions to segments or lines are
continuous, we decided to adopt a different notation. The next result establishes
connections between paracontinuity and outer-semicontinuity.

In view of Theorem 2.5.4, (sw)—0SC ((ww)—0s¢) means that Gph(F) is (sw)-
closed ((ww)-closed).

Proposition 3.9.3. Let X and Y be Banach spaces. Take F : X =Y such that
F(x) is closed and convex for all x € X. Then

(i) If F is s—pC then F is (sw)—0SC.

(it) If F is w—PC then F is (ww)—0SC.

Proof.
(i) Because F'(x) is closed and convex, by (3.26) we have

F(z)={yeY : (p,y) <opu(p) VpeY"} (3.72)

Take {(z;,y:;)} C Gph(F) a net converging strongly on X and weakly on Y to (x,y).
Because {y;} is weakly convergent to y, we have

lim; (p, y;) = limsup; (p, y;)

(p,y) =
< limsup; o0p ) (p) < () = op@) (p),

(3.73)

using (3.72) in the first inequality and the fact that F' is s—PC at x in the second
one. It follows from (3.73), using again (3.72), that y belongs to F'(x), and so the
result holds.

(ii) Same proof as in (i), using now the fact that F' is w—PC at z in the second
inequality of (3.73). O

The next proposition presents conditions upon which the converse of Propo-
sition 3.9.3 holds; that is, outer-semicontinuity implies paracontinuity.

Proposition 3.9.4. Let X and Y be Banach spaces and take F': X =Y, x € X.
Assume that 'Y is reflexive and that F is locally bounded at x. If F is (sw)—0SC at
x then F' is s—PC at x.

Proof. The result follows from Theorem 3.8.2(c)(ii) and the definition of paracon-
tinuity. 0O
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3.10 Ky Fan’s inequality

We prove in this section Ky Fan’s inequality [83] (see also [82]), which is used,
together with Brouwer’s fixed point theorem, in order to derive two existence
results in a point-to-set environment: one deals with equilibrium points and the
other is Kakutani’s fixed point theorem. We need some topological preliminaries.

Definition 3.10.1. Given a subset K of a topological space X, and a finite covering
V ={W,...,V,} of K with open sets, a partition of unity associated with V is a
set {ai,...,ap} of continuous functions a; : X — R (1 < i < p) satisfying

(a) 3 joi(x) =1 foralze K.
(b) ai(z) >0 for allz € K and alli € {1,...,p}.
(c) {xe X :ai(x) >0} CV; forallie{l,...,p}.

Proposition 3.10.2. If K is compact then for every finite covering V there exists
a partition of unity associated with V.

Proof. See Theorem VIII.4.2 in [73], where the result is proved under a condition
on K weaker than compactness, namely paracompactness. 0

We also need the following result on Isc functions.
Lemma 3.10.3. Let K be a compact topological space, S an arbitrary set, and

Y : K x S8 — R a function such that (-, s) is Isc on K for all s € S. Let F be the
family of finite subsets of S. Then, there exists * € K such that

N . . '
itelgw(:v, s) < Sup_ nf maxy(z, s) (3.74)

Proof. Let
B := sup inf max(z,s). (3.75)

MecFTEK seM

For each s € S, define Ty, = {& € K : ¢(z,s) < f}. We claim that Ty
is nonempty and closed for all s € S. We proceed to establish the claim. Fix
s € S. Because K is compact and (-, s) is Isc, by Proposition 3.1.15 there exists
Z such that ¥(z,s) = infyex ¥(x,s) < B, where the last inequality follows from
(3.75), taking M = {s}. It follows that & belongs to Ts, which is henceforth
nonempty. The fact that T is closed follows from lower-semicontinuity of ¢(-, s) and
Proposition 3.1.10(v). The claim holds. Being closed subsets of the compact space
K, the sets Ts (s € S) are compact. We look now at finite intersections of them.
Take M = {s1,...,sp} C S. By Proposition 3.1.14(iii) and lower-semicontinuity
of (-, s;) (1 < i < p), we conclude that maxsepr (-, ) = maxi<i<p (-, s;) is lsc.
Using again Proposition 3.1.15 and compactness of K, we conclude that there exists
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zp € K such that

max (war, s:) = inf Jnax U(x,s5) < B, (3.76)
using (3.75) in the last inequality. It follows from (3.76) that z:5; belongs to NY_; T,
All finite intersections of the sets Ty are nonempty. It follows from their compactness
that the intersection of all of them is also nonempty. In other words, there exists
Z € NgesTs. By definition of Ty, we have that ¢¥(z,s) < 8 for all s € S, and thus
satisfies (3.74). 0O

The following is Brouwer’s fixed point theorem (cf. Theorem 4 in [42]), proved
for the first time with a statement equivalent to the one given below in [122]. This
classical point-to-point result is extended in the remainder of this section to the
point-to-set setting.

Theorem 3.10.4. Let X be a finite-dimensional Euclidean space, K a convexr and
compact subset of K, and h : K — K a continuous function. Then there exists
z € K such that h(Z) = Z.

Proof. See a proof for the case in which K is the unit ball in Theorem XVI.2.1
and Corollary XVI.2.2 of [73]. The extension to a general convex and compact K
is elementary. 0O

Our next result is Ky Fan’s inequality.

Theorem 3.10.5. Let X be a Banach space and K a conver and compact subset
of X. Take ¢ : X x X — R satisfying:

(i) ¢(-,y) islsc on X for ally € K.
(ii) ¢(x,-) is concave in K for all x € K.
(i11) ¢(x,x) <0 forallz € K.
Then there exists T € K such that ¢(Z,y) <0 for ally € K.

Proof. We prove the theorem in two steps. In the first one, we assume that X is
finite-dimensional. Suppose, by contradiction, that the result does not hold. Then
for all © € K there exists y(x) € K such that ¢(x,y(x)) > 0, and henceforth, in
view of the lower-semicontinuity of ¢(-,y(z)) and Definition 3.1.8(a), there exists
an open neighborhood V' (z) of x such that ¢(z,y(x)) > 0 for all z € V(z). Clearly,
the family {V(z) : € K} is an open covering of K. By compactness of K, there
exists a finite subcovering V = {V(z1),...,V(xp)}. We invoke Proposition 3.10.2
to ensure the existence of a partition of unity associated with V, say aq,..., .
Define f: X — X as

fla) = aila)y(e:). (3.77)
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Properties (a) and (b) in Definition 3.10.1 imply that the right-hand side of (3.77) is
a convex combination of {y(x1),...,y(zp)} C K. Because K is convex, we conclude
that f(z) belongs to K for all z € K. The functions {c;(-)}_; are continuous, so
f is also continuous. Therefore we can apply Theorem 3.10.4 to the restriction
f/k of f to K, concluding that there exists y € K such that f(y) = 9. Let
J = {i: a;i(y) > 0}. Note that J is nonempty because Y 7 a;(y) = 1. Now we
use concavity of ¢(y, ), getting

Zf ! az(y)ab(y, (z:)) (3.78)

)
ZZGJ ( )¢(yay(x2))

By property (c) in Definition 3.10.1, § belongs to V() for i € J, and thus, by the
definition of V'(x;), it holds that qb(y7 y(x;)) > 0 for all ¢ € J. Then, it follows from
(3.78) that ¢(7,y) > 0, contradicting (iii). The finite-dimensional case is therefore
settled.

We consider now the infinite-dimensional case, which is reduced to the finite-
dimensional one in the following way. Let Fx be the family of finite subsets of K.
Take M = {y1,...,yp} € Fx and define § € R as

1V Il

. £ ; 3.79
B= Jup Jnf max o(z,y:). (3.79)

Calling ¢nr(z) = maxi<i<m ¢(, i), it follows from lower-semicontinuity of ¢(-,y;)
and Proposition 3.1.14(iii) that ¢as is Isc and thus inf,ecx dpr(x) is attained, by
compactness of K and Proposition 3.1.15.

We claim now that § < 0. In order to prove the claim, let AP be the p-
dimensional simplex; that is,

14
Ap{()\l,...,)\)GR A >0 (1<i<p), Z }

and define, for M € Fy, I'py : AP x AP — R as

p p
w) = ZMW (Z )\z‘yuyj) .
j=1 i=1

Now we intend to apply the inequality proved for the finite-dimensional case to
the mapping I'p;. AP is certainly convex and compact. We check next that I'y;
satisfies (i)-(iii). Note that Iar(-, ) = D20 pd(a(-), ys), with ¢ © AP — AP
given by ¢(A\) = >-7_, \iy;. Because ¢ is linear, it is certainly lsc, and then lower-
semicontinuity of I'j; follows from Proposition 3.1.14(i), (iv), and (v). Thus, 'y,
satisfies (i). For (ii), note that I'p; (A, -) is in fact linear, henceforth concave. Finally,
because concavity of I'y; and property (iii) of ¢ imply that

D P p p
0 =306 (3w ) <0 Lo 3w | <o
J=1 =1 =1 J=1
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we conclude that I"y; satisfies (iii). Therefore, we may apply to I'ys the result proved
in the first step for the finite-dimensional problem, and so there exists A € AP such
that T'ar(\, 1) < 0 for all 4 € AP, or equivalently, 22-721 1% (Zle iV yj) <0 for
all u € AP. Define & := >°F_| A\jy;; then # € K and

P
> ui(d,y;) <0 (3.80)
=1
for all u € AP. Note that
P
¢(Z,y;) < sup qué(:%,yi) (3.81)
HEAP Y

for all j € {1,...,p}. Combining (3.80) and (3.81), we get

inf max 6(z,y) < max o7,y <:;1£,72“W W) <0 (382)

Because (3.82) holds for all M € Fk, we conclude from (3.79) that

= f i) <0, 3.83
0= g o) = (359

establishing the claim.

In view of (3.83), the result will hold if we prove that there exists z € K such
that sup,cx #(Z,y) < . We now invoke Lemma 3.10.3 with S = K, ¢ = ¢. The
assumptions of this lemma certainly hold, and the point £ € K whose existence it
ensures satisfies the required inequality. 0O

3.11 Kakutani’s fixed point theorem

In this section we apply Ky Fan’s inequality to obtain fixed points of a point-
to-set mapping F': X = X in a given subset K of a Banach space X. Our basic
assumptions are that K is convex and compact, and that F is PC and closed-valued.
In the next section we replace the compactness assumption on K by a coercivity
hypothesis on F'. The next example shows that the former assumptions on K and
F (i.e., K convex and compact, and F' PC and closed-valued) are not enough to
ensure existence of zeroes or fixed points of F' in K.

Example 3.11.1. Take K = [1,2] C R and F : R = R defined as

-1 if x>0
Fx)=<[-1,1] ifz=0
1 if x <0.
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It can be easily checked that

—t ifz>0
y(z) =< [t| ifx=0
t ifzx <0,

and thus ¢ is Usc for all t € R, so that F'is PC. However, F' has neither zeroes nor
fixed points in K.

Example 3.11.1 shows that an additional assumption, involving both K and
F, is needed. The next definition points in this direction.

Definition 3.11.2. Given K C X and F : X = X, K is said to be a feasibility
domain of F if and only if

(i) K C D(F).

(i) F(x) NTk(x) # 0 for all x € K, with Tk as in Definition 3.6.3(c).

Remark 3.11.3. Note that condition (ii) in Definition 3.11.2 is effective only for
x € OK. Indeed, for x € K°, we have Tk (x) = X by Proposition 3.6.14(a), so
that (ii) requires just nonemptiness of F'(z), already ensured by (i). Note also that
K is not a feasibility domain of F in Example 3.11.1, because F (1) N Tk (1) =
{=1}N[0,00) = 0.

We are now able to state and prove our result on existence of constrained
equilibrium points of point-to-set mappings.

Theorem 3.11.4. Let X be a Banach space, F : X =% X a PC point-to-set mapping
such that F(x) is closed and convez for allx € X, and K C X a convex and compact
feasibility domain for F. Then, there exists T € K such that 0 € F(Z).

Proof. Let us suppose, for the sake of contradiction, that 0 ¢ F(x) for all z € K.
By Theorem 3.4.14(iii), there exists H,(y)a(s) strictly separating {0} from F(x);
that is, there exists (p(x), a(z)) € X* x R such that

(p(z),y) < a(z) < (p(x),0) =0
for all y € F(x), which implies that
Yp(z) () < a(x) <0 (3.84)
for all x € X. Define now, for each p € X*, V, = {z € X : y,(z) < 0}. Note that,
in view of Definition 3.9.2, every 7, is USC because F' is PC. Using Proposition

3.1.10(v) for the Isc function f := —~,, we have that every V,, is open, and they cover
K, in view of (3.84). Because K is compact, there exists a finite subcovering V =
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{Vpis---, Vp,. }. By Proposition 3.10.2, there exists a partition of unity associated
with V, say {a1,...,a,}. Define @ : X x X — R as

m

®(z,y) = Y _il@){pix —y). (3.85)
i=1

We check next that ® satisfies the assumptions of Theorem 3.10.5: the continuity
of each function «;(-) implies the continuity of ®(-,y), and a fortiori, its lower-
semicontinuity; concavity of ®(z,-) is immediate, because this function is indeed
affine, and obviously ®(z,2) = 0 for all # € X. Thus, Theorem 3.10.5 ensures the
existence of 7 € K such that ®(z,y) <0 for all y € K. Let p = > \" | a;(Z)p;. It
is immediate that (—p,y — Z) = ®(Z,y) < 0 for all y € K, so that —p belongs to
Ng(z). In view of Corollary 3.6.7, —p belongs to T (Z); that is,

(p,x) 20, (3.86)

for all x € Tk(Z). Because K is a feasibility domain for F, there exists y €
F(z) N Tk (z), and therefore, using (3.86),
or@) () = (B,y) > 0. (3.87)
Let J = {i € {1,...,m} : a;(Z) > 0}. Because Y ", ;(Z) = 1, J is nonempty.
Then
OF(z) (p) = SUPyeF(z) (p,y) = SUPy e F(z) <Zje] Ozj(i‘)pj, ZU>

ZjEJ Oéj(j) Supyep(i) <pj,y> (388)
> et @i (@), (2).

I IA

Note that «;(z) > 0 for all j € J, which implies that z belongs to V,,;, in view
of Definition 3.10.1(c). Therefore v,,(z) < 0 for all j € J, and so, by (3.88),
oz (p) <0, in contradiction with (3.87). It follows that the result holds. 0O

Now we get Kakutani’s fixed point theorem as an easy consequence of Theorem
3.11.4.

Theorem 3.11.5 (Kakutani’s fixed point theorem). Let X be a Banach
space, K C X a convex and compact subset of X, and G : X = K a PC point-to-set
mapping such that G(x) is closed and convex for all x € X, and K C D(G). Then,
there exists T € K such that T € G(T).

Proof. We apply Theorem 3.11.4 to F(z) := G(z) — z. In view of Definition 3.6.8
and Proposition 3.6.11,

K—-z={y—2:ye K} C Sk(x) C Tk(x) (3.89)
for all x € K. Because G(K) C K, we get from (3.89),
Fz)=Gx)—2CK—xCTg(z) (3.90)
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forallz € K. By (3.90), because K C D(G), we have that F(x)NTk (z) = F(x) # 0,
and henceforth K is a feasibility domain for F. Therefore, F' and K satisfy the
hypotheses of Theorem 3.11.4, which implies the existence of £ € K such that
0 € F(z), or equivalently, z € G(z). 0O

Remark 3.11.6. Note that the assumption that G(K) C K in Theorem 3.11.5 is
indeed stronger than needed; it suffices to suppose that K is a feasibility domain
for F=G—-1.

Remark 3.11.6 suggests the following definition.

Definition 3.11.7. Given G: X = X and K C X,
(a) G is K-internal if and only if G(z) N [Tk (z) + x] # O for all z € K.

(b) G is K-external if and only if G(z) N [x — Tk (z)] # 0 for allz € K.

Note that G is K-internal when K is a feasibility domain for G — I, and K-
external when it is a feasibility domain for I —G. In such circumstances the proof of
Theorem 3.11.5 still works, therefore without assuming that G(K) C K, we obtain
the following corollary.

Corollary 3.11.8. Let X be a Banach space, K C X a convexr and compact subset
of X, and G : X = X a PC point-to-set mapping such that G(z) is closed and convex
for all x € X, and either K-internal or K-external. Then, there exists & € K such
that 7 € G(Z).

3.12 Fixed point theorems with coercivity

In this section we attempt to recover the main results of Section 3.11, but relaxing
the hypothesis of compactness of K, and demanding instead some coercivity prop-
erties of the point-to-set mapping F. We assume in the remainder of this section
that X is finite-dimensional, and thus we identify X with its dual X*. A formal
definition of such coercivity properties follows. We use v, as in Definition 3.9.2(a).

Definition 3.12.1. Given a subset K of X, a point-to-set mapping F : X = X 1is
said to be

(a) Anticoercive in K if and only if imsup| e sex V2 (7) <0
(b) Strongly anticoercive in K if and only if

lim sup ’yﬁ(x) = —

||| — o0,z K [l
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Example 3.12.2. Take X =R?, K = Rﬁ_ ={x € R?: 12y >0, x5 > 0}, and define
F:R? = R? as

_ [ Daxe-2, 1]} if 2] > 1
Fz) = { v it | < 1.

If we take = (s,0) € OK, with s > 1 we get that Tk (z) = {(a,t) : t > 0,a € R},
F(z) ={(Xs,0) : A € [-2,—1]}, so that Tk (z) N F(x) # 0. It can be easily verified
that, for all z such that ||z| > 1,

*2<£L’,y> if <fﬂ,y> < Oa
'Yx(y) = *<$,y> if <fﬂ,y> > Oa
0 if (x,y) = 0.

When ||z]| < 1 it holds that ~,(y) = (z,y), and thus v, is Usc in R" for all € R™.
Also, F(xz) is closed for all x € K, and F has both zeroes and fixed points in K,
which is closed and convex, but not compact. The results in this section apply to
point-to-set mappings like F' in this example. We show next that F' is strongly
anticoercive in K. Take any real M > 1. Then

sp sup {“7”}: sip sup A}

llz||>M,2>0 yeF(z) Ea llz||>M,z>0 —2<A<—1

= sup  {—|zfl} = M,
ll|>M,2>0

inf sup {M} = —00.

M>0|1z]|>M,z>0

and therefore

Theorem 3.12.3. Let K C R™ be a closed and conver set and F : R™ = R"™ a PC
point-to-set mapping such that F(x) is conver and closed for all v € R™ and K s
a feasibility domain for F.

(i) If F is anticoercive in K then there exists T € K such that 0 € F(ZT).

(it) If F is strongly anticoercive in K then for all y € K there exists & € K such
that y € & — F(Z).

Proof.
(i) Because F' is anticoercive in K, there exist € > 0, M > 0, such that
Sup  Op@)(r) < —e <0. (3.91)
l|lz||>M,ze K

Let B(0,M) = {z € R" : ||z|| < M}. We claim now that F(x) C Tg,m)(z) for
all z € K N B(0,M). We proceed to prove the claim. Take z € K N B(0,M). For
r € B(0,M)°, we have Tg(o,ar)(z) = R™ by Proposition 3.6.14(a), and the result
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holds trivially. If 2 € 0B(0, M), Proposition 3.6.19 implies that Tz ) (z) = {v €
R™ : (v,z) < 0}; on the other hand we get from (3.91) and the fact that |z|| = M
that (y,z) < —e <0 for all y € F(x) and thus F(z) C T(o,ar)(z) also in this case,
so that the claim is established. Take M > M such that B(0,M)° N K # (. By
Proposition 3.6.18, Tk p(o,a1)(z) = Tk (z) N T 1) () and therefore,

F(z) N Txnpo,ar) = (F2) NTp iy (x) N Tk (z) = F(z) N Tk (x) # 0,

so that K N B(0, M) is a domain of feasibility for F. Because finite-dimensionality
implies that K N B(M,0) is compact, we can apply Theorem 3.11.4 in order to
conclude that there exists # € K N B(0, M) such that 0 € F(z).

(ii) Fix some y € K and define G, : R” = R" as Gy(z) = F(z) +y —x. We
claim that G, is anticoercive in K. Indeed, assume, for the sake of contradiction,
that

¢ = limsup og, ()(z)>0.
[|[z||—o0,xe K
Take a sequence {z,} C K such that lim,, ||z, || = oo, lim,, 0, (4,)(#n) = 6. Because
6 > 0, for all € > 0 there exists ng such that Ugy(wn)(fﬂn) > —¢ for n > ng. Take
now z, € Gy(x,) such that (z,,z,) >0 —e. If u,, = 2z, + 2, — y, then we have
that u,, € F(z,) and

<Zm$n> —1 -1 0—¢
= (u x Tn) + Y, ||T Tn) — ||[Znl|| > —
Ton] (un, [lznll ™ 2n) + (s lznll ™ zn) — [zl ENE
for all n > ng. Hence
_ 0—¢e _
1
(un, [[znll 2n) > e + |zl = (s llznll ™" ). (3.92)
n

Taking limits in both sides of (3.92) as n goes to oo, we conclude that
W (ty, || 20| 20) = oo. (3.93)

On the other hand,

<Unaxn> < UF(érn)(xn) < limsup
2l |zl lell—oo,zex |17l

contradicting (3.93); thus the claim holds and G, is anticoercive in K.

We must verify now that K is a feasibility domain for G;. We claim that
2+ (y —z) € Gy(xz) NTk(x) for all z € F(x) NTx(x). Indeed, inasmuch as both z
and y —z belong to Tk (x), which is a convex cone, it follows that z+ (y —x) belongs
to Tk (), which is enough to establish the claim, in view of the definition of G,,.
We are therefore within the hypotheses of item (i) of this theorem, and thus there
exists T € K such that 0 € G,(Z) = F(Z) + y — &, or equivalently, y € T — F(Z).
d
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3.13 Duality for variational problems

In this section we develop some duality results in the framework of variational prob-
lems, in particular for the problem of finding zeroes of point-to-set operators with
a special structure. We follow the approach presented in [12]. We deal specifically
with the case in which the point-to-set operator T' is written as the sum of two
operators; that is, T'= A + B. This partition is of interest when each term in the
sum has a different nature. The prototypical example is the transformation of a
constrained optimization problem into an unconstrained one. Take a Banach space
X, a convex function f : X — R, and a convex subset C' C X. The problem of
interest is
minf(x)

st. xeC.

As we show in detail in Section 6.1, this problem is equivalent to the minimization
off := f + d¢, where ¢ is the indicator function of the set C, introduced in Def-
inition 3.1.3. It turns out that f is convex, and so its minimizers are precisely the
zeroes of its subdifferential 9 f . Assuming, for example, the constraint qualification
(CQ) in Section 3.5.1, it holds that df = 8f + N¢, where N¢ is the normal cone
of C as defined in (3.39). In this setting the term 0f contains the information on
the objective function, whereas N¢ encapsulates the information on the feasible
set. These two operators enjoy different properties and in many optimization algo-
rithms they are used in a sequential way. For instance, in the case of the projected
gradient method (see, e.g., Section 2.3 in [29]) alternate steps are taken first in the
direction of a subgradient of f at the current iterate, and then the resulting point is
orthogonally projected onto C: the first step ignores the information on C' and the
second one does not consider at all the objective function f. We are interested thus
in developing a duality theory for the following problem, to be considered as the
primal problem, denoted (P): given vector spaces X and Y, point-to-set mappings
A,B: X 2Y, and a point yo € Y, find = € X such that

Yo € Ax + Bz. (3.94)

We associate with this problem a so-called dual problem, denoted (D), con-
sisting of finding y € Y such that

0c Aty —B Yy —v). (3.95)

The connection between the primal and the dual problem is established in the
following result.

Theorem 3.13.1.
(i) If v € X solves (P), then there exists y € Ax which solves (D).
(ii) If y € Y solves (D), then there exists x € A~ y which solves (P).
(iii) The inclusion in (3.95) is equivalent to

Yo €y + B(A™'y). (3.96)
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Proof. Note that = solves (P) if and only if there exists y € Az such that yo — y
belongs to Bz, which happens if and only if 2 belongs to A~1y N B~1(yo — y); that
is, precisely when y solves (D). We have proved (i) and (ii). The proof of (iii) is
immediate. 0O

We state for future reference the case of “homogeneous” inclusions; that is,
(3.94)—(3.96) with yo = 0.
0 € Ax + Bz <= 3y € Az such that 0 € A~'y — B~(—y)
< 0€y+B(Ay). (3.97)

Next we rewrite Problem (P) in a geometric way; that is, in terms of the
graphs of the operators A and B. We need some notation. Given A : X = Y, we
define A= : X =Y as A~ ax = A(—=x).

Lemma 3.13.2. Problem (P) has solutions if and only if the pair (0,yo) belongs
to Gph(A) + Gph(B™).

Proof. (0,y9) € Gph(A) + Gph(B™) if and only if there exists y € Az and z €
B~ (—x) such that (0,y0) = (z,y) + (—z, 2); that is, if and only if yo € Az + Bz
(note that B~ (—xz) = Bx). O

We recall next an elementary property of point-to-set operators. Given U €
X x Y, we denote U~ the subset of Y x X defined as (y,z) € U~! if and only if
(z,y) € U. Note that Gph(A~!) = [Gph(A4)]~! for any operator A: X =Y.

Proposition 3.13.3. [Gph(S) + Gph(T)]™" = [Gph(S)]~ + [Gph(T)]~* for all
ST:X =Y.

Proof.
(z,y) € Gph(S) + Gph(T) <= (x,y)
- (xS>yS') + (xTayT) - (fﬂs +xr,Ys + yT)a
with (zg,ys) € Gph(S), and (z7,yr) € Gph(T'). This is equivalent to
(y,2) = (ys +yr, s + z7) = (ys,zs) + (yr,2r) € [Gph(S)] ™' + [Gph(T)]*,

establishing the result. 0O
We summarize the previous results in the following corollary.

Corollary 3.13.4. Given A,B: X =Y and yg € Y, the following statements are
equivalent.

(i) x € X is a solution of (P).

(ii) (0,y0) € Gph(A) + Gph(B™), with the decomposition (0,y0) = (z,y)+(—z, 2),
ye€ Az, z € B™x.



3.13. Duality for variational problems 111

(iii) (yo,0) € Gph(A~Y) + Gph((B~)™1) with the decomposition (yo,0) = (y,z) +
(2,—x),xr € A ly,—x € —B71(2).

(iv) 0 € Aty — B~z with y + 2 = yo.
(v) There exists y € Az which solves (D).

Proof. The results follow immediately from Theorem 3.13.1 and Lemma 3.13.2.
O

The results above might seem to be of a purely formal nature, with little
substance. When applied to more structured frameworks, however, they give rise
to more solid constructions. Next we give a few examples.

3.13.1 Application to convex optimization

The first example deals with the Fenchel-Rockafellar duality for convex optimiza-
tion. Let X be a reflexive Banach space with dual X*, and take f,g : X — R
convex, proper, and lsc. We apply the results above with A = 0f, B = g, in which
case problem (P) becomes
0 € df(x)+ dg(x) (3.98)

and (D) becomes

0€dg™(y) —of " (—y), (3.99)
where f* and g* denote the convex conjugates of f and g, respectively, defined in
Definition 3.4.5. Corollary 3.5.5 yields the equivalence between (D) and (3.98).

The connection between these two formulations of (P) and (D) is stated in
the following corollary.

Corollary 3.13.5. If x solves (3.98) then there exists y € dg(x) which solves
(3.99). Conversely, if y solves (3.99) then there exists x € 0g*(y) which solves
(3.98).

Proof. 1t follows directly from Theorem 3.13.1. O

We mention that no constraint qualification is needed for the duality result
in Corollary 3.13.5. If we want to move from the (P)—(D) setting to convex opti-
mization, we do need a constraint qualification, for instance, the one called (CQ)
in Section 3.5.1, under which we get the following stronger result.

Corollary 3.13.6. Let X be a reflexive Banach space, and f,g: X — R convez,
proper, and lsc. If (CQ) holds and T is a minimizer of f + g then there exists
g € Of(Z) such that 0 € Of*(y) — g*(—7).

Proof. Because T minimizes f + g, we have that 0 € 9(f + ¢)(z). Under (CQ), we
get from Theorem 3.5.7 that O(f + ¢)(z) = 9f(z) + dg(z), so that T solves (3.98),
and the result follows from Corollary 3.13.5. O
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3.13.2 Application to the Clarke—Ekeland least action principle

Next we discuss an application to Hamiltonian systems with convex Hamiltonian.
We follow the approach in [39].
We recall next the definitions of adjoint and self-adjoint operators.

Definition 3.13.7. Let X be a reflexive Banach space and L : X — X* a linear
operator.

(i) The adjoint of L is the linear operator L* : X — X* defined by (Lx,x’) =
(x, L*z"y for every xz,2’ € X.

(i1) L is said to be self-adjoint if L(x) = L*(x) for all x € X.

Let X be a Hilbert space, V' C X a linear subspace, L : V' — X a self-adjoint
linear operator (possibly unbounded, in which case V' is not closed), and F': X — R
a convex, proper, and lsc function. Consider the problem

0 € Lz 4 OF (z), (3.100)

and the functional ® : X — R U {oco, —o0}, defined as
1
O(z) = E(Lx,x) + F(x).

Note that if either F' is differentiable or L is bounded, then the solutions of (3.100)
are precisely the stationary points for ® (in the latter case, if additionally L is pos-
itive semidefinite, as defined in Section 5.4, then @ is convex and such stationary
points are indeed minimizers). However, in this setting, we assume neither differ-
entiability of F' nor boundedness of L, so that other classical approaches fail to
connect (3.100) with optimization of ®. As is well known, differential operators in
L? are typically unbounded, and in the examples of interest in Hamiltonian systems,
L is of this type. It is in this rather delicate circumstance that the duality principle
resulting from Theorem 3.13.1 becomes significant. Without further assumptions,
application of Theorem 3.13.1 with A = 0F, B = L, and yy = 0, yields

0€(@F) " (y) = L7 (~y) = (OF")(y) + L™ (y) (3.101)

for some y € OF (), if « solves (3.100). Note that L= (—y) = —L~!(y) by linearity
of L, although L~ is in general point-to-set, because Ker(L) might be a nontrivial
subspace, even in the positive semidefinite case. We now make two additional
assumptions.

(i) R(L) is a closed subspace of X.
(ii) Dom(F™) = X (this implies that F** is continuous, because it is convex).

In view of (i), we can write X = R(L) ® Ker(L), so that the restriction of L to
R(L), which we denote L, is one to one. It follows that L=! : R(L) — R(L) is well
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defined and has a closed domain, by the assumption of closedness of R(L). Note
that L is self-adjoint, and hence L' is self-adjoint. It is well-known and easy to
prove that the graph of a self-adjoint linear operator with closed domain is closed.
Invoking now the closed graph theorem (i.e., Corollary 2.8.9), we conclude that L1
is bounded, hence continuous. The definition of L yields

L~y = L™y + Ker(L). (3.102)

In view of (3.102), we conclude that (3.101) is equivalent to finding y € R(L) and
v € OF*(y) such that .
L'y + v € Ker(L). (3.103)

We claim that the solutions of (3.103) are precisely the critical points for the
problem:

min¥ () := (L "y,y) + F* (1) (3.104)
s.t. y € R(L). (3.105)
It is sufficient to verify that
O(F™ +0p(r)) = OF" + Ng(y = OF" + Ker(L),
which follows from Theorem 3.5.7 because (CQ) holds, by assumption (ii).

We summarize the discussion above in the following result.

Theorem 3.13.8. Under assumptions (i) and (ii) above, if § is a critical point for
problem (3.104)~(3.105), then there exists z € Ker(L) such that & = L™ (—y) + 2 is
a critical point of P.

We describe next an instance of finite-dimensional Hamiltonian systems, for
which problem (3.103) is easier than the original problem (3.100).

A basic problem of celestial mechanics consists of studying the periodic solu-
tions of the following Hamiltonian system (see [67]),

Ju+ VH(t,u(t)) =0,

where u = (p,q) € R" x R", H is the classical Hamiltonian, and .J is the simplectic
matrix, given by

=]
with I € R™*™ being the identity matrix. Equivalently, denoting VH = (H), Hy),
—p+ Hy, =0, (3.106)
¢+ H, =0. (3.107)

We rewrite the Hamiltonian system in our notation. We take X = £2(0,t*) x
£2(0,t*) and L(u) = Ju. In such a case,

D(L) ={u € X|u € X,u(0) = u(t)},
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so that
VF(u(t)) = VH(t, u(t)).

Observe that with this notation, the system (3.106)—(3.107) becomes precisely 0 €
L(u) + VF(u); that is, problem (3.100). The Hamiltonian action is given by

O(u) = /O B(Ju,u>+H(t,u(t)) dt.

We describe next the way in which our abstract duality principle leads to the well-
known Clarke-Ekeland least action principle (see [67]). First we must check the
assumptions required in our framework. Observe that L is self-adjoint, in the sense
of Definition 3.13.7(ii) (it follows easily, through integration by parts, from the fact
that u(t*) —u(0) = v(t*) — v(0) = 0). Note also that R(L) is closed, because it
consists of the elements in X with zero mean value. Next we identify the dual
functional ¥ associated with this problem, as defined in (3.104). An elementary
computation gives

L] 0 =~ /O Ju(s)ds

for all v € R(L). Hence

W(v) = /O ; {—% ( /O t Jv(s)ds) o(t) —I—H*(t,v(t))] dt.

Thus, the dual problem looks for critical points of ¥ in the subspace of zero mean
value functions in X; that is, derivatives of periodic functions. In other words, we
must find the critical points of the functional

V(i) = /0 ; {—% ( /0 t Jw(s)ds) W(t) —I—H*(t7u')(t))} dt,

in the subspace of periodic functions w with period ¢*. An elementary transforma-
tion yields the Clarke-Ekeland functional ¥ given by

B(v) = /O : B(Ji},v(t)) 4 H*(t,i)(t))] dt.

3.13.3 Singer-Toland duality

Lately, many of the results in convex optimization have been extended to larger
classes of functions. One of them is the DC-family, consisting of functions that
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are the difference of two convex ones (see e.g., [19]). We mention that any twice-
differentiable function f : R™ — R whose Hessian matrix is uniformly bounded
belongs to this class, because the function g(z) = f(z) + ||| is convex for
large enough . We consider now functions defined on a reflexive Banach space X.
According to Toland [218], = is a critical point of f — g if

0€df(x)—9g(x). (3.108)

We apply Theorem 3.13.1 (or more precisely, its homogeneous version given
by (3.97)), to (3.108), with A = 9f, and B = —dg. Note that y € B!z if and
only if z € —dg(y); that is, —x € dg(y), in which case y € (9g) ! (—z) = dg*(—x).
Thus, we conclude from Theorem 3.13.1 that the existence of z € X which satisfies
(3.108) is equivalent to the existence of u € X* such that

0€dg™(u) —of*(u); (3.109)

that is, u is a critical point of g* — f*.

The relevance of this duality approach becomes clear in the following example,
presented in [217], taken from the theory of plasma equilibrium. Consider a bounded
open set 2 C R™ with boundary I'. The problem of interest, which is our primal
problem (P), is the following differential equation,

—Au = ut, (3.110)

with boundary conditions u(z) = constant for all z € T and [.(du/9n)(s)ds
1, where A > 0 and 7 are given real parameters, and the constant value of u
on I' is unknown. In (3.110), A denotes the Laplacian operator; that is, Au =
S 0%u/02?, and ut(z) = max{u(z),0}.

The space of interest, say X, consists of the differentiable functions u defined
on 2, constant on I', and such that both w and its first partial derivatives belong
to £2(2). X is a Hilbert space, because it can be identified with H}(Q2) ® R,
associating with each u € X the pair (4,0), where § = u(z) for any z € T and
u(x) = u(x) — 0.

It has been proved in [217] that u solves (P) if and only if it is a critical point
of the functional ' : X — R defined as

1 A 2
Bw) = 5 IVl = 5 [u* + mu(T)

ou
o2, (z)

2
dx — % / max{u(x),0}2dzx + nu(T),
Q

1TL
_EZ;/Q

where u(I") denotes, possibly with a slight abuse of notation, the constant value of
u on the set I'. In general E is not convex, but it is indeed DC-convex, because it
can be written as F = G — F, with

1 1
Glu) = 5 [Vulf + 5 [u(T)P,
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and
A 2 1
F(u) = 5 lut|” + 3 u(D)* — nu(I).

It can be easily verified that G = G* because G is the square of the norm in
X, with the identification above (see Example 3.4.7). The dual problem becomes
rather simple, because both F' and G are continuously differentiable on X. In fact,
F* can indeed be computed, in which case (3.109) becomes the Berestycki-Brezis
variational formulation of problem (P), consisting of finding the critical points of
a certain DC-function (see [25]).

3.13.4 Application to normal mappings

Let C C R™ be a closed and convex set, Pc : R™ — C' the orthogonal projection
onto C, and T : R™ — R™ a continuous mapping. We are interested in the problem
of finding = € R™ such that

T(Po(z) + (x — Pe(z)) = 0. (3.111)

This problem appears frequently in optimization and equilibrium analysis. As we
show, it is indeed equivalent to the variational inequality problem VIP(T,C), as
defined in (5.50), and we establish this equivalence with the help of the duality
scheme introduced in this section.

Consider the normal cone N¢ of C' (see (3.39)). It is easy to check that

(I + N¢) ™t = Pe. (3.112)

It can be verified, using (3.112), that application of Theorem 3.13.1 to (3.111) leads
to

0 € T(z) + N (z), (3.113)

which is precisely VIP(T, C'). An in-depth study of problems of the kind (3.111) can
be found in [180]. Here we establish the equivalence between (3.111) and (3.113)
for a general variational inequality problem in a Hilbert space X. Now, C' C X
is closed and convex, and T : X = X is point-to-set. In this setting, VIP(T, C)
consists of finding € C and @ € T'(Z) such that (@,2 —Z) > 0 for all € C, which
is known to be equivalent to (3.113) (see Section 5.5). Clearly, (3.113) is equivalent
to

0€—z+T(x)+z+ No(x).

Take A= -1+ T, B =1+ N¢, where [ is the identity operator in X. It follows
that (3.113) reduces to finding € X such that

0 € A(z) + B(x).
In view of (3.97), this problem is equivalent to finding y € B(x) such that

0Oey+A(B ' (y). (3.114)
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It can be easily verified that B~ = Pg, so that (3.114) becomes
0e (Cﬂ — Pc(iﬂ)) + T(Pc(zﬂ)).

Other applications of this duality scheme, developed in Section 4.5 of [12],
include the study of constraint qualifications for guaranteeing the maximality of
the sum of two maximal monotone operators, in the spirit of the results in Section
4.8.

3.13.5 Composition duality

In this section we consider a more general framework, introduced by Robinson in
[182], with four vector spaces X, Y, U, and V, and four point-to-set mappings
A: XY P: X=2U,B:U=B,and Q : V =Y. A similar analysis was
performed in [168]. We are interested in the following primal problem (P): find
x € X such that

0 € Az + QBPz, (3.115)

where we use a “multiplicative” notation for compositions; that is, QBP = QoBoP.
We associate a dual problem (D) to (P), namely, finding v € V' such that

0€(—P)A ™ (-Q)(v) + B (v). (3.116)

Observe that when X = U, Y = B, and P, Q are the respective identity maps,
problems (P) and (D) reduce precisely to those given by (3.94) and (3.95).
The basic duality result is the following.

Theorem 3.13.9. The problem (3.115) has solutions if and only if the problem
(3.116) has solutions.

Proof. If (3.115) is solvable, then there exist z € X and y € A(z) N (—QBP)(x).
In other words, there exist v € V and u € U such that —y € Q(v), v € B(u), and
u € P(x). It follows that u € B~!(v) and —u € (—P)A~(—Q)(v), in which case v
solves (3.116). In view of the symmetries in both problems, a similar argument can
be used for proving the converse statement. O

We give next an example for which Theorem 3.13.9 entails some interesting
computational consequences. The problem of interest, arising in economic equilib-
rium problems, is the following. Find p € R¥, y € R™ such that

0e ( fJ;(p) >+ { jﬂ ]‘04 } ( 1’; > + Np(p) x Ny (y), (3.117)

where f : R¥ — R¥ is a (possibly highly) nonlinear function, a € R?, M € RF*™
has transpose M*¢, P C R is a polyhedron, and Y C R™ is a polyhedral cone. This
variational inequality models an economic equilibrium involving quantities given by
the vector y, and prices represented by p. The y variables are linear, but the p
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variables are not. In general m might be much larger than k, so that it is preferable
not to work in the space R*¥™,

Consider the linear transformation S : R¥*™ — RF defined as S(z,y) = .
Note that the adjoint operator S* (cf. Definition 3.13.7), is given by S*(z) = (z,0).
We can rewrite (3.117) as

0€ S*(=f)S(p,y) + Alp,y), (3.118)
where A : RFt™ — RE+™ is given by

A= (0 )+ e 0] (D) mew e, e
Observe that (3.118) has the format of (3.115) with X =Y =RM™ U =V = Rk,
P =S B=—f and Q = S*. We mention, parenthetically, that A is a maximal
monotone operator (see Chapter 4) which is not, in general, the subdifferential of a
convex function, but this is not essential for our current discussion.

Theorem 3.13.9 implies that (3.118), seen as a primal problem, is equivalent
to

0€ (—f ")+ (=9HAT(=S*)(q). (3.120)
Now we apply Theorem 3.13.9 to (3.120), obtaining

f(p) € (S)7TAS™ (p),

where S~ is the inverse of S as a point-to-set operator, not in the sense of linear
transformations. It is not difficult to check that

(S*)'AS™! = Npnyz,
where
Z={2eR": M2 —acY*},

and Y™ is the positive polar cone of Y, as introduced in Definition 3.7.7. The final
form of the dual problem is then

0€ (=f)p) + Nenz(p),

in the space R¥. When m is much larger than k, the dual problem is in principle
more manageable than the primal. Additionally, it can be seen that some simple
auxiliary computation allows us to get a primal solution starting from a dual one.
This scheme, implemented in [181] for a problem with k& = 14 and m = 26 analyzed
by Scarf in [198], reduced the computational time by 98%.

Exercises

3.1. Prove the statements in Example 3.12.2. For F' as in this example, prove
that K = [—1,1] is a feasibility domain for F', and that F' has a zero and a
fixed point on K.
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3.2. Prove that a self-adjoint operator with a closed domain has a closed graph.

3.3. Prove item (iii) of Theorem 3.13.1.

3.4. Let X be a Hilbert space. Prove that if C C X is a closed and convex set,
N¢ : X = X is the normality operator associated with C, and Po : X — C
is the orthogonal projection onto C, then (I + No)~! = Pe.

3.14 Historical notes

The concept of lower-semicontinuous function, well known in classical analysis, is
central in the context of optimization of extended-valued functions. The observation
that this is the relevant property to be used in this context is due independently to
Moreau [157, 158, 159] and Rockafellar [183]. Both of them, in turn, were inspired
by the unpublished notes of Fenchel [85]. Moreau and Rockafellar observed that the
notion of “closedness” used by Fenchel could be reduced to lower-semicontinuity of
extended-valued functions.

Ekeland’s variational principle was announced for the first time in [78] and
[79], and published in full form in [80].

Caristi’s fixed point theorem in a point-to-point framework appeared for the
first time in [58]; its point-to-set version (i.e., Theorem 3.3.1) is due to Siegel [201].

The study of convex sets and functions started with Minkowski in the early
twentieth century [148]. The subject became a cornerstone in analysis, and its his-
tory up to 1933 can be found in the book by Bonnesen and Fenchel [31]. The use of
convexity in the theory of inequalities up to 1948 is described in [23]. This theory
grew up to the point that it became an important branch in modern mathematics,
with the name of “convex analysis”. The basic modern references for convex anal-
ysis in finite-dimensional spaces are the comprehensive and authoritative books by
Rockafellar [187] and Hiriart-Urruty and Lemaréchal [94].

The infinite-dimensional case is treated in the books by Ekeland and Teman
[81], van Tiel [223], and Giles [87]. The lecture notes by Moreau [161] are an early
source for the study of convex functions in infinite-dimensional spaces.

Theorem 3.4.22 is due to Roberts and Varberg [178] and its proof was taken
from Clarke’s book [66].

The “conjugate”, or Legendre transform of a function, is a widely used con-
cept in the calculus of variations (it is indeed the basic tool for generating Hamil-
tonian systems). A study limited to the positive and single-variable case appeared
in 1912 in [232] and was extended in 1939 in [139]. The concept in its full gener-
ality was introduced by Fenchel in [84] and [85]. The central Theorem 3.4.18 was
proved originally by Fenchel in the finite-dimensional case; its modern formulation
in infinite-dimensional spaces can be found in [160] and in Brgndsted’s dissertation,
written under Fenchel’s supervision (see [40]).

The notion of subdifferential, as presented in this book, appeared for the
first time in Rockafellar’s dissertation [183], where the basic calculus rules with
subgradients were proved. Independently and simultaneously, Moreau considered
individual subgradients (but not the subdifferential as a set) in [158]. The results
relating subdifferentials of convex functions and conjugacy can be traced back to
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[31], and appeared with a full development in [84].

The concepts of derivatives and coderivatives of point-to-set mappings were
introduced independently in [154, 14] and [167]. Further developments were made
in [17, 18, 15] and [155].

Notions of tangency related to the tangent cone as presented here were first
developed by Bouligand in the 1930s [34, 35]. The use of the tangent cone in
optimization goes back to [91]. The normal cone was introduced essentially by
Minkowski in [148], and reappeared in [85]. Both cones attained their current
central role in convex analysis in Rockafellar’s book [187].

Ky Fan’s inequality was proved in [83] (see also [82]). Our proof follows [17]
and [13], where the equilibrium theorem is derived from Ky Fan’s results. This
inequality was the object of many further developments (see e.g., [203] and [106]).

The basic fixed point theorem for continuous operators on closed and convex
subsets of R was proved by Brouwer [42]. Another proof was published later on
in [122]: Knaster established the connection between fixed points and Sperner’s
lemma, which allowed Mazurkiewicz to provide a proof of the fixed point result,
which was in turn completed by Kuratowski. The result was extended to Banach
spaces by Schauder in 1930 [199].

In the 1940s the need for a fixed point theory for set-valued maps became
clear, as was indeed stated by von Neumann in connection with the proof of general
equilibrium theorems in economics. The result was achieved by Kakutani [112] and
appears as our Theorem 3.11.5. Our treatment of the fixed point theorem under
coercivity assumptions is derived from [18].

The concept of duality for variational problems can be traced back to Mosco
[162]. Our treatment of the subject is based upon [12] and [182].



Chapter 4

Maximal Monotone
Operators

4.1 Definition and examples

Maximal monotone operators were first introduced in [149] and [234], and can be
seen as a two-way generalization: a nonlinear generalization of linear endomor-
phisms with positive semidefinite matrices, and a multidimensional generalization
of nondecreasing functions of a real variable; that is, of derivatives of convex and
differentiable functions. Thus, not surprisingly, the main example of this kind of op-
erators in a Banach space is the Fréchet derivative of a smooth convex function, or,
in the point-to-set realm, the subdifferential of an arbitrary lower-semicontinuous
convex function, in the sense of Definition 3.5.1. As mentioned in Example 1.2.5,
monotone operators are the key ingredient of monotone variational inequalities,
which extend to the realm of point-to-set mappings the constrained convex mini-
mization problem. In order to study and develop new methods for solving varia-
tional inequalities, it is therefore essential to understand the properties of this kind
of point-to-set mapping. We are particularly interested in their inner and outer
continuity properties. Such properties (or rather, the lack thereof), are one of the
main motivations behind the introduction of the enlargements of these operators,
dealt with in Chapter 5.

Definition 4.1.1. Let X be a Banach space and T : X = X* a point-to-set
mapping.

(a) T is monotone if and only if (u —v,x —y) >0 for all x,y € X, all u € Tz,
and allv € Ty.

(b) T is maximal monotone if it is monotone and in addition T = T’ for all
monotone T' : X = X* such that Gph(T') C Gph(T”).

(¢) A set M C X x X* is monotone if and only if (u —v,x —y) > 0 for all
(z,u), (y,v) € M.

(d) A monotone set M C X x X* is maximal monotone if and only if M/ = M

121
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for every monotone set M’ such that M C M’.

Definition 4.1.2. Let X be a Banach space and T : X = X* a point-to-set
mapping. T is strictly monotone if and only if (u — v,z —y) > 0 for all x,y € X
such that x # vy, all w € Tx, and all v € Ty.

As a consequence of the above definitions, 7" is maximal monotone if and only
if its graph is a maximal monotone set. Thanks to the next result, we can deal
mostly with maximal monotone operators, rather than just monotone ones.

Proposition 4.1.3. If X is a Banach space and T : X = X* a monotone point-
to-set mapping, then there exists T: X=X mazximal monotone (not necessarily
unique), such that Gph(T) C Gph(T).

Proof. The result follows from a Zorn’s lemma argument. Call My := Gph(T') C
X x X*. By hypothesis, the set My is monotone. Consider the set M(My) :=
{L C X x X*|L D My and L is monotone}. Because My € M (M), M(My) is
not empty. Take a family {L;}ie; C M(My) such that for all 4,5 € I we have
L;Cc LjorLj CL;. Then Ly := U;erL; € M(My). Indeed, for every two elements
(x,v), (y,u) € Lo, there exist ¢,j € I such that (x,v) € L; and (y,u) € L;. The
family is totally ordered, thus we can assume without loss of generality that L; C L;.
Therefore both elements (z,v), (y,u) € L;, and hence monotonicity of L; implies
monotonicity of Lyg. The fact that Ly D My is trivial. By Zorn’s lemma, there
exists a maximal element in M (My). This maximal element must correspond to
the graph of a maximal monotone operator. [0

We list important examples of maximal monotone operators.

Example 4.1.4. If X =R, then T is mazimal monotone if and only if its graph
is a closed curve v C R? satisfying all the conditions below.

(i) v is totally ordered with respect to the order induced by Ri; that is, for
all (t1,81), (t2,82) € =, either t1 < to and sy < sy (which is denoted as
(t1,81) < (t2,82)) orty >ty and s > sa (which is denoted (t1,51) > (to, $2)).

(ii) ~ is complete with respect to this order; that is, if (t1,s1), (t2,$2) € v and
(t1,81) < (t2, 82), then every (t,s) such that (t1,s1) < (t,s) < (t2, s2) verifies
(t,s) €.

(i11) ~y is unbounded with respect to this order; that is, there does not exist (s,t) €
R? that is comparable with all elements of v and is also an upper or lower
bound of v. In other words, there is no (s,t) € R? that is comparable with

all elements of v and such that (s,t) > (5,t) for all (5,t) € v or such that
(5,t) < (3,%) for all (3,t) € 7.

An example of such a curve v is depicted in Figure 4.1. These curves can be seen
as the result of “filling up” the discontinuity jumps in the graph of a nondecreasing
function.
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v/

Figure 4.1. One-dimensional maximal monotone operator

Example 4.1.5. A linear mapping T : X — X* is maximal monotone if and only
if T is positive semidefinite; that is, (T'z,x) > 0 for all z € X.

We recall that a mapping T : X — X* is (linearly) Gateaux differentiable at
x € X if for all h € X the limit

0T (x)h := }ir% T+ tht) —T()

exists and is a linear and continuous function of h. In this situation, we say that
T is Gateaux differentiable at x and the linear mapping 67'(z) : X — X* is the
Gateaux derivative at x. We say that T'is Gateaux differentiable when it is Gateaux
differentiable at every z € X.

Note that when T : X — X* is linear, it is Gateaux differentiable and 07'(x) =
T. Thus the previous example is a particular case of the following proposition, whose
proof has been taken from [194].

Proposition 4.1.6. A Gateaux differentiable mapping T : X — X* is monotone
if and only if its Gateaux derivative at x, 6T (x), is positive semidefinite for every
x € X. In this situation, T is mazimal monotone.

Proof. The last assertion is a direct corollary of Theorem 4.2.4 below. Therefore
we only need to prove the first part of the statement. Assume that 7" is monotone,
and take h € X. Using monotonicity, we have

0< thn(l)<W’th> - thn(l)<le> = (0T (x)h, h).
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It follows that d7(z) is positive semidefinite. Conversely, assume that 67(Z) is
positive semidefinite for every & € X and fix arbitrary x,y € X. Define the function
w(t) == (T(x +tly —x)) — Tx,y — ). Then w(0) = 0. Our aim is to show that
m(1) > 0. This is a consequence of the fact that 7/(s) > 0 for all s € R. Indeed,
denote T :=x + s(y —x), a:=t — s, and h := y — x. We have

m(t) —7(s) _<T(m+t(y—x))—T(x+S(y—x)) _ >
= Y —x

t—s t—s

T(Z 4+ ah) — T(Z)

= {

Taking the limit for ¢t — s and using the assumption on d7(Z), we get

.

7 (s) = (6T (@)h, h) > 0,

as we claimed. 0

Example 4.1.7. Let f: X — RU{oo} be a proper and convex function. One of the
most important examples of a mazximal monotone operator is the subdifferential of f,
Of : X = X* (see Definition 3.5.1). The fact that O f is monotone is straightforward
from the definition. The mazimality has been proved by Rockafellar in [189] and we
provide a proof in Theorem 4.7.1 below.

Remark 4.1.8. It follows directly from the definition that a maximal monotone
operator is convex-valued.

4.2 Quter semicontinuity

Recall from Theorem 2.5.4 that T" is 0SC with respect to a given topology in X x X*
if and only if the Gph(T') is a closed set with respect to that topology. The natural
topology to consider in X x X* is the product topology, with the strong topology
in X and the weak* topology in X*. However, unless X is finite-dimensional the
graph of T is not necessarily closed with respect to this topology (see [33]).

Nevertheless, there are some cases in which outer-semicontinuity can be es-
tablished for a maximal monotone operator 7T'. In order to describe those cases, we
need some definitions.

Given a topological space Z, we say that a subset M C Z is sequentially closed
if it contains all the limit points of its convergent sequences. Note that every closed
set is sequentially closed (using Theorem 2.1.6 and the fact that every sequence is a
net), but the converse is not true unless the space is N;. We say that a point-to-set
mapping F': X =Y is sequentially 0SC when its graph is sequentially closed.

Proposition 4.2.1. Let X be a Banach space and T : X = X* a maximal
monotone operator. Then

(i) T is sequentially 0sc, where X x X* is endowed with the (sw*)-topology.
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(ii) T is strongly 0sC (i.e., Gph(T) C X x X* is closed with respect to the strong
topology, both in X and X*). In particular, a maximal monotone operator is
0sc when X is finite-dimensional.

Proof. We start with (i). The maximality of T" allows us to express Gph(T') as
Gph(T') = Nz,v)ecpnm) 1(W,u) € X x X* = (y —z,u —v) > 0}.
So it is enough to check sequential (sw*)-closedness of each set
Caw) ={lyu) e X x X" : (y —2,u—v) >0}

Take a sequence {(zn,vn)} C Oz, such that x, — y strongly and v, — u in the
weak™® topology. Note that

()g<xn—x,vn7v>:(xn—y,vn7v>+<y7x,vn—v>

:<xn*yavn*1}>+<y*xavn*u>+<y*xaufv>~ (4'1)

Using the last statement in Theorem 2.5.16, we have that {v,} is bounded. Hence
there exists K > 0 such that ||v,, —v|| < K for all n € N. Fix § > 0. Because the
sequence {(Zy, V) fnen converges (sw*) to (y,u), we can choose ng such that

lon 9l < o o~y — )| < 2
Tn ) 2K’ Un u,y—x 9’

for all n > ng. Using (4.1) for n > ny we obtain
0 < 04+ (y—z,u—v).

Because ¢ > 0 is arbitrary, we conclude that (y,u) € C(, .. Item (ii) follows from
(i), because the strong topology is Ny and hence (sw*)-sequentially closed sets are
(ss)-closed. The last assertion follows from the fact that in finite-dimensional spaces
the strong and weak topology coincide. [

Remark 4.2.2. We point out that the result above cannot be extended to nets. In
[33] an example is given of a maximal monotone operator (in fact, a subdifferential
of a lower-semicontinuous convex proper function in a separable Hilbert space), that
is not (sw*)-osc. The proof is based on the fact that a weakly convergent net might
be unbounded, as we showed in Example 2.5.17.

We need some notation that is useful for dealing with maximality of monotone
operators.

Definition 4.2.3. Given an operator T : X = X*, a pair (x,u) € X x X* is
monotonically related to T if and only if (x —y,u—v) > 0 for all (y,v) € Gph(T).
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The following result connects maximality and continuity for point-to-point
mappings. The proof we present below can be found in [149].

Theorem 4.2.4. Let X be a Banach space and T : X — X* a point-to-point
and everywhere defined (i.e., such that D(T) = X ) monotone operator. If T is
(sw* )-continuous then T is mazimal.

Proof. Take (z,v) € X x X* monotonically related to Gph(7'). We must prove
that v = Tz. By assumption

(r —y,v—=Ty) >0 (4.2)

for ally € D(T'). Take any h € X, A > 0. Using (4.2) with y := 2 — Ah and dividing
by A we get
(h,v —T(x — Ah)) >0,

(here we use the fact that D(T) = X). Taking the limit for A | 0 and using the
continuity of T', we conclude that (h,v — T'z) > 0. Because h € X is arbitrary, we
conclude that Te =v. 0O

We present in Theorem 4.6.4 a sort of converse of Theorem 4.2.4, namely, that
maximality and single-valuedness yield continuity in the interior of the domain. The
simple remark below shows that the assumption D(7") = X in Theorem 4.2.4 cannot
be dropped.

Remark 4.2.5. The above result does not hold if D(T') € X. For instance, if
T :R — R is defined as

x ifzx <O,
Tx .= x ifx >0,
0 ifz=0,

then T is clearly monotone. It is also continuous at every point of its domain R\ {0},
but it is not maximal.

Corollary 4.2.6. If T : X = X* is maximal monotone, then Tx is convex and
weak® closed.

Proof. We stated in Remark 4.1.8 the convexity of T'x. In order to prove the weak*
closedness of Tz, note that

Tz =N uweapnn{v @ (v =2 =y) 20} = Nyuecpnn) Oy,

where C(y ) == {v : (v—u,x —y) > 0}. The definition of weak* topology readily
yields weak™ closedness of all sets C, ,), and hence T'x must be weak™ closed. O

Given T : X = X*, it follows from Definition 2.3.2 that the operator T~ :
X* = X is given by z € T~!(v) if and only if v € T'z.
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Proposition 4.2.7. If X s reflexive and T : X = X* is mazximal monotone then
T~ is also mazimal monotone.

Proof. Tt can be easily seen that Gph(T') is a maximal monotone set if and only if
Gph(T~1) is a maximal monotone set. [

Corollary 4.2.8. If X is reflevive and T : X = X* is maximal monotone, then
its set of zeroes T~1(0) is weakly closed and convex.

Proof. The result follows from Proposition 4.2.7 and Corollary 4.2.6. 0O

A result stronger than Corollary 4.2.6 can be proved for monotone operators
at points in D(T)°. Namely, the set Tz is weak® compact for every z € D(T)°.
This result follows from the local boundedness of T at D(T)°, which is the subject
of the next section.

4.2.1 Local boundedness

According to Definition 2.5.15, a point-to-set mapping is said to be locally bounded
at some point z in its domain if there exists a neighborhood U of x such that
the image of U by the point-to-set mapping is bounded. Monotone operators are
locally bounded at every point of the interior of their domains. On the other hand,
if they are also maximal, they are not locally bounded at any point of the boundary
of their domains. These results were established by Rockafellar in [186], and later
extended to more general cases by Borwein and Fitzpatrick ([32]). We also see
in Theorems 4.6.3 and 4.6.4 how the local boundedness is used for establishing
continuity properties of T. Our proof of Theorem 4.2.10(i) has been taken from
Phelps [171], whereas the proof of Theorem 4.2.10(ii) is the one given by Rockafellar
in [186].

Denote co A the convex hull of the set A, and €0A the closed convex hull of
A; that is, ©0A = co A. A subset A C X is said to be absorbing if for every z € X
there exist A > 0 and z € A such that Az = z. If X is a normed space, then any
neighborhood of 0 is absorbing. The converse may not be true. The shaded set
(including the boundaries) in Figure 4.2 is absorbing, and it is not a neighborhood
of zero.

The following classical result (see, e.g., Lemma 12.1 in [206] and [116, page
104]) establishes a case when a given absorbing set is a neighborhood of zero.

Lemma 4.2.9. Let X be a Banach space and take C' C X a closed and convex
absorbing set. Then C' is a neighborhood of 0.

We use the previous lemma in item (i) of the theorem below.

Theorem 4.2.10. Let X be a Banach space with dual X*, and T : X = X* a
monotone operator.
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(0,0)

Figure 4.2. An absorbing set

(i) If x € D(T)°, then T is locally bounded at x.
(i1) If T is mazimal and (T0D(T))° # () then, for all z € D(T) \ (coD(T))°,

(a) There exists a nonzero w € Npr)z.
(¢) T is not locally bounded at z.

Proof.

(i) Note that = € D(T)° if and only if 0 € D(T)°, where T := T(z + -). Fix
y € Tz and define T(z) :=T(z) —y = T'(x +z) —y. Then 0 € T(0) and 0 € D(T)°.
Furthermore, 7T is locally bounded at z if and only if T is locally bounded at 0. This
translation argument allows us to assume that 0 € D(T)° and 0 € T'(0). Define the

function
f(x) == {sup(v,z —y) [y € D(T), |yl <1, v € Ty},

and the set C := {z € X | f(x) < 1}. The function f is convex and lsc, because it is
the supremum of a family of affine functions. Hence, the set C' is closed and convex.
Because 0 € T'(0), f(0) > 0. On the other hand, using again the monotonicity of T
and the fact that 0 € T(0), we get 0 < (v,y), for all v € T'y, and so

f(0) = {sup(v, —y) [y € D(T), [lyl| < 1, v € Ty} < 0.

Therefore, f(0) = 0 and hence 0 € C. We claim that 0 € C°. Because C' is closed
and convex, the claim follows from Lemma 4.2.9 and the fact that C is absorbing.
Let us prove next the latter fact. Indeed, because 0 € D(T)°, there exists r > 0
such that B(0,r) C D(T). Fix y € X. The set B(0,r) is absorbing, so there exists
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t > 0 such that © := ty € B(0,r). Because B(0,r) C D(T), there exists v € Tz.
For every (y,v) € Gph(T') we have

Og(m—y,ufv%

which gives (x — y,u) > (x — y,v). Taking the supremum on (y,v) € Gph(T") with
llyll <1, we conclude that

f(@) <A{sup(z —y,u) [y € D(T), [ly| <1} < (@, u) + [ul] < oo

This yields the existence of some p € (0,1) such that pf(z) < 1 for all 0 < p < p.
By convexity of f,

flpz) = flpr + (1 =p)0) < pf(x) + (1= p)f(0) = pf(z) <1,

so pr € C for all 0 < p < p. In particular, y = (1/t)z = px/(tp) € (1/(tp))C.
Because y € X is arbitrary, we conclude that C' is absorbing. Lemma 4.2.9 now
implies that 0 € C° as claimed. As a consequence, there exists n € (0,1) such that

f(z) <1 forall ze€ B(0,2n). (4.3)

We show that T'(B(0,7n)) C B(0,1/n), which yields the local boundedness of T at
0. Indeed, take y € D(T) N B(0,n) and z € B(0,2n). By (4.3), we have, for all
veTy,

(vz—y) <1,

using the fact that ||y|| <7 < 1. Hence
2n|lv]l = sup{(v, 2) [ |z]| < 2n} < (v,y) + 1 <nllv]| +1,

implying that ||v|| < 1/n. The claim is true and hence T is locally bounded at 0.

(ii) Fix z in D(T') \ (@6D(T))°. Because D(T) C cD(T), =z belongs to the
boundary of €oD(T') which is closed, convex and with nonempty interior, so that we
can use Theorem 3.4.14(ii) to conclude that there exists a supporting hyperplane
to C0D(T) at z. In other words, there exists w # 0, w € X* such that

(w,2) > (w,y) (4.4)

for all y € D(T). It is clear that w belongs to Np(r)z, establishing (a). Take now
v € Tz. For every A > 0,u € Ty we have

(v+ M) —u,z—y) = (v —u,z —y) + Mw, 2 —y) >0,
using the monotonicity of 7" and the definition of w. By maximality of T, we get
v+AweTlz (4.5)

for all A > 0. It follows easily that T'z+ Np(ryz C Tz, and hence (b) holds. Also, it
follows from (4.5) that the set Tz is unbounded, and hence T is not locally bounded
at z, establishing (c¢). O
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Corollary 4.2.11. If T : X = X* is maximal monotone then the set Tx is weak*
compact for every x € D(T)°.

Proof. By Theorem 4.2.6, we know that Tz is weak® closed and

Tz =N uweapnn{v @ (v =2 =y) 20} = Nyuecpnr) Oy,

where each set Cp, ) := {v : (v —u,z —y) > 0} is weak™ closed. Assume that
x € D(T)°. By Theorem 4.2.10(i), there exists M > 0 such that [jv]| < M for all
v € Txz. By Theorem 2.5.16(ii), the balls in X* are weak® compact and hence the
sets Cryu) N{v € X*|[Jv]| < M} are also weak* compact. So

Te=TzNB(0,M) = Nyuwecph(r)Cryu) N{v € X[ |Jv]| < M},
must be weak* compact too. 0O

Another important consequence of Theorem 4.2.10(i) is the outer-semicontinuity
of a maximal monotone operator 7' at points in D(T')°.

Corollary 4.2.12. If T : X = X* is maximal monotone then T is (sw*)-0SC at
every x € D(T)°.

Proof. Take a net {z;} converging strongly to x, with « € D(T)°. We must prove
that w* — limext; T'(z;) C T(x), where w* — limext stands for the exterior limit
with respect to the weak* topology. Take v € w* — limext; T'(x;). We claim that
(z,v) is monotonically related to T. Indeed, take (y,u) € Gph(T); we must show
that (v —u,z —y) > 0. Fix ¢ > 0. Because v € w* — limext; T'(z;), and the set
Wy :={we X*: [{w—v,x—y)| < e/3}is a weak* neighborhood of v, there exists
a cofinal set Jy C I such that

F({IJZ) N Wy 75 () forallie Jo.

Take u; € F(xz;)NW, for every i € Jy. By Theorem 4.2.10(i), there exists R, M > 0
such that T(B(z, R)) C B(0, M). Because {x;} converges strongly to x, there exists
a terminal set Iy such that

€ €
|zi — || <min{R7 , }, for all ¢ € I.
' (vl + M) " 3([lvl| + [[wl))

Altogether, the set Jy := Jy N I is cofinal in I and such that for all ¢ € J; we have
luil] < M, |[{u;—v,x—y)| < e/3, |{v—u,z—x;)| <e/3,and [{(v—u;,x—z;)| <e/3.
So, for all i € J; we can write

(v—u,x—y)

VIV IV
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where we used the fact that (x;,u;), (y,u) € Gph(T) in the first inequality and the
definition of J; in the last one. Because € > 0 is arbitrary, the claim is true, and
maximality of T yields v € T'(z). O

The next result establishes upper-semicontinuity of maximal monotone oper-
ators in the interior of their domain.

Corollary 4.2.13. If T : X = X* is mazimal monotone then T is (sw*)-UsC at
every x € D(T)°.

Proof. The conclusion follows by combining Proposition 2.5.21(ii), local-boundedness
of T at x and Corollary 4.2.12 0O

We remark that a maximal monotone operator 7' may be such that each
point in D(T) fails to satisfy the assumptions of both (i) and (ii) in Theorem
4.2.10; that is, such that D(T)° = @, D(T) \ (coD(T))° = 0. Consider V C /o
defined as V = {z € £y : Y77, 2?"22 < oo}. V is a dense linear subspace of
ly. Define T : by — o as (Tx), = 2"x, if v € V; Te = () otherwise. It is
immediate that D(T') = V and that T is monotone. It can be proved that T is
indeed maximal monotone (see [171], page 31). Observe that D(7T) has an empty
interior, because it is a subspace. On the other hand, inasmuch as V is dense
in ¢2, we have ©6D(T) D D(T) = V = {s, so that (coD(T))° = /5 and hence
D(T)\ (coD(T))° = . For this example, no assertion of Theorem 4.2.10 is valid
for any x € D(T): it is easy to check that 7" is an unbounded linear operator, so
that it cannot be locally bounded at any point, but it is also point-to-point at all
points of D(T'), so that no halfline is contained in T'z, for all z € D(T'), at variance
with the conclusion of Theorem 4.2.10(ii)-(b) (i.e., the lack of local boundedness
is a truly local phenomenon, not a pointwise one, as in Theorem 4.2.10(ii)). It
is possible to strengthen Theorem 4.2.10 so that its conclusion refers to all points
in D(T), but under a stronger assumption: one must suppose that (coD(T))° is
nonempty, instead of (¢oD(T))° # ) (note that the new stronger assumption does
not hold for T as in the example above, whereas the weaker one does). We present
this result in Section 4.6.

4.3 The extension theorem for monotone sets

A very important fact concerning monotone sets is the classical extension theorem
of Debrunner and Flor [72]. This theorem is used for establishing some key facts
related to domains and ranges of maximal monotone operators. The proofs of all
theorems in this section and the two following ones were taken from [172].

Theorem 4.3.1 (Debrunner—Flor). Let C C X* be a weak™ compact and
convez set, ¢ : C — X a function that is continuous from the weak™ topology to the
strong topology, and M C X x X* a monotone set. Then there exists v € C' such
that {(¢(v),v)} U M is monotone.
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Proof. For each element (y,v) € M define the set

Uly,v) :={ue Cl(u—v,¢(u) —y) <0}

The sets U(y,v) C X* are weak® open because the function p : C' — R, defined
as p(w) = (w — v, p(w) — y), is weak* continuous (Exercise 6). Assume that the
conclusion of the theorem is not true. This means that for every v € C', there exists
(y,v) € M such that v € U(y,v). Thus the family of open sets {U(y,v)}yv)em
is an open covering of C'. By compactness of C, there exists a finite subcovering
{U(y1,v1),s -, U(yn,vs)} of C. By Proposition 3.10.2, associated with this finite
subcovering there exists a partition of unity as in Definition 3.10.1; that is, functions
a;: X* — R (1 <i<n)that are weak® continuous and satisfy

(a) > ai(u) =1for allu e C.
(b) ai(u) >0forallue Candalliec{l,...,n}.
(¢) {ue C:a;(u) >0} CU; :==Uly;,v;) foralli € {1,...,n}.

Define K := co{v1,...,v,} C C. K can be identified with a finite-dimensional con-
vex and compact set. Define also the function p: K — K as p(u) := >, a;(u)v;.
Clearly, p is weak® continuous. Weak™ continuity coincides with strong continuity
in the finite-dimensional vector space spanned by K, thus we can invoke Theorem
3.10.4 (Brouwer’s fixed point theorem) in order to conclude that there exists w € K
such that p(w) = w. Therefore, we have

0= (p(w) —w, Zaj(w)yj — ¢(w))

- <Z aiw)(vi = w), 3 0 (w)y; - ¢<w>>
= 3 aiw)ay (w)(v; — w,y; — d(w)). (4.6)

2%}
Call a;; = (v; —w,y; — ¢(w)). Note that
aij + aj = ai; + ag; + (Vi — v, Y5 — vi) < @i + agy,
using the monotonicity of M. Combining these facts with (4.6) gives

0= Z ai(w)aj(w)ay; = Z ai(w)?ai + Y ci(w)ay(w)(ai; + aji)

i<j
<Y o(w)ai + Y ai(w)og (w)(ai + ag;). (4.7)
i i<j
Call I(w) :={i € {1,...,n} | w € U;}. Using property (c) above, the inequality in
(4.7) can be rewritten as

0< Z ai(w)Qaii—&- Z ai(w)aj(w)(a“—&—ajj). (48)

i€l (w st
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It is clear from the definitions that a;; < 0 if and only if w € U;. Because «;(w) > 0
by property (b) above, we get that all terms in the right-hand side of (4.8) are
nonpositive, and, in view of the inequality in (4.8), they all vanish, implying that
a;j(w) = 0 for all i = 1,...,n, but this contradicts the fact that >, a;(w) = 1,
completing the proof. 0O

We establish next some facts relating domains and ranges of maximal mono-
tone operators in reflexive Banach spaces.

4.4 Domains and ranges in the reflexive case

A central result for the subject of interest in this section is due to Simons. It
provides a necessary and sufficient condition for a monotone set to be maximal
monotone. We state it below.

Theorem 4.4.1. Let X be a reflexive Banach space and M C X x X* a monotone
set. Then M is mazimal monotone if and only if for all (z,v) € X x X* there exists
(y,u) € M such that

ly =l + llu = vl + 2(y — 2, u — v) = 0.

Proof. See Theorem 10.3 in [206]. O

Important properties of a Banach space are studied through the duality map,
which we define next.

Definition 4.4.2. Consider g : X — R defined by

Lo 2
g(z) = 5l
The duality mapping J : X = X* is the subdifferential Og of g.
Remark 4.4.3. A simple property of J, which we prove in the following proposi-
tion, is that Gph(J) is monotone. Indeed, we show later on (using Theorem 4.7.1)
that it is maximal monotone, because it is the subdifferential of a proper convex
function. When X is a Hilbert space, then J = I, the identity mapping, and hence

onto. Moreover, the duality mapping J is onto if and only if X is reflexive (see,
e.g., Theorem 3.4 in [65]).

We state next some useful properties of the duality mapping J.

Proposition 4.4.4.
(1) For all x € X, it holds that J(z) = {v € X*| (xz,v) = ||z|||v], [|z]| = |[v||}-
(11) For all (z,u),(y,v) € Gph(J), it holds that

(@ —yu—v) = (=] = llyl)?,
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and hence J is monotone.
(i1i) J(—x) = —Jx.
(iv) Take (z,v) € X x X*. A pair (x,v) belongs to Gph(—J) if and only if

1 + [lol|* + 2z, v) = 0.

(v) IfU := B(0,r) ={x € X |||z|| < r} and z € OU = {z € X | ||| = r} then
Ny(z)={ w|we Jzand A >0}.

Proof.
(i) From the definition of J as the subdifferential of g(x) := £|z||* we get, for
allv e Jx,

1 1
(W) = 5llyll* < (v,2) = 5=l

Taking the supremum on y € Y, and recalling that g*(v) = |v||? (see Example
3.4.7), we get

1 1 1
SVl < (v,2) = Sllzl* < ol ] = 121,

which yields 0 > (1/2)(||v]| — ||=|))? and hence ||v|| = ||z||. Using this fact in the
inequality above we get

1> = llzll lv]] > (v,2) > ||=]%,

as required.
(i) By (i), [lv]| = [yl for all y € X, v € Jy. Hence, —(z,v) > —|lz[| [|lv] =

—llz|l |ly|l for every z € X, v € Jy. Thus, for all u € Jx, v € Jy, we have
(@ —y,u—v) = (z,u) +(y,v) — (z,v) — (y,u)

> [l + llyll* = 2ll= [ 1yl = (l=]| = [ly])* > 0.

The proof of (iii) follows directly from (i), and (iv) is a direct consequence of the
definitions. Let us establish (v). Call S(z) the rightmost set in the statement of
(v). Fix z such that ||z]] = r. Because S(z) and Ny (z) are cones, it is enough to
prove that Jz C Ny(z), in order to conclude that S(z) C Ny(z). Take w € Jz. For
all x € U, we have

(w2~ 2) = {w,2) — (w,2) < o] |l2] ~ (w,2) <* —r* =0,

using (i) and the Cauchy—Schwartz inequality. The above expression yields w €
Ny (z) and hence S(z) C Ny (z).
Let us prove the converse inclusion. Take w € Ny (z) and assume that ||w| =
r. Using the same argument as above, if we prove that every such w belongs to Jz,
we get that Ny (z) C S(z), because both sets are cones. Because w € Ny (z), we
get
(w,z) < (w,2),
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for all « such that ||z|| < r. Taking the supremum on = € {2/ € X [|2/|| < r}, we
conclude that

rlwl =r* < {w,2) < ol |l2] =,

so that (w,z) = r2.

weJz. 0O

Because we also have ||w| = ||z|| = r by (i), we obtain that

Theorem 4.4.5. Let X be reflexive and M C X x X* a monotone set. Then M
is maximal monotone if and only if X x X* = M+ Gph(—J).

Proof. Tt follows from Proposition 4.4.4(iii) that, for all (z,w) € X x X*, (z,w)
belongs to Gph(—.J) if and only if (—z, —w) €Gph(—J).

By Proposition 4.4.4(iv) and Theorem 4.4.1, we have that M is maximal
monotone if and only if for all (z,v) € X x X* there exists (y,u) € M such
that (y — z,u — v) € Gph(—J), which is equivalent, in view of the observation
just made, to (—y + x,—u + v) € Gph(—J), which in turn is equivalent to
(x,v) € M + Gph(—J), because (y,u) belongs to M. O

The result above can be also stated in the following way.

Corollary 4.4.6. Let X be reflezive and M C X x X* a monotone set. M is
mazximal monotone if and only if X x X* = M 4+ Gph(=\J) for all X > 0.

Proof. The “if” statement follows by taking A = 1 and using Theorem 4.4.5. For
the “only if” statement, take any (z,w) € X x X*. Apply Theorem 4.4.5 to the
maximal monotone set M)y := {(z,v) € X x X*|(z, \v) € M}, and use the fact that
(z, A"t w) € X x X* = M, +Gph(—J). This readily gives (z,w) € M +Gph(—=\J).
ad

A key result, proved by Minty in [153] for Hilbert spaces, is the fact that 7" is
maximal monotone if and only if R(T + J) = X*. Rockafellar extended this result
to reflexive Banach spaces for which both J and J~! are single-valued, in which
case the square of the norm is differentiable. This result is known as Rockafellar’s
characterization of maximal monotone operators. We emphasize that the require-
ment on J is not a restrictive one. Indeed, it has been proved by Asplund in [8] that
every reflexive Banach space X can be renormed in such a way that both .J and J~*
result single-valued, preserving the monotonicity and/or the maximality properties
of operators defined on X. However, this renorming result is quite involved, and
thus it is worthwhile to present alternative proofs of the above-mentioned result
that do not require a renorming of the space. The proof of the “only if” statement
of Rockafellar’s characterization of maximal monotone operators without renorming
the space is due to Simons, and is given in [206, Theorem 10.7]. We present this
proof below.
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Theorem 4.4.7. Assume that X is reflexive and T : X = X™* a point-to-set
mapping.

(i) If T is mazimal monotone, then R(T + J) = X*. Conversely, if T is mono-
tone, R(T +J) = X* and J and J~' are single-valued, then T is maximal
monotone.

(ii) If J and J= are single-valued, and either T is mazimal monotone or T is
monotone and R(T + J) = X*, then the operator (T + J)~' : X* = X is
single-valued, mazximal monotone, and continuous from the strong topology to
the weak topology.

Proof.

(i) Assume that T is maximal monotone. We must show that R(T'+J) = X*.
Take w € X*. From Theorem 4.4.5, we know that (0,w) € Gph(T') + Gph(—J).
This implies that there exists (x,v) € Gph(T), z € X, and u € Jz such that
(0,w) = (z,v) + (z,—u). In other words, x = —z and w = v — u. Because
J(—z) = —Jx by Proposition 4.4.4(iii), we get that

wev—J(z)=v+J(—2) CT(-2)+ J(—2z) CR(T + J).

Hence R(T' + J) = X*.

Suppose now that T is monotone, R(T + J) = X*, and J and J~! are single-
valued. This means that Jz is a point for all z € X and that the equality Jz = Jz'
implies z = z’. Take now (z,w) monotonically related to Gph(T'), in the sense of
Definition 4.2.3. In order to establish maximality of T', it suffices to check that w
belongs to Tz. Because R(T + J) = X*, we have that w + Jz € R(T + J). This
implies that there exists @ € D(T') such that w + Jz € (T + J)x, and hence there
exists u € Tz such that

w+Jz=u+ Jz. (4.9)

We show that (z,w) = (x,u) € Gph(T). Note that (4.9) implies that
O0=(z—z,(w+Jz)— (u+Jzx)) = (z —z,w—u) + (z —x,Jz — Jz). (4.10)

By monotonicity of T' and J (see Proposition 4.4.4(ii)), we conclude that both terms
on the rightmost expression in (4.10) vanish, which implies, in view of Proposition
4.4.4(ii), ||z|| = ||x||. Because ||Js|| = ||s| for all s € X, by Proposition 4.4.4(i), we
conclude that ||z|| = ||z|| = ||Jz|| = ||J||. Using this fact in (4.10) yields

0= (=Tl = (=, J2)) + (=l [[T2]] = (, T2), (4.11)
where both terms are nonnegative. So both terms in (4.11) vanish, implying
|J2]]2 = ||z||* = (Jz,z), and ||Jz|]? = ||z||* = (Jz,2). Because J is single-valued,

it follows from Proposition 4.4.4(i) that

Jr = Jxz. (4.12)
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Using (4.12) in (4.9) we obtain w = u. Applying now J~! to the equality Jzr = Jz
and using the fact that J~! is single-valued we get x = z, but then (z,w) belongs
to Gph(T') as claimed, and hence T' is maximal.

(ii) We begin by establishing that (7'+.J)~! is maximal monotone. Indeed, by
the first statement of item (i), applied to the maximal monotone operator (1/2)T,
we get R((1/2)T + J) = X*, which gives R(T'+2J) = R(T'+ J) + J) = X*. The
assumption on J and J~! allows us to use the second statement of item (i), applied
to the monotone operator 7'+ J, in order to conclude that it is maximal monotone,
in which case (T'+ J)~! is maximal monotone. Under any of the assumptions on
T in this item, we get R(T + J) = D((T + J)™!') = X*. We claim now that
(T + J)~! is single-valued. We proceed to prove this claim. Fix any v € X* and
take z,y € (T'+ J) *(u), so that u € (T + J)z and u € (T + J)y. Assume that
x # 7y. Because J~! is single-valued, we get Jx # Jy. By the definition of u, there
exists v1 € Tz and vy € Ty such that v = v; + Jx = vy + Jy. Thus, using the
monotonicity of T

0<(z—y Jo—Jy =(z—-yv2—v) <0

Using now the same argument as in (4.11), we get Jx = Jy, which is a contradiction.
Hence (T'+.J) ™! is single-valued. The mapping (7+.J) ™! is also maximal monotone
and everywhere defined, therefore we conclude from Theorem 4.6.4 that it is strong-
weak continuous. 0O

The assumption on J of the previous result cannot be dropped. Indeed, it
can be proved that when either J or J~! is not single-valued, the “if” statement of
Theorem 4.4.7 is not true. See [206, page 39] for more details.

Remark 4.4.8. In the statement of Theorem 4.4.7, T 4 J can be everywhere
replaced by T+ AJ, with A > 0. Indeed, let S be a maximal monotone operator
and fix A > 0. By Theorem 4.4.7, R(A"1S + J) = X*. It is elementary to check
that R(S+\J) = X*. It is also elementary that (A F)~!(u) = F~1(A~1u) for every
point-to-set mapping F and for every A # 0. Therefore (S+\J)~! is single-valued,
maximal monotone, and continuous if and only if (A™1S + J)~! is single-valued,
maximal monotone, and continuous.

The following result is due to Rockafellar [191]; we present here the proof given
in [206].

Theorem 4.4.9. Let X be a reflexive Banach space and T : X = X* a maximal
monotone operator. Then R(T) is convet.

Proof. Because R(T) is closed, it is enough to prove that 1/2(vy + v2) € R(T)
for all vi,vs € R(T'). Take vy,ve € R(T), and pick up z1,22 € D(T) such that
(x1,v1), (w2,v2) € Gph(T). Call (zg,v0) := ((z1 + 22)/2, (v1 + v2)/2). Fix A >0
and define the operator S : X =% X* as Sz := (1/A\)T(x + zo) — (vo/A). It is clear
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that S is maximal monotone (see Exercise 1), (1 —x2)/2, (x2 —x1)/2 € D(S), and

X1 — To V1 — Vg To —T1 V2 — U1
( o )( e )erh<S). (4.13)

On the other hand, by Theorem 4.4.7, we have that 0 € R(S + J) and hence there
exists )y € D(S) such that 0 € Szy + Jxzx. This implies the existence of some
wy € Jxy such that —wy € Sz and (wy,z)) = ||wy]|?. Rearranging the definition
of S and using the fact that —Aw) € ASz), we get

—dwy +vg € AS(z2) +vo € T\ + 20) C R(T). (4.14)

Let us prove that limy_.¢ [|[Awx|| = 0. Indeed, using (4.13) and the fact that —w) €

Sy, we get
V9 — V1 T2 —T1
—wy — — >
(o= (B5) - (2572)) 20

and

Summing up both inequalities and using the definition of wy, we get |Jwy||* =
(wyx, xx) < ((v1 — v2) /2, (1 — x2)/2), yielding

1
[Awall < 5\/)\@1 — V2,1 — T2),

proving that limy_,q [[Awyx]| = 0. In view of (4.14), vy € clR(T). This completes
the proof. 0O

The reflexivity of X allows us to obtain the same result for D(T).

Theorem 4.4.10. If X is a reflevive Banach space and T : X = X* is maximal
monotone, then D(T) is conve.

Proof. As commented on above, maximal monotonicity of 7~ follows from max-
imal monotonicity of T'. Clearly, if X is reflexive, then X™* is also reflexive. So
Theorem 4.4.9 applies, and hence R(T~1) is convex. The result follows from the
fact that R(T~') = D(T). O

We finish this section with a result, proved in [49], that extends one of the
consequences of the surjectivity property in Theorem 4.4.7 to operators other than
J. We first need a definition.

Definition 4.4.11. An operator T : X = X* is regular when sup(y, .)ccpn(r){T —
y,u—v) <0 for all (z,v) € D(T) x R(T).

Theorem 4.4.12. Assume that X is a reflexive Banach space and J its normalized
duality mapping. Let C,Ty : X = X* be maximal monotone operators such that
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(a) C is regular.
(b) D(Ty) N D(C) # 0 and R(C) = X*.
(¢) C+ Ty is mazimal monotone.

Then R(C +Tp) = X*.

Proof. The proof of this theorem consists of two steps:

Step 1.

In this step we prove the following statement: Let 77 be a maximal monotone
operator. If there exists a convex set F' C X* satisfying that for all u € F' there
exists y € X such that

sup (v —u,y — z) < o0, (4.15)
(z,v)€Gph(T1)

then F° C R(Th).

If F'° = () then the conclusion holds trivially. Assume that F° # (). By
Theorem 4.4.7(i) and Remark 4.4.8, for each f € F and each ¢ > 0, there exists z.
such that

fe (T +ed)(x), (4.16)

where J is the normalized duality mapping in X. Take v, € Jx. such that f—ev. €
Tyz.. Let a € X be such that (4.15) holds for y = a; that is, there exists § € R
with

(v—fa—2)<4¥ (4.17)

for all (z,v) € Gph(T1). For the choice (z,v) := (zc, f — ev.), (4.17) becomes
ellze]|? < e(ve, a) + 6. (4.18)

By Proposition 4.4.4(i), ||p||* —2(w, ¢) +||¢||* > 0, for any p,q € X, w € J(p). Thus,
(4.18) becomes

€ 5
sllzel® < 5llall* + 6,
which gives \/g||z.|| < r, for some 7 > 0 and £ > 0 small enough.
Now, take any f € F°, and let p > 0 be such that f + B*(0,p) := {f + ¢

||Lp|| < p} C F. By (4.15), for any ¢ € B*(0, p) there exists a(¢) € X a d
0(¢) € R such that

(v —(f+¢),alp) — 2) < 0(p) (4.19)

for all (z,v) € Gph(T}). Take f = f, #. = %, and 0, € JZ. in (4.16) and choose
(z,v) := (Ze, f — €0.) in (4.19), to get

(=€t — p,a(p) —Tc) < O(p). (4.20)

Rearranging (4.20) yields

(p,Z<) < 0() + (p,a(p)) + e(be, alp)) — ellc|?,
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which implies
(p.3) < 0(p) + {2,a(9)) + (la(@) 2 = [12I1).
Altogether, we conclude that
(. 32) < 0(p) + (p,a(9)) + Sla()]? (4.21)

where we look at Z. as a functional defined in X*. Taking ¢ = —¢ € B*(0,p) in
(4.21), we obtain a bound K (¢) such that

Z:(p)| < K() (4.22)

for all ¢ € B*(0, p). Define now z* := 7. for ¢ = 1/k. By (4.22), |2*(¢)| < K(p)
for all k. By the Banach—Steinhaus theorem (cf. Theorem 15-2 in [22]), there exists
a constant K such that |2¥(p)| < K for all k, and all ¢ € B*(0,p). This implies
that the sequence {z*} is bounded, and hence it has a subsequence, say {z*/} with
a weak limit, say z. Take v¥ € Jz% such that (4.16) holds for f = fand 2. = zki.
Observe that J maps bounded sets on bounded sets. So, there exists a subsequence
of {x*} (which we still call {z*i} for simplicity) such that

w — limjﬁooxk'f =z,
f-guh en(@h), (4.23)
W — lim]_)oof — kij’l)kj = f.

By Proposition 4.2.1(i) and maximal monotonicity of T7, we have that femn (Z).
Because f is an arbitrary element of F'°, the result of step 1 holds.

Step 2.

We prove now that the set F' = R(C)+ R(T}) satisfies (4.15) for the operator C'+Tj.
Take u € R(C) + R(Tp), « € D(C)N D(Tp) and w € Ty(x). Write u = w + (u — w).
Because R(C') = X*, we can find y € X such that (v —w) € C(y). Using now the
regularity of C', we know that given (v —w) € R(C) and x € D(C), there exists
some ¢ € R with sup(, s eqpn(c)(s — (u — w),z — z) < 0, which implies that

(s —(u—w),z—2) <40 (4.24)
for any (z,s) € Gph(C). Take z € D(Tp) N D(C) and v € Ty(z). By monotonicity

of Ty we get
(v—w,x—z) <0. (4.25)

Adding (4.24) and (4.25) we obtain
((s4+v)—u,z—2) <8,
for any s € C(z), v € Ty(2); that is, for any s +v =:t € (C + Tp)z. Therefore,

sup (t —u,x —z) < o0,
(z,t)eGph(C+Ty)

which establishes (4.15) for F' = R(C) + R(Tp) and Ty = C' + Ty. Now by step 1
and the fact that F' = X*, we obtain that C + Tj is onto. [
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4.5 Domains and ranges without reflexivity

In this section we present some results concerning the domain and range of a max-
imal monotone operator in an arbitrary Banach space. We start with a direct
consequence of the extension theorem of Debrunner and Flor, which states that a
maximal monotone operator with bounded range must be defined everywhere.

Corollary 4.5.1. Let T : X = X* be mazimal monotone and suppose that R(T)
is bounded. Then D(T) = X.

Proof. Let C be a weak™ compact set containing R(T') and fix x € X. Define
Y :C — X as ¥(v) = . Then ¢ is weak*™ strong continuous and by Theorem 4.3.1
there exists v € C such that the set {(¢(v),v)} U Gph(T) = {(x,v)} U Gph(T) is
monotone. Because T is maximal, we have v € Tz, yielding © € D(T). O

We need the following technical lemma for proving Theorem 4.5.3.

Lemma 4.5.2. Let D be a subset of a Banach space X. Then

(i) If (co D)° C D, then D° is convex.

(ii) If ) # (co D)° C D, then D = [(co D)°].

(iii) If {Cn} are closed and convex sets with nonempty interiors such that C,, C

Ch1 for all n, then
(UnChr)° C U,CS.

(iv) Let A,B C X. If A is open and AN B C B, then ANB C AN B.

(v) If D° is convex and nonempty, then D° = (D)°.

Proof.

(i) Combining the assumption with the fact that D C co D, we get (co D)° C
D C coD, and taking interiors in the previous chain of inclusions we obtain
(coD)° C D° C (coD)°, so that D° = (co D), implying that D° is the interior of
a convex set, hence convex.

(ii) It is well-known that if a convex set A has a nonempty interior, then

A = (A°) (see, e.g., Proposition 2.1.8 in Volume I of [94]), so that A C (A°).
Taking A = co D, we get that

D c D C [(coD)°]. (4.26)

On the other hand, because (co D)° C D by assumption, we have that

[(co D)°] C D. (4.27)

By (4.26) and (4.27), [(co D)?] is a closed set containing D and contained in D.
The result follows.
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(ili) Take z € (U,Cp)° and suppose that z & U, (C,)°. In particular,
r € U,C, and hence there exists m such that z € C,, = @ c U,C8 = T.
The set T is a closed and convex set, and T' = T° U 9T. Because z € U, (Cy,)°,
we have x € 9T. Because T° # (), by Theorem 3.4.14(ii) there exists a supporting
hyperplane H of T" at x. In other words, x € H and T° = U,,C?, is contained in one
of the open half-spaces H, , defined by H. Thus, for all n we have that C,, = C9
is contained in the closure H of H, , and hence U, C,, C H. Taking interiors we
get (UnCp)°® C Hyy, but z € (U,C,)° and hence z € H, 1, a contradiction.

(iv) This property follows at once from the definitions.

(v) Assume that z € (D)°, so that 2 € D = D°UdD. If z ¢ D°, then
z € OD. Because D° # (), there exists a supporting hyperplane to D° at z. In
other words, there exists a nonzero v € X* such that (z,v) = o > (x,v) for all
r € D. Because z € (D)?, there exists r > 0 such that B(z,r) C D. Take now
T = z+3y € B(z,7) C D. So (z,v) = a+(r/2) > a, contradicting the separating
property of v. O

Now we are ready to prove the main theorem of this section, which states that
D(T)° is convex, with closure D(T'). This is a result due to Rockafellar [186]. The
proof of the fact that (a) implies (i) was taken from [172], and the remainder of the
proof is based upon the original paper [186].

Theorem 4.5.3. Assume that one of the conditions below holds:

(a) The set (co(D(T)))° # (.

(b) X is reflexive and there exists a point xy € D(T) at which T is locally bounded.
Then

(i) D(T)° is a nonempty convex set whose closure is D(T).

(ii) If D(T) = X, then D(T) = X.

Proof. We prove first that (a) implies (i). Call B, := {z € X | ||z]| < n} and
By = {v e X*||v|| <n}. For every fixed n, define the set

Sy :={z € B, |TxN B} # 0}.

We claim that C := (co D(T))° C D(T). We prove the claim in two steps.
Step 1. We prove that there exists ng such that C' C Uy, >p, (€05, )°, where (¢65,,)° #
() for all n > ng. It is easy to check that S, C S,11 and

D(T) = U,,S,, C U,T5S,,.

Because S,, C S, +1, we have €05, C ©0S5,,+1, and hence U,,c0S5,, is convex. Thus,
coD(T) C U, oS, and by definition of C, we get C' C co D(T') C U,,0S,,. Defining
C, := CN¢cosS, we can write

C= UnC'ru
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where each C), is closed relative to C. Inasmuch as C is an open subset of the
Banach space X, we can apply Corollary 2.7.5 and conclude that there exists ng
such that (C,,)° # 0. Because the family of sets {C),} is increasing, it follows that
(Cy,)° # 0 for all n > ng. Because Cy, D C), for p < ng, we obtain

C= UnZnoCn C UnZnOﬁSn,

where (205,)° D (C,)° # 0 for all n > ng. Taking interiors and applying Lemma
4.5.2(iii) we conclude that
C' C Up>n, (€05,)°,

which completes the proof of the step.

Step 2. We prove that (¢0S5,)° C D(T) for all n > ng, with ng as in step 1. Fix
n > ng. Note that, because (c6S,)° # 0 by step 1, we get that S,, # 0. Then, the
definition of S, yields R(T') N B,,* # 0. Define

My = {(z,v) € Gph(T) | ||v]| < n} = {(z,v) € Gph(T) | v € B,"}.

Note that M, Cc X x B,” is a nonempty monotone subset of X x B,*. Take now
xo € (C0S,)° and define the family of subsets of X*:

An (o) :={w € X* [ (w —u,z0 —y) 2 0V (y,u) € Gph(T), [[ul| < n}

={we X" | (w—u,z0—y) >0V (y,u) € M,}.

It is clear from this definition that A, +1(x0) C An(zo) for all n > ng, and that
T(x0) C An(zg). Moreover, A, (zg) is weak™ closed for all n > ng, because it is
an intersection of closed half-spaces in X*. In order to prove that each A, (zg)
is not empty, consider the function ¢, : B,” — X defined as ¢, (v) = x¢ for all
v € B,". Clearly, ¢, is weak* strong continuous. By Theorem 4.3.1, we conclude
that there exists v, € B,* such that {(¢n(vn),vn)} UM, = {(zo,v,)} U M, is
monotone. Hence there exists v, € A,(x0). Now we claim that each A, (x¢) is
weak™ compact. Because xg € (C05,)°, there exists € > 0 such that B(xg, ) C T0.5,.
Fix w € A,,(x¢). Then, for all (y,u) € Gph(T),

(w,y = x0) < (u,y — w0) < (u,y) — (u, 20) < (u,y) +n, (4.28)
using the facts that ||u|| <n and 2y € S, C B,,. Taking y € S,,, we get from (4.28)
(w,y — x0) < 2n?. (4.29)

The inequality in (4.29) yields S, C {z € X | (w,z — z0) < 2n?}. Because {z €
X | {(w,z — x0) < 2n?} is convex, we have that

TS, C{z € X | (w,z — xo) < 2n%}. (4.30)

Now take h € X with ||h|| < ¢, so that zg + h € B(xg,c) C ©6S,. Using (4.30), we
get
{(w, h) = (w, (xg + h) — 20) < 2n>.
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Therefore, ef|w|| = supy,<.(w,h) < 2n2. This gives ||w| < (2n?/e), and hence
Ay (z0) € B(0,2n2/¢), which implies that for each n > ng, the set A, (x¢) is weak*
compact, establishing the claim. Because A,,11(zo) C An(zg), we invoke the finite
intersection property of decreasing families of compact sets, for concluding that
there exists some vy € Np>n, An (o). We claim that (g, vg) is monotonically related
to Gph(T'), in the sense of Definition 4.2.3. We proceed to prove the claim. Take
(y,u) € Gph(T'). There exists p > ng such that ||u|| < p. Because vy € A,(x0), we
have (vg — u,zg — y) > 0, and the claim holds. By maximality of T', vy € T'(xg),
which yields zg € D(T'), completing the proof of step 2.

It follows from steps 1 and 2 that C' C D(T'), and so C' is convex by Lemma
4.5.2(i). The fact that the closure of C' is the closure of D(T) follows from Lemma
4.5.2(ii) with D = D(T), and hence we have established that (a) implies (i). Next
we prove that (b) implies (i). Take zg € D(T) at which T is locally bounded, and
an open and convex neighborhood U of z( such that T'(U) is bounded. Because X
is reflexive we can use weak instead of weak® topology. Call B the weak closure
of T(U). Then B is weakly compact by Theorem 2.5.16(i). The latter result also
implies that B is bounded. By [186, Lemma 2], T~%(B) = {z € X |Tx N B # 0}
is weakly closed. We claim that U C D(T). Otherwise, the definitions of B and U
yield

UNnD(T)c T-YB) c D(T).
Because T~ 1(B) is weakly closed, we get
UND(T)c T YB) c D(T).
By Lemma 4.5.2(iv) applied to A := U and B := D(T') we obtain
UND(T) CcUND(T). (4.31)

Thus, every boundary point of D(T') that is also in U must belong to D(T'). By
Theorem 4.4.10, the set D(T') is convex. By Corollary 5.3.13, the set of points of
D(T) at which D(T') has a supporting hyperplane is dense in 9D(T"), and hence
some of those points belong to U. Using (4.31), we conclude that those supporting
points are in D(T'). Now the same argument used in the last part of the proof of
Theorem 4.2.10(ii) can be used to prove that Tz is unbounded, which contradicts
the fact that T'(U) is bounded. The statement (ii) of the theorem follows from the
facts that @ £ U C D(T)° and that (a) implies (i).

For proving that (a) or (b) imply (ii), we show that (i) implies (ii). We proved
already that (D(7))° is a nonempty convex set, so that (co D(T))° = (D(T))°, and
hence, by Lemma 4.5.2(ii), we have

D(T) = (D(T))°. (4.32)

Applying now Lemma 4.5.2(v) to the set A := (D(T))°, we get from (4.32),
(D(T))* = ((D(T))°)° = (D(T))°.

Because D(T) = X by the assumption of conclusion (i), we get X = (D(T))° from
which X = D(T) follows immediately. 0O
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4.6 Inner semicontinuity

In this section we study inner-semicontinuity of a maximal monotone operator. We
follow the approach of [171]. The next result is a stronger version of Theorem 4.2.10.

Theorem 4.6.1. Let X be a Banach space with dual X*, and T : X = X* a
mazximal monotone operator such that (co D(T))° # 0. Then

(i) D(T)° is convex and its closure is D(T).
(11) T is locally bounded at any x € D(T)°.
(iti) For all z € D(T)\ (D(T))°:

(a) There exists a nonzero w € Npr)z.
(b) Tz + Npryz CTz.
(¢) T is not locally bounded at z.

Proof. Ttem (i) is just a restatement of Theorem 4.5.3(i) and item (ii) follows
from Theorem 4.2.10(i). In view of Theorem 4.2.10(ii), for establishing (iii) it
suffices to prove that under the new assumption we have D(T)° = (coD(T))°.

Because D(T')° C D(T) € D(T'), we have co (D(T')°) C co D(T) C coD(T). By (i),

D(T)° is convex, and D(T) is the closure of the convex set D(T)°, hence convex by
Proposition 3.4.4. Thus,

D(T)° c coD(T) c D(T). (4.33)
Let A = D(T')°. Taking closures throughout (4.33) and using again the fact that

A = D(T), we get wD(T) = A, so that (@oD(T))° = A° = A, using Proposition
3.4.15 in the last equality. In view of the definition of A, the claim holds. O

Next we recall a well-known fact on convex sets.

Lemma 4.6.2. Let C be a convexr set. If v € C° and y € C, then
azr + (1 —a)y € C° for all a € (0,1].

Proof. See, for instance, Theorem 2.23(b) in [223]. 0O

Theorem 4.6.3. Let T : X == X* be mazximal monotone and suppose that
(co(D(T)))° #0. Then

(i) T is not (sw*)-1SC at any boundary point of D(T).

(ii) Tx is a singleton if and only if T is (sw*)-1SC at x.

Proof.
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(i) Let @ € D(T) be a boundary point of D(T"). Theorem 4.6.1(iii-a) implies
that there exists a nonzero element w € Np(r)(z). Therefore,

D(T)C{ze X |{w,z) < (w,z)}. (4.34)

By Theorem 4.5.3(i), (D(T'))° is a nonempty convex set and, taking interiors in
both sides of (4.34), we get

(D(T)’ c{ze X|(w,z) < (w,x)}. (4.35)

Fix y € (D(T))°. By (4.35), there exists o < 0 such that (w,y — z) < a. Because
Np(ry(x) is a cone, we can assume that w € Np(p)(z) is such that (w,y —z) < —1.
Suppose now that T" is (sw*)-I1SC at 2 and fix u € Tz. Because Tx + Nppryz C Tx
by Theorem 4.2.10(ii-b), we conclude that u + w € Tz. Define the sequence z,, :=
((n—=1)/n)x + (1/n)y, which strongly converges to = for n — co. By Lemma 4.6.2,
{zn} C (D(T))°. By (sw*)-inner-semicontinuity of 7" at x, we have

Tz C limint Tx,,. (4.36)
neN

Combining the above inclusion with the fact that u + w € Tz, we conclude that
every weak® neighborhood of « + w must meet the net of sets {T'z,},, eventually.
Consider the weak™ neighborhood of u + w (see (2.19)) given by

Wi={zeX": |[(z— (ut+w),y— )| <%}

By (4.36) we have that there exists ng € N such that W N Tx; # 0 for all j >
ng. Define now the net {v;};>n, such that v; € W N Tx; for all j > ny. By
monotonicity and definition of x; we can write

0 < (vj—uwzj—1z)= (v — (u+w),r; —x)+(w,x; —T)
= %(vjf(u+w),yfx>+%<w,yfx>
< zij—%<0,

where we also used the definition of W in the inequality. Having thus arrived at a
contradiction, we conclude that T' cannot be (sw*)-ISC at a point z in the boundary
of D(T).

(ii) Assume first that Tz is a singleton. Then we must have x € D(T)°.
Because T' is maximal monotone and z € D(T')°, we have by Corollary 4.2.12 that
T is (sw*)-outer-semicontinuous at z. So we are in the conditions of Proposition
2.5.21(ii), which gives T' (sw*)-upper-semicontinuous at . Using now Proposition
2.5.21(iii) we get (sw*)-inner-semicontinuity of 7" at z. Conversely, assume that 7" is
(sw*)-1sC at . Suppose that there exist vy, vo € Tz, with w := v; — vy # 0. Thus,
there exists z € X such that (w, z) = a > 0. Define the sequence z,, := = + (z/n).
Then {z,} converges strongly to xz. Because T is (sw*)-ISC at z, we must have
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T(x) C w* —limint, T'(z,). Because the set W :={u € X* : |(v2 — u, 2)| < a/2}
is a weak™ neighborhood of ve € T'(z), there exists ng € N such that

WNT(x,) #0, foralln > ng.

Choose u, € WNT(x,) for all n > ng. Then we have

0 < <Un*U1>xn* >: < Ulaz>
= 1<un vg, 2) + _z< —v1,2)
< %f—<0

a contradiction, which implies that T'x is a singleton. 0
The following result can be seen as a converse of Theorem 4.2.4.

Theorem 4.6.4. Let X be a Banach space and T : X — X* a point-to-point
monotone operator such that (coD(T))? # 0. If T is mazimal, then D(T) is open
and T is continuous with respect to the strong topology in X and the weak™ topology
in X* at every point of D(T).

Proof. Assume that there exists a point € D(T') which is at the boundary of
D(T). Then by Theorem 4.6.1(iii-c) Tz is unbounded, contradicting the fact that
T is point-to-point. Therefore, D(T') C (D(T))° and hence D(T') is open. Fix
x € D(T). From Theorem 4.6.3(ii) and the fact that Tz is a singleton we know
that T is (sw*)-1sC. Because T is maximal and « € D(T) = D(T)?, it is (sw*)-0sC
at x by Corollary 4.2.12, and the conclusion follows. 0O

A remarkable property of maximal monotone operators is that, for a large
class of Banach spaces, they are point-to-point except in a “small” subset of their
domains. The required assumption on the Banach space X is the separability of its
dual X*, meaning the existence of a countable dense subset of X* (recall that in
a metric space separability is equivalent to the second countability axiom, i.e., the
existence of a countable base of open sets). Among the Banach spaces with separable
dual, we mention the spaces ¢, and LP[c, f] with 1 < p < 00 (o < f € R), and
more generally, all reflexive separable Banach spaces. An example of a nonreflexive
Banach space that also enjoys this property is the space ¢ of sequences with a finite
set of nonnull terms, with the norm of the supremum, whose dual is the separable
space £1.

We prove in the next theorem that the subset where a maximal monotone
operator is single-valued is, generally speaking, much “larger” than a dense set.
We need some preliminary definitions in order to introduce the appropriate class of
“large” sets.

In the following three definitions, X is a Banach space with dual X*.

Definition 4.6.5. Given 0 # z € X* and a € (0,1), the revolution cone K (z, «)
is defined as K(z,a) ={zx € X : (z,z) > a|z| ||2]]}-



148 Chapter 4. Maximal Monotone Operators

When X is a Hilbert space, we can geometrically describe K (z,x) as the set
of points in X that make an angle with z not bigger that arccosa. In general,
we say that z is the azis and arccosa is the angle of K(z,«). It is easy to check
that revolution cones are closed and convex and that K(z,«)° = {z € X : (z,2) >

allz| =[]}

Definition 4.6.6. Given o € (0,1), a subset C of X is a-cone meager if for
all x € C and all € > 0 there exists y € B(x,e) and 0 # z € X* such that
CNly+ K(z,a)] =0.

In words, C is a-cone meager if arbitrarily close to any point in C lies the
vertex of a shifted revolution cone with angle arccos a whose interior does not meet
C'. Clearly, a-cone meager sets have an empty interior for all a € (0,1). It is also
easy to check that the closure of an a-cone meager set has an empty interior. Note
that, because in the real line cones are halflines, for X = R an a-cone meager set
can contain at most two points.

Definition 4.6.7. A subset C of X is said to be angle-small if for any a € (0,1)
it can be expressed as a countable union of a-cone meager sets.

The closure of an a-cone meager set has an empty interior, therefore any angle-
small set is contained in a countable union of closed and nowhere dense sets, hence
it is of first category, but the converse inclusion does not hold: a first category set
might fail to be angle-small: in view of the observation above, angle-small subsets
of R are countable, although there are first category sets that are uncountable, for
example, the Cantor set. In this sense, angle-small sets are generally “smaller” than
first category ones, and so their complements are generally “larger” than residual
ones. We prove next that a monotone operator defined on a Banach space with
separable dual is point-to-point except in an angle-small set.

Theorem 4.6.8. Let X be a Banach space with separable dual X* andT : X = X*
a monotone operator. Then there exists an angle-small subset A of D(T) such that
T is point-to-point at all x € D(T)\ A. If in addition T is mazimal monotone, then
it is (ss)-continuous at all x € D(T) \ A.

Proof. Let A = {z € D(T) : lims_,o+ diam[T(B(z,9))] > 0}. We claim that A is
angle-small. Write A = U, enA,, with

A, = {x e D(T): 5h%1+ diam[T'(B(z, 9))] > l} . (4.37)
— n
Let {2z }ren € X* be a dense subset of X* and take « € (0, 1). Define
a
Anp = {x € A, d(z, T(x)) < E}' (4.38)

Because {z;} is dense, A, = UpenAn, so that A = Ug, pyenxnAn,k, and hence
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for establishing the claim it suffices to prove that A, ; is a-cone meager for all
(n,k) € N x N, which we proceed to do.

Take 2 € A, and ¢ > 0. We must exhibit a cone with angle arccosa
and vertex belonging to B(x,e) whose interior does not intersect A, ;. Because
x belongs to A, there exist § € (0,¢), points z!,2? € B(x,§), and points u' €
T(x'),u? € T(2?) such that ||u' —u?|| > 1/n. Thus, for any u € T(z) either
Hul qu > 1/(2n) or Hu2 qu > 1/(2n). Because d(z;,T(z)) < a/(4n), we can
choose z € T'(z) such that ||z — Z|| < «/(4n) and hence there exist y € B(x,¢) and
z € T(y) such that

1 o 1
sl > =2 =l =2 > — — = > — 4.
2= 2ell > 12 = 2l = ok = 2 > 5= — = > -, (4.39)
using the fact that « € (0, 1), together with (4.37) and (4.38). Let now z = Z — Z.
We claim that y + K(z, ) is the shifted revolution cone whose interior does not
meet A, ;. We must show that A, , N[y + K(z,«)°] = 0. Note first that

Y+ K(z,a)’ ={veX:(t—zv—y)>alt—z||v—yl} (4.40)
Take v € D(T) N[y + K(z,a)°] and v € T'(v). Then
[w— 2kl lo —yll = (u—zp,v —y) = (u— 2,0 —y) + (£ — 2,0 — y)
> (2 =z —y) > alz—al o -yl = v -yl (4.41)

using monotonicity of T' in the second inequality, (4.40) together with the fact that
v belongs to y + K (z,a)° in the third one, and (4.39) in the fourth one. It follows
from (4.41) that ||u — zk|| > «/(4n). Because u belongs to T'(v), we get from (4.38)
that v does not belong to A, ,. Hence, A, N[y + K(z,«)°] = 0, as required,
A, 1 is a-cone meager, and A is angle-small, establishing the claim. We claim
now that 7'(z) is a singleton for all z € D(T) \ A. Take x € D(T') \ A. Because
diam[T'(B(z,t))] is non increasing as a function of ¢, if ¢ A then the definition
of A implies that lims_ o+ diam[T(B(z,0))] = 0. Because T'(z) C T(B(x,¢)) for
all § > 0, we get diam[T'(x)] = 0, so that T'(z) is a singleton. We have proved
single-valuedness of T" outside an angle-small set.

We establish now the statement on continuity of 7" in D(T') \ A. In view of
Theorem 4.6.3(ii), T is (sw*)-1sc, and a fortiori (ss)-1sc, in D(T') \ A, where it
is single-valued. By Proposition 4.2.1(ii), T is (ss)-0sCc. We conclude that T is
(ss)-continuous at all z € D(T)\ A. O

The subdifferential of a convex function f defined on an open convex subset
of a Banach X space is monotone, as follows easily from its definition, therefore
it reduces to a singleton outside an angle-small subset of its domain when X* is
separable, as a consequence of Theorem 4.6.8. It can be seen that a convex function
is Fréchet differentiable at any point where its subdifferential is a singleton (see
Proposition 2.8 and Theorem 2.12 in [171]). A Banach space X is said to be an
Asplund space if every continuous function defined on an open convex subset U of
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X is Fréchet differentiable on a residual subset of U. It follows from Theorem 4.6.8
and the above-discussed relation between angle-small and residual sets that Banach
spaces with separable duals are Asplund spaces. In fact the converse result also
holds: a space is Asplund if and only if its dual is separable (see Theorem 2.19 in

[171).

4.7 Maximality of subdifferentials

We already mentioned at the end of Section 3.5 that the subdifferential of a proper,
convex, and Isc function is maximal monotone. This result, due to Rockafellar [189],
is one of the most important facts relating maximal monotonicity and convexity. In
fact, it allows us to use subdifferentials as a testing tool for all maximal monotone
operators. The proof of the following theorem given below is due to Simons [204,
Theorem 2.2].

Theorem 4.7.1. If X is a Banach space and f : X — RU{oco} a proper and lower-
semicontinuous convex function, then the subdifferential of f is maximal monotone.

Proof. 1t follows easily from Definition 3.5.1 that (x — y,u —v) > 0 for all z,y €
Dom(f), all w € df(x), and all v € df(y), establishing monotonicity of df. We
proceed to prove maximality. We claim that for every zo € X, and every vy ¢
Of (xg), there exists (z,u) € Gph(T) such that (xg — z,v9 — u) < 0. We proceed to
prove the claim. Fix xp € X and vo & 9f(x9). We must find (z,u) € Gph(7T') which
is not monotonically related to (zg,vp). Define g : X — R as g(y) := f(y) — (vo, y).
Then vy & Of(xo) if and only if 0 ¢ 9Jg(xo), in which case xg is not a global
minimizer of g; that is,

inf .
;gxg(w) < g(xo)

Using now Corollary 5.3.14, applied to the function g, we conclude that there exists
z € Dom(g) = Dom(f) and w € dg(z) = df(z) — vy such that

g(z) < g(zo) and (w,z—x0) <O. (4.42)

Because w € dg(z) = df(z) — vg, there exists u € 9f(z) such that w = u — vy. In
view of the rightmost inequality in (4.42), we get

(xo — 2,00 —uy = (xg — 2, (—w)) <0,

proving that (z,u) € Gph(T') is not monotonically related to (zg,vp). We have
proved the claim, showing that no pair (x0,v9) can be added to Gph(7) while
preserving monotonicity. In other words, 7' is maximal monotone. This completes
the proof. 0O

Corollary 4.7.2.

(i) If X is a Banach space and f : X — RU{oco} a proper and lower-semicontinuous
strictly convex function, then the subdifferential of f is mazximal monotone and
strictly monotone.
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1) A strictly monotone operator T : X = X* can have at most one zero.
(it) y i

Proof. Ttem (i) follows easily from Definitions 3.4.2(c), 4.1.2, and Theorem 4.7.1.
For (ii), assume that 0 € To N Ty with « # y. It follows from Definition 4.1.2 that
0= (xr—y,0—0) >0, a contradiction. O

Next we establish maximal monotonicity of saddle point operators, induced
by Lagrangians associated with cone constrained vector-valued convex optimization
problems.

Let X; and X5 be real reflexive Banach spaces and K C X5 a closed and
convex cone.

Definition 4.7.3. A function H : X; — X3 is K-convex if and only if aH (x) +
(1—a)H(')— H(ax+ (1 —a)x’) zZ 0 for all x,2' € X1 and all « € [0,1].

An easy consequence of this definition is the following generalization of the
gradient inequality.

Proposition 4.7.4. If H : X1 — X5 is K-convex and Gateaux differentiable, then
H(z) — H(z') — H'(2')(x — ') € K for all x,2' € X1, where the linear operator
H'(z") : X1 — X3 is the Gateauz derivative of H at .

Proof. Elementary from the definition of K-convexity (see, e.g., Theorem 6.1 in
[57]). O

The problem of interest is
min g(x) (4.43)

st. —G(z) € K, (4.44)
with g : X1 — R, G : X7 — Xo, satisfying
(A1) g is convex and G is K-convex.

(A2) g and G are continuously Fréchet differentiable functions with Géateaux deriva-
tives denoted ¢’ and G’, respectively.

We recall that the positive polar cone K* C X3 of K is defined as K* =
{y € X5 : {y,z) > 0Vz € K} (cf. Definition 3.7.7). We define the Lagrangian
L: Xy xX;—R, as
L(l‘,y) = g(.’L‘) + <y7 G(fL‘)), (445)
where (-, -) denotes the duality pairing in X; x X5, and the saddle point operator
Tr: X1 x X5 = X! x Xy as

Ti(x,y) = (9'(x) + [G'(2)]"(y), —G(z) + Nk-(y)), (4.46)

where [G'(z)]* : X3 — X7 is the adjoint of the linear operator G'(z) : X; — Xo
(cf. Definition 3.13.7), and Nk« : X3 = X5 denotes the normality operator of the
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cone K*. Note that T, = (0,L,0,(—L) + Ng-), where 0L, 0y(—L) denote the
subdifferentials of L(-,y), —L(z, -), respectively.

In the finite-dimensional case (say X; = R", Xo = R™), if G(z) = (¢1(x), ...,
gm(x)) and K = R, then L reduces to the standard Lagrangian L : R" x R* — R,
given by L(z,y) = g(x) + >~ ¥:g:(x). See a complete development of this topic
in Sections 6.5, 6.6, and 6.8. In Chapter 6 we need the following result.

Theorem 4.7.5. The operator Ty, defined by (4.46) is mazimal monotone.

Proof. In order to establish monotonicity of T, we must check that

0< <(u’ w) - (ulvw/)v (xvy) - (xlvy,» (447)

for all (z, ) ',y') € D(Ty), all (u,w) € Tr(x,y), and all (v/,w’) € Tr(2',y'). In
view of (4.4 ), (4.47) can be rewritten as
0 < (J(x) - ( )796—%’) +(G'(2)'y = G'(@)y @ — ')
= (g'(x) - ( ) — ') + (4, G(2') - G(x) = G'(x) (2" —x)) '
+{, Gz ) —G@) -G )z —2") + (y -y, v—0),

for all (z,y),(z',y’) € D(TL), all v € Ng=«(y), and all v/ € Ng-«(y'), using the
definition of the adjoint operators G’(z)*, G'(z')* in the equality.

We look now at the four terms in the rightmost expression of (4.48). The
first one and the last one are nonnegative by Theorem 4.7.1, because g is convex,
and N« is the subdifferential of the convex function dx«. By definition of 77, and
Ng«, D(T1) = X1 x K*, so that we must check nonnegativity of the remaining
two terms only for y,y’ € K*. By K-convexity of G and Proposition 4.7.4, we have
Gx)-G@') -G (@) (z—2") e K, G(z') — G(z) — G'(z)(2’ —z) € K, and thus the
two middle terms in the rightmost expression of (4.48) are nonnegative by definition
of the positive polar cone K*.

We have established monotonicity of 77, and we proceed to prove maximality.
Take a monotone operator T' such that 77, C T. We need to show that 1:\ =Ty, for
which it suffices to establish that given (x,y) € X1 x X3 and (u,w) € T(x,y), we
have in fact (u,w) € Tr(z,y); that is, u = ¢'(z) + G'(z)*y, w = —G(x) + v with
v € Ng«(y). Defining a :=u—¢'(x) — G'(z)*y, b := w+ G(x), it is enough to prove
that « = 0, b € Nk« (y). Because (u,w) belongs to f(x,y) and T, C f, we have,
by monotonicity of f,

0 < <(uaw) - (ulaw/)> (x,y) - (l’/,y/»
for all (z/,y') € X x X3 and all (v/,w') € Tr(2',y"); that is, by definition of 17,
taking into account the definitions of a and b given above,
0 < (9(x) —g'(@) + G (2)y - G' (@)Y + a2 — ')
+y -y, G@) - Gz) +b—0'),

for all («/,y") € X x X35 and all v' € Ng«(y'). Take first 2’ = z, so that (4.49)
reduces to 0 < (y — ¢y/,b — ') for all v/ € Ng-(y'). Because Ng+ = Ok~ is

(4.49)
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maximal monotone by Theorem 4.7.1, we conclude that b belongs to Ng+(y),
because otherwise the operator N, defined as N(z) = Ng-(z) for z # y, and
]V(y) = Nk~ (y) U {b}, would be a monotone operator strictly bigger than N-.

It remains to prove that a = 0. Take now 3’ =y, 2’ = x + ta, with ¢t > 0.
Then, (4.49) becomes

0 < t(g'(x + ta) — g'(z),a) + t(y, [ (x + ta) — G’ (x)]a) — t[|al|”. (4.50)

using again the definition of the adjoint operators G'(z)*, G'(2’)*. Dividing both
sides of (4.50) by ¢t > 0, and taking the limit with ¢ — 0T, we obtain, using A2,
0 < —|la]|*, so that @ = 0. We have proved that (u,w) belongs indeed to T%(z, ),
and thus 77, is maximal monotone. O

4.8 Sum of maximal monotone operators

The subdifferential of the sum of two convex functions may not be equal to the sum
of the subdifferentials, unless some “constraint qualification” holds (see Theorem
3.5.7). This happens because the sum of the subdifferentials may fail to be maximal.
In the same way, if we sum two maximal monotone operators, it is clear that the
resulting operator will be monotone, but it may not be maximal. For instance, if
the domains of the operators have an empty intersection, then the domain of the
sum is empty, and hence the sum will never be maximal. Determining conditions
under which the sum of maximal monotone operators remains maximal is one of
the central problems in the theory of point-to-set mappings. Most of the results
regarding this issue hold in a reflexive Banach space, and very little can be said
for nonreflexive Banach spaces. Therefore, we restrict our attention to the reflexive
case. The most important result regarding this issue is due to Rockafellar [190],
and establishes the maximality of the sum of maximal monotone operators when
the interior of the domain of one of the operators intersects the domain of the other
one. There are weaker constraint qualifications that ensure (always in reflexive
spaces) maximality of the sum (see, e.g., [11, 64]). However, they are in nature
very similar to the original one given by Rockafellar. Before proving Theorem 4.8.3,
we need some preliminary results, also due to Rockafellar. All the proofs of this
section were taken from [190]. We have already mentioned that every reflexive
Banach space can be renormed in such a way that J and J~! are single-valued (see
[8]). Throughout this section we always assume that the norm of X already has
these special properties.

Proposition 4.8.1. Let X be reflexive and T : X = X* a mazimal monotone
operator. If there exists v > 0 such that (v,x) > 0 whenever ||z| > r and (x,v) €
Gph(T), then there exists x € X such that 0 € Tx.

Proof. Call B, := {x € X | ||z|| < r}. The conclusion of the theorem will follow
from the fact that 0 € T'(B,.). The set T'(B,.) is weakly closed in X (see [186, Lemma
2]). So for proving that 0 € T'(B,) it is enough to show that 0 € T'(B,). In other
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words, we prove that for every € > 0 there exists u € T(B,) such that ||u| <e. By
Theorem 4.4.7 and Remark 4.4.8, we know that (T + (¢/r) J) is onto. This means
that there exists € X such that

0e (T + ; J) z. (4.51)

By (4.51) and the definition of J we can write 0 = u+ (¢/r) Ja with u € Tz, which
gives
—€ —€, 19
(x,u) = T<(£, Jx) = T||x|| < 0. (4.52)

It follows from (4.52) and the hypothesis of the theorem that ||z| < r, implying
that uw € Tz C T(B,) and also

€ €
= 2| Jz|| = = ||z|| < e,
lull = S )7l = Sl < e
yielding ||u|| < . Because € > 0 is arbitrary, we proved that 0 € T'(B,) = T(B,)
and hence the conclusion of the theorem holds. [

Theorem 4.4.7 and Proposition 4.8.1 show that the “perturbations” T + A\J
with A > 0 are a very important device for analyzing and understanding 7. Another
important way of perturbing 7" is by “truncating” it. More precisely, for each r > 0,
denote N, the normality operator associated with the set B, := {x € X | ||z|| < r},
where the norm has the special property that both J and J ! are single-valued. As
observed before, N, is the subdifferential of the indicator function of B, and hence
N, is maximal monotone by Theorem 4.7.1. Recall that N,(x) = {0} whenever
|lz|| <7, Ny(x) =0 when ||z| > r, and also

Ny(z):={AJz| A>0} when ||z|| =r, (4.53)
by Proposition 4.4.4(v), using the fact that J is single-valued.

Proposition 4.8.2. Let X be reflexive, and T : X = X* a monotone operator
such that 0 € D(T). Let N, : X = X* be the normality operator of the set
B, ={z € X : ||z|| < r}. If there exists 1o > 0 such that T + Ny, is mazimal for
every v > 1o, then T is mazimal.

Proof. Replacing T by T'(-) —v, where v € T'(0), we can assume that 0 € T(0). Let
J be the duality mapping with the properties described above. In order to prove
that T is maximal, we show that R(T + J) = X*, and hence the conclusion follows
from Theorem 4.4.7. Take any u € X*. We must find « € X such that u € (T+.J)z.
Take r > ro such that ||u|| < r. By assumption, T'+ N, is maximal monotone, and
hence there exists € X such that

ue(T+N.+J)x=(T+ N,)x+ Jx. (4.54)

Because © € D(N,), ||z|| < r. We claim that ||z| < r. Indeed, if ||z| = r then by
(4.53) we get uw € (T + N, + J)x = Tz + (1 + \)Jx. So there exists v € Tz such



4.8. Sum of maximal monotone operators 155

that v = v + (1 + A\)Jz, in which case
(u,2) = (v + (L+ N Jz,2) = (v,2) + (1 + N {(Jz,2) > (1 + \)||z|]?,
using the definition of J and the fact that 0 € T'(0). Therefore
L+ Ml* = @+ NIz, 2) < (u2) < [Jullllz] <], (4.55)

using the fact that ||u|| < r. Rearranging (4.55), we obtain ||z|| < (1+ \)~!r < r.
Because ||z|| < r, N,(z) = 0, which in combination with (4.54) gives u € (T + J)z
as required. 0O

We are now ready to present the main theorem of this section.

Theorem 4.8.3. Assume that X is reflexive and let T1,Ty : X = X* be maximal
monotone operators. If D(T1) N D(13)° # 0, then Ty + Ty is mazimal monotone.

Proof. We consider first the case in which D(7T%) is bounded. Recall that the norm
on X is such that J and J~! are single-valued. By translating the sets D(77) and
D(T5) if necessary, we can assume that 0 € D(Ty) N D(T3)°, and there is also no
loss of generality in requiring that 0 € 77(0). We claim that R(Ty +T» + J) = X*.
We proceed to prove the claim. Given an arbitrary v € X*, we must find z € X
such that w € (T + T2+ J)z. Replacing T5 by T»(+) —u, we can reduce the argument
to the case in which u = 0; that is, we must find z € X such that 0 € (Th + T2+ J)z,
which happens if and only if there exists a point v € X* such that

—ve((Th+(1/2)))x and wve (T +(1/2)J)x. (4.56)
Define the mappings 51,52 : X* = X as

Si(w) = —(T1 + (1/2)J) " (~w),
So(w) = (To + (1/2)J)" (w).

By Theorem 4.4.7(ii), S; and Sy are single-valued maximal monotone operators,
such that D(S;) = D(S2) = X*. By Theorem 4.6.4, S; and Sy are continuous
from the strong topology in X* to the weak topology in X, and hence S; + So
is monotone, single-valued, and continuous from the strong topology in X* to the
weak topology in X, and such that D(S; 4+ S2) = X*. Thus, we can apply Theorem
4.2.4 to the operator T := 57 + So, and conclude that S; + Sy is maximal. It is
easy to check that the existence of x € X and v € X* verifying (4.56) is equivalent
to the existence of some v € X* verifying

0e (Sl + SQ)U. (457)

Because 0 € T1(0) and 0 = J(0), we have that 0 € (71 + (1/2).J)(0) and hence
0 € 51(0). Thus, by monotonicity of S; we have

(S1(u),u) >0, forall we X" (4.58)
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On the other hand, R(S2) = D(T> + (1/2).J) = D(T3) is bounded by assumption.
Because 0 € (D(T2))°, we also have that 0 € (R(S2))°. We claim that these
properties imply the existence of some r > 0 such that

(S2(u),u) >0 (4.59)
for all ||u|| > r. We prove the claim. Sy is monotone, thus we have that
(92(v) = Sa(u),v —u) 20,

which gives
(S2(v),v) = (S2(u), v) + (S2(v) = Sa(u), ). (4.60)

Because R(S2) is bounded, there exists 71 > 0 such that R(S3) C B,,, and hence
(S2(v) — Sa(u), u) < 2ry||ull. (4.61)

We noted above that 0 € (R(S2))° = (D(S5'))°. By Theorem 4.2.10(i) this implies
that S, ' is locally bounded at 0. Therefore there exists ¢ > 0 and r5 > 0 such that
Sy Y (B.) C B,,; that is, B. C So(B,,). By (4.61) and (4.60) we have

(Sa2(v),v) > (Sa(u),v) — 21 ra, (4.62)
for all u € B,,. Combining this with the fact that B. C Sa3(B;,), we get

(S2(v),v) > sup (S2(u),v) —2r112
ue ()

= sup (n,v) —2ryre > sup (w,v) —2ryre = e ||v|| — 2ry g,
1€S>(Bry) weB.

and the rightmost expression is nonnegative when ||v|| > (2rir2)/e. Therefore the
claim is true for r := (2ryrg)/e; that is, (4.59) holds for this value of ». Now we
combine (4.59) with (4.58), getting

((S1 4+ S2)(u),u) >0, forall |ul>r

and then by Proposition 4.8.1 applied to T := (S7 + S2) we conclude the existence
of some v € X* such that (4.57) holds, completing the proof for the case in which
D(T5) is bounded.

Now we consider the general case. Again, we assume without loss of generality
that 0 € D(T1) N D(T%)° and that 0 € T1(0). For r > 0 consider the mapping
N, defined as the normality operator of B, = {z € X : ||z|| < r}. Note that
0 € (D(N,))° for all » > 0. Because 0 € D(1»), we get D(T3) N (D(N,.))° # 0 for
all » > 0. Clearly D(N,) = B,, which is a bounded set. Applying the result of
the theorem, already established for the case of bounded D(T3), we conclude that
T5 + N, is maximal for all » > 0. Note that

0 € (D(T2)) N (D(N:))? < (D(T2) N D(N;))” = (D(Tz + N;.))°.
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Also 0 € D(Ty), thus we get 0 € D(T1) N (D(T> + N,))°. Because D(T> + N,) C
D(N,), which is bounded, we can use again the result for the case of bounded
D(T3), and obtain that T} + (T3 + N;-) is maximal monotone for all » > 0. Finally,
we apply Proposition 4.8.2 for concluding that T} + 75 is maximal monotone. 0

When X is finite-dimensional, the requirement on the domains can be weak-
ened to ri D(T1) NriD(T%)° # (). For proving this result, we need the following
tools. Recall that, given a proper subspace S of a finite-dimensional vector space
X, the quotient X/S+ is defined as

m(z) € X/S+ ifandonly if 7(z)={z'€X|z—2 €St}

The quotient induces a partition of X as the disjoint union of the sets {z+S5+}.cs =
{7(2)}2es. Thus we can see X as the disjoint union of all the parallel translations
of S+. Tt is a basic algebraic fact that X/S* can be identified with S, which in turn
can be identified with the dual of S. Let T': X =% X be a point-to-set mapping,
and assume, without loss of generality, that 0 € D(T'). Let S be the affine hull of
D(T), which in this case is a linear subspace. We can associate with T' the mapping
T:8 = X/S* defined as

T(z) = {r(y) |y € Tx}. (4.63)

We abuse notation by writing m(z) = z 4+ S+, so that (4.63) also reads T'(z) =
Tx + S+. Consider the duality product in S x X/S* given by

(x,7(y)) := (z,y) = (x, Ps(y)),

where Ps : X — S is the orthogonal projection on S. The following lemma shows
that maximality is preserved when passing from T to T.

Lemma 4.8.4. Assume that X is finite-dimensional and let S be a proper subspace
of X. Let T : X = X be a monotone operator such that S is the affine hull of
D(T). If T is the operator defined by (4.63), then T is also monotone. In addition,
T is mazimal if and only if T is mazimal.

Proof. We leave the proof of monotonicity as an exercise for the reader. Let
us prove the second statement. Suppose that T' is maximal, and take (z,7(2)) €
S x X/S* monotonically related to Gph(T'), in the sense of Definition 4.2.3. Thus,
for all y € S and all 7(t) € T(y) we have

0<({y—ant)-m(2)) =(y -zt -2

Note that 7(t) € T(y) if and only if t € Ty. Because (y,t) € Gph(T) is arbitrary
and T is maximal, we conclude that z € Tz, implying that 7(z) € T'(z), as required.
The proof of the converse statement is analogous. 0O

Theorem 4.8.5. If X is finite-dimensional and T1,T5 : X = X* are maximal
monotone operators such that ri D(Ty) NriD(Ts) # 0, then Ty + Ty is mazimal
monotone.
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Proof. Again, we can assume without loss of generality that 0 € ri D(T7) Nri D(T»),
so that the affine hulls of the domains D(Ty) and D(T») are subspaces L; and Lo,
respectively. Assume that both subspaces are proper (otherwise we are within the
hypotheses of Theorem 4.8.3, and the result follows without further ado). Define
Ny := Np,, Ny := N, and Ny := Np,nr,. These definitions yield T3 = T1 + N
and To = T + No, so that

Ty +To =T, +T5+ Ny + Ny =Ty + Ty + Np. (4.64)

Consider the maximal monotone operators Tl L= X/Lll and Tg Lo =
X/Ly# as in Lemma 4.8.4. Define also No:Li = X/Li{. We claim that T} + Ny is
maximal monotone. Indeed, note that 0 € D(Ty) = D(T}) = inty, (D(T})), where
intr, (A) denotes the interior relative to the subspace L;. Because 0 € D(Ny) =
L1 N Ly, we have that 0 € inty, (D(T1)) N D(No). So Ty + Ny is maximal. By
Lemma 4.8.4, T1 + Ny is maximal. Now we can use the same argument for proving
that (T + No) + T is maximal. Indeed, 0 € intz,(D(7%)) and 0 € inty, (D(T})) N
D(No) € D(Ty + Ny), so that

0 € inty,(D(Ts)) N D(T; 4+ No),

which implies that (T 4+ No + T 5) is maximal. Using again Lemma 4.8.4, we
conclude that (71 + Np + T2) is maximal. The maximality of Ty 4+ T4 follows from
(4.64). O

Exercises

4.1. Let T : X = X* maximal monotone. Then for all b € X,0’ € X*, and all
a > 0 the operators Ty (z) := T(ax + b) and Ts(x) := Tz + b’ are maximal
monotone.

4.2. Let X,Y be Banach spaces and let 77 : X = X" and Tb : Y == Y™ be
maximal monotone operators. Prove that T} x To : X xY == X* x Y*,
defined as T1 x To(z,y) := {(v1,v2) € X* x Y* | vy € Thx, va € Toy}, is also
maximal monotone.

4.3. Prove the statement of Example 4.1.4.

4.4. Let T : X = X* be a monotone operator. Consider the following statements.
(a) If inf(y yeapn(r)(y — z,u —v) = 0 then (z,v) € Gph(T).
(b) If (z,v) & Gph(T) then inf(, ,)ccpnhr) (¥ — =, u —v) <O.
()

(d) T is maximal.

Prove that (a) <= (b) <= (d) and (d) = (c¢). Note that the converse of
(b) holds by monotonicity of T'.

4.5. Prove Remark 4.1.8.

If (z,v) € X x X*, then inf(, yyeaph(r) (¥ — 2, u —v) < 0.
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4.6. Prove that the function p : C' — R defined as p(w) := (w — v, p(w) — y) and
used in Theorem 4.3.1 is weak™ continuous.

4.7. Prove Proposition 4.4.4, items (iii) and (iv).

4.8. Assume that X is reflexive and 7' : X = X* is maximal monotone, with
(D(T))° # 0. Prove that T'is s—pcC at all x € (D(T'))°. Hint: see Definition
3.9.2, Proposition 3.9.4, and Theorem 4.5.3.

4.9. Prove that if A C X is a-cone meager for some a € (0,1) then A has an
empty interior.
4.10. Prove Proposition 4.7.4.

4.9 Historical notes

The earliest known extension of positive semidefiniteness to nonlinear mappings
appeared in 1935 in [88]. This work did not achieve recognition, and the effective
introduction of monotone maps in its current formulation is due to Zarantonello
[234], who used them for developing iterative methods for functional equations.
The observation of the fact that gradients of convex functions are monotone was
made by Kachurovskii [110], where also the term “monotonicity” was introduced.
The first significant contributions to the theory of monotone operators appeared in
the works by Minty [150, 151]. Most of the early research on monotone mappings
dealt with applications to integral and differential equations (see [111, 37] and [43]).

Maximality of continuous point-to-point operators was established in [149].
Local boundedness of monotone mappings was proved by Rockafellar in [186], and
later extended to more general cases by Borwein and Fitzpatrick [32]. The extension
theorem by Debrunner and Flor was proved in [72]; the proof in our book comes
from [172]. Theorem 4.4.1 appeared in [206].

The connection between maximal monotonicity of an operator 7" and surjec-
tivity of T + J (Theorem 4.4.7) was established by Minty in [153] in the setting of
Hilbert spaces, and extended to Banach spaces by Rockafellar [190]. Theorem 4.5.3
appeared in [186].

The issue of conditions on a Banach space ensuring that Fréchet differentia-
bility of continuous convex functions is generic, started with Mazur (see [145]), who
proved in 1933 that such is the case when the space is separable. The result saying
that a Banach space is Asplund if and only if its dual is separable was established
in [9]. The theorem stating that monotone operators are single-valued outside an
angle-small set was first proved in [174].

The theorem which says that the subdifferential of a possibly nondifferentiable
convex function is monotone is due to Minty [152]. Maximal monotonicity of these
operators in Hilbert spaces was established by Moreau [160]. The case of Banach
spaces (i.e., our Theorem 4.7.1) is due to Rockafellar (see [184, 189]). Theorem 4.8.3
on the maximality of sums of maximal monotone operators was proved in [190].






Chapter 5

Enlargements of
Monotone Operators

5.1 Motivation

Let X be a real Banach space with dual X* and T : X = X* a maximal mono-
tone operator. As we have seen in Chapter 4, many important problems can be
formulated as

Find z € X such that 0 € Tz,

or equivalently, find € X such that (z,0) € G(T'). Hence, solving such problems
requires knowledge of the graph of T'. If T is not point-to-point, then it will not be
inner-semicontinuous (see Theorem 4.6.3). This fact makes the problem ill behaved
and the involved computations become hard. In such a situation, it is convenient
to work with a set G’ O G(T'), with better continuity properties. In other words,
we look for a point-to-set mapping E which, while staying “close” to T (in a sense
which becomes clear later on), has a better-behaved graph. Such an E allows us
to define perturbations of the problem above, without losing information on the
original problem.

This is a reason for considering point-to-set mappings that extend (i.e., with a
bigger graph than) 7. Namely, we say that a point-to-set mapping F : Ry x X = X*
is an enlargement of T when

E(e,z) 2T(z) forallz e X, e > 0. (5.1)
We must identify which extra properties on F will allow us to
(i) Acquire a better understanding of T itself.
(ii) Define suitable perturbations of problems involving 7'

Property (i) indicates that we aim to use E as a theoretical tool, whereas (ii)
aims to apply the abstract concept of enlargement for solving concrete problems
associated with T. Whether E has the advantages above depends on how the
graph of E approaches the graph of T, or more precisely, how the set Gph(F) C
R4 x X x X* approaches the set {0} x Gph(T) C Ry x X x X*.

161
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A well-known example of such an enlargement appears when T' = 0f, where
f is a proper, convex, and lower-semicontinuous function. In this case, the e-
subdifferential of f [41] has been useful both from the theoretical and the practical
points of view. This enlargement is defined, for all x € X and all € > 0, as

O-f(x) :={we X" : fly) > f(x)+ {(w,y —x) —e forall y € X}. (5.2)

This notion has been used, for instance, in the proof of maximality of the
subdifferential of a proper, convex, and lsc function in [189] (see Theorem 4.7.1).
Another important application of this enlargement is in the computation of sub-
differentials of sums of convex and lsc functions (see [95]). Relevant examples of
practical applications of this enlargement are the development of inexact algorithms
for nonsmooth convex optimization, for example, e-subgradient algorithms (see, e.g.,
[3, 119]) and bundle methods (see, e.g., [120, 132, 200]).

Inspired by the notion above, we define in Section 5.2 an enlargement, denoted
T¢, of an arbitrary maximal monotone operator T'. Most of the theoretical prop-
erties verified by the e-subdifferential can be recovered in this more general case,
and hence applications of the above-discussed kinds can be obtained also for this
enlargement. Practical applications of enlargements are the subject of Section 5.5
and theoretical applications are presented in Section 5.6.

After performing this step in our quest for enlargements of maximal monotone
operators, we identify which are the “good” properties in T7°¢; that is, the ones that
allow us to get results of the kinds (i) and (ii). Having identified these properties, we
can go one step further and define a whole family of “good” enlargements, denoted
E(T), containing those enlargements that share with 7¢ these properties. This
family contains T as a special member (in fact the largest one, as we show later
on). We study the family E(T") in Section 5.4.

5.2 The T°-enlargement
Given T': X = X*, define T¢ : Ry x X =% X* as
T, x) ={ve X" |[(u—v,y—x)>—cforallye X, ueT(y)} (5.3)
This enlargement was introduced in [46] for the finite-dimensional case, and
extended first to Hilbert spaces in [47, 48] and then to Banach spaces in [50].
We start with some elementary properties that require no assumptions on 7.
The proofs are left as an exercise.
Lemma 5.2.1.
(a) T¢ is nondecreasing; that is,

0<e1<ey = T%e1,x) CTe2,x)

forall x € X.
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(b) If Ty, Ty : X = X*, and &1, €3 > 0, then
TY(e1,2) + Ty (e2,2) C (Th + T2)%(e1 + €2, 2)
forallx e X.
(c) T¢€ is conver-valued.
(@) (T71)"(e,-) = (T°(.))
(e) If A C Ry with € =inf A, then NecaT®(e, ) = T¢(&, ).
(f) T¢ is an enlargement of T'; that is, T(e,x) D T'(z), for all x € X and e > 0.
If T is maximal monotone, then T¢(0,-) = T(-)

Remark 5.2.2. When T is a maximal monotone operator, conditions (a) and (f)
above assert that T is a nondecreasing enlargement of T'. We return to this concept
in Section 5.4.

We proved before (see Proposition 4.2.1) that a maximal monotone operator
is sequentially (sw*)-0sc. The same is true for T°.

Theorem 5.2.3. Let T be defined as in (5.3).
(i) T¢ is sequentially 0sc, where X x X* is endowed with the (sw*)-topology.

(ii) T¢ is strongly osc. In particular, T is 0SC when X is finite-dimensional.

Proof. The proof follows the same steps as in Proposition 4.2.1 and is left as an
exercise. 0

We mentioned in Section 5.1 that the e-subdifferential is an enlargement of
T = 0f. The proposition below establishes a relation between 0 f and 0 f°.

Proposition 5.2.4. If T = 0f, where f : X — R U {oco} is a Isc and convex
function, then 0f°(e,x) D O:f(x) for all x € X and all £ > 0.

Proof. Take v € 0, f(x). It holds that

e+ (v,x—y) > flx)— fly) > (u,z —y),
forally € X, u € T(y) = 0f(y), using (5.2) in the first inequality and the definition
of subgradient in the second one. By (5.3), it follows that v € 9f°(e,x). 0O

The next set of examples shows that the inclusion in Proposition 5.2.4 can be
strict.

Example 5.2.5. Let X =R and f : R — R given by f(x) = (1/p)|z|?, withp > 1.
Take T = 0f.
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(i) If p =1 then 0f¢(e,x) = O=f(x) for all x € X. Namely,

[1—(g/x),1] ifx >e/2,
of¢(e,x) =0-f(x) = ¢ [-1,1] if |z| <e/2,
[-1,-1—(¢/x)] ifz < —e/2.

(ii) If p =2, then
O.f(x) =[x — V2,2 4+ V2| C [z — 2VE,  + 2VE] = Of (e, z).
(iii) If p>1 and x =0, then
9 f(0) = [~ (ge)"/?, (g2)"/9],

f(e,0) = [_pl/p(qg)l/q7pl/p(qg)l/qL
where (1/p) 4+ (1/q) = 1.

(iv) Assume now that f(x) = —logx. For z >0

O=f(x) = [=(1/x)s1(e), —(1/x)s2(e)];

e (U /a)(1 + VB2, —(1/n)(1— VBV ife <1,
oren = L0 3 T e

where s1(g) > 1 > s2(g) > 0 are the two roots of —logs =1 — s+ (see
Figure 5.1). Note that in this case Of¢(e, x) is easier to compute than O, f(x).

(v) Take f(x) = (1/2)(Azx,x), with A € R"™™ symmetric and positive definite.
Then
O:-f(z) = {Az +w : (A7 w,w) < 2e},

ofe(e,x) = {Az +w : (A w,w) < 4e},
so that 0f¢(e,x) = Dac f ().

Example 5.2.5(iv) shows that, for all ¢ > 1 and all £ > 0, 9f¢(e,x) is not
contained in 0z f(x), because 0 € f¢(e,x) for all € > 1, whereas 0 ¢ 9z f(x) for all
g> 0.

5.3 Theoretical properties of T

We have seen already in Theorem 4.2.10 that a maximal monotone operator is
locally bounded in the interior of its domain. Inasmuch as T°(e,x) D T'(z) for all
x, it is natural to ask whether this enlargement preserves the local boundedness.
This result holds, meaning that T° does not enlarge T too much. Moreover, we
show below that the bound can be taken as an affine function of the parameter
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| 1 |
1— e I+e
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s=—(uzx), ue€iflx) s=+/—(uzx), uecdf(ex)
Figure 5.1. Ezxamples of e-subdifferentials and e-enlargements

e. This claim is made precise in Definition 5.3.2. Another key matter is whether
and how we may obtain an element of T¢(e, z). This question is solved by means
of the so-called “transportation formula.” This formula gives a specific procedure
for obtaining an element in the graph of T°, by means of known elements of the
graph of T. We can interpret the transportation formula as a way of going from
the graph of T' to the graph of T°. In order to have a better understanding of how
these graphs approach each other, we must also know how to go the opposite way.
For the e-subdifferential, Bregndsted and Rockafellar [41] addressed this question
proving that every element v € 0. f(x) can be approximated by an element in the
graph of 9f in the following way: for all n > 0, there exists v’ € df(x’) such that
|l —2'|| < e/nand ||Jv— || <n. This fact is known as Brgndsted—Rockafellar’s
lemma. We end this section by proving that the graph of T° can be approximated
by the graph of T in exactly the same way. In this section we follow [50].
We start with the formal definition of an enlargement of 7.

Definition 5.3.1. Let T : X = X*be a multifunction. We say that a point-to-set
mapping E : Ry x X = X* is an enlargement of T when

E(e,z) 2T (z) (5.4)

forallz € X and all € > 0.

5.3.1 Affine local boundedness

Next we introduce a special notion of local boundedness for operators defined on
Ry x X. We require the usual local boundedness of E(0, -), and an additional upper
bound proportional to the first argument, when the latter moves away from 0.
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Definition 5.3.2. Let E: Ry x X = X* be a point-to-set mapping. We say that
E is affine locally bounded at © € X when there exists a neighborhood V of x and
positive constants L, M such that

sup ||v|| < Le + M.

yeVv
vEE(e,y)

For proving the affine local boundedness of T°, we need a technical lemma.

Lemma 5.3.3. Let T : X = X™*be a point-to-set mapping and E an enlargement
of T. For a set U C D(T), define

M = sup |Ju|| € (—o0, 0]
uweT(U)

Assume that V. C X and p > 0 are such that {y € X : d(y,V) < p} CU (in other
words, d(V,U®) > p). Then

sup [[v]| < (¢/p) + M, (5.5)

yeVv
veT®(e,y)

for all e > 0.

Proof. Take y € V, v € T®(e,y). Recall from (2.17) that the norm of v € X* is
given by ||v|| := sup{(v,z) |z € X, ||z|| = 1}. Thus, we can find a sequence {z*}
such that limg_o (v, 28) = ||| with ||2*|| = 1 for all k. For a fixed o € (0, p),
define y* := y + oz*. Then d(y*,V) < d(y*,y) = 0 < p. The assumption on V and
p implies that {y*} C U. Because U C D(T), we can take a sequence {w*} with
w* € T(y*) for all k. By the definition of M, we have ||w*|| < M for all k. Because
v € T¢(e,y) and w* € T(y*), we can write
—e < (v—why—y" = @w—-wk -0z,

using also the definition of {¢*}. Dividing the expression above by ¢ and using the
definitions of {z*} and M, we get

< = (v, 2%) + (", 2%) < (v, 2%) + [Jw*] ||2]

S

= —(v,2") + [w*]| < —(v,2*) + M.
Rearranging the last inequality yields

(v, 28y < e/o+ M.
Letting now k go to infinity, and using the assumption on {z*}, we obtain

[oll <e/o+ M.
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Taking the infimum of the rightmost expression for o € (0, p), we conclude that
[lvll < e/p+ M, establishing (5.5). O

Now we can prove the affine local boundedness of T in the set D(7")°. This
property is used later on for proving Lipschitz continuity of 7€.

Theorem 5.3.4 (Affine local boundedness). If T : X = X* is monotone, then
T is affine locally bounded in D(T)°. In other words, for all x € D(T')° there exist
a neighborhood V' of x and positive constants L, M such that

sup{[|v]| : vE€T(e,y), yeV} < Le+ M
for all e > 0.

Proof. Take x € D(T)°. By Theorem 4.2.10(i), there exists R > 0 such that
T(B(x,R)) is bounded. Choose U := B(x,R), p := R/2, and V := B(x,p) in
Lemma 5.3.3. Because € D(T)°, R > 0 can be chosen so that T'(B(z, R)) is
bounded. Hence {y € X : d(y,V) < p} C U and we can apply the lemma in order
to conclude that

2
sup{||v]| : v € T(e,y), y € V} < EE M,

where M is as in Lemma 5.3.3. Note that M < oo because T'(B(z, R)) is bounded.
a

Enlargements are functions defined in Ry x X, and the e-subdifferential is
an important example of enlargement. Inasmuch as € is now a variable of the
enlargement, the name e-subdifferential does not fit any more and we need a different
terminology. We denote from now on df (e,x) the set O-f(x). In other words, we
define 5f:R+ x X = X" as

Of (e, z) = - f ().

We call this enlargement the BR-enlargement of 0f, (for Brgndsted and Rockafel-
lar).

Combining Proposition 5.2.4 with Theorem 5.3.4 for T := 9f, we conclude
that df is also affine locally bounded. However, this fact can be proved directly.

Theorem 5.3.5 (Affine local boundedness of 5f) Let f: X — R be a conver
function. Assume that U C X is such that f is bounded above on a neighborhood
of some point of U. Then, for all x € U, there exists a neighborhood V of x and
positive constants L, M such that

sup{||v[| : v € If(e,y), y €V} < Le+ M

for all e > 0.
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Proof. For x € U, Theorem 3.4.22 implies that there exists p > 0 such that f
is Lipschitz continuous on B(z,p). We claim that the statement of the theorem
holds for V' = B(z,p/2). Indeed, take y € B(x,p/2), and v € 5f(5,y). As in
Lemma 5.3.3, we can choose a sequence {z¥} such that limy_ (v, 2*) = ||v|| with
|2*|| = 1 for all k. The vectors y* := y+ (p/4)z* belong to B(z, p), and by Lipschitz
continuity of f, there exists a constant C; > 0 such that

[F(") = F()l < Crlly" =yl = pCr/4. (5.6)
On the other hand, using (5.6) and the fact that v € df (e, y), we can write

g =) <FW) = fF) +e<[fW") = fW)l+e<pCi/a+e.

Using now the definitions of {z*}, {y*}, and letting k go to infinity, we get |lv|| <
4e/p + Cy, and hence the result holds for L :=4/p and M = C}. 0

5.3.2 Transportation formula

The set T¢(e, x) enlarges the set T'(x), but this property is of no use if there is no
way of computing elements of T¢(e,z). A constructive way of doing this is given in
the following result.

Theorem 5.3.6. Take v' € T¢(e1,2') and v? € T¢(eq,22). For any o € [0,1]
define

&= azx’ + (1 — a)z?, (5.7)
0= av + (1 — a)v?, (5.8)
é:=ae; + (1 —a)ey +alzt — &, 0" =) + (1 — a)(z? — &,0% — D). (5.9)

Then € >0 and v € T°(&, ).
Proof. By (5.3), we have to prove that
<’U,—’lA1,y_3A7> Z _éa

for all y € X, u € T(y). Using (5.7) and (5.8), we can write

<U*U,y*$>:Oé<ufﬁ,y*$1>+(l7Q)<U*@,y*(£2>

:a[<u—v1,y—x1>+(v1—@,y—x1>] +(1—a)[<u—v2,y—x2>—|—(v2

—ﬁ,y—x2>]
> —aeg; — (1 —a)eg +alvt — o,y — ') + (1 — a)(v® — b,y — 2?). (5.10)

On the other hand,
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=a(@ — 0,2 —2") + (1 — @) (v? — 9,2 — 2?), (5.11)

using the fact that a(v! — 9,y — 2) + (1 — a)(v? — 9,y — 2) = 0. Combining (5.11)
with (5.10) and (5.9), we get

(u—0,y —3) > —&. (5.12)

It remains to prove that & > 0. If this is not true, then (5.12) yields (u—v,y—2) > 0
for all (y,v) € Gph(T'). Because T is maximal monotone, this implies that (Z,9) €
Gph(T), in which case we can take (y,v) = (Z,0) in (5.12), and a contradiction
results. Therefore £ > 0, and we conclude that © € T°(¢,2). 0O

Remark 5.3.7. Using the definition of d f, it can be proved that a transportation
formula like the one given above also holds for this enlargement (Exercise 8).

An alternative transportation formula for the case T' = 0f is given by the
next result.

Theorem 5.3.8. Let f : X — R be a convex Isc function.

(i) If v € Of(e1, ), then v € Of(e,y), for every e > e1 + f(y) — f(x) — (v,y — ).
In particular, when €1 = 0, v belongs to Of (e,y), for every e > f(y) — ( ) —
<U> Yy — f£>

(ii) Assume that f is Lipschitz continuous in U and that V- C X, p > 0 wverify
{ye X : dy,V) < p} C U. Take B > 0. Fiz arbitrary z,y € V, &1 €

(0,4], v € f(e1,2). Then there existse > 0 such thatv € Of (e,y). Moreover,
le — 1] < K|z — y|| for some nonnegative constant K.

Proof.

(i) Let g := e1 + f(y) — f(x) — (v,y — x). Because v € df(e1,z), it holds
that g9 > 0. Take € > gp. We must show that f(z) — f(y) — (v,z — y) > —¢ for all
z € X. Indeed,

f(2) = fly) = v,z —y) = [f(2) = f(2) = (v, 2 = )] + f(2) = fy) = (v, 2 —y)

>z —e1+ f(@) = fly) — v,z —y) = —e0 = —¢,
using the assumption on € and the fact that v € 5f(51, x).
(ii) Take € := ¢. By item (i), v € 0f(e,y). We have

e =il <1f(y) = F@)]+ ol ly — 2 < (C + ol ly — I, (5.13)

using the definition of g, the Lipschitz continuity of f, and the Cauchy-Schwartz
inequality. Define y* = z + (p/2)z*, where {z*} is such that limy .. (v, z*)
= ||v||, and ||2*|| = 1 for all k. Using the fact that v € df(e1,z), we get

(v.y" =) < F(y") — f@) +er < f(YY) = fl@)] + e
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Because Hyk f:nH = p/2 < p we have that y* € U, and hence the above
inequality yields (p/2){v,2*) < Cp/2 + &1. Taking now the limit as k — oo, we
get ||v|| < C+ (2/p)B =: Cy. Combine this fact with (5.13) and conclude that
le —e1] < (C+ Qo) |ly — x| as required. O

Remark 5.3.9. The transportation formula in Theorem 5.3.8(i) could be seen
as stronger than the one given by Theorem 5.3.6, because it says that, given v €
5f(51, x), we can translate the point x to an arbitrary point y, and the same vector
v belongs to 5f(5, y) (as long as the parameter ¢ is big enough). Item (ii) of this
theorem shows how to estimate the value of €. Theorem 5.3.6, instead, can only be
used to express elements in T¢(£, Z) that are convex combinations of other elements
vt € Te(E,‘,{IJZ‘), 1=1,2.

5.3.3 The Brgndsted—Rockafellar property

We mentioned at the beginning of this section that, for a closed proper convex func-
tion f, the Brgndsted—Rockafellar lemma (see [41]), states that any e-subgradient
of f at a point x. can be approximated by some exact subgradient, computed at
some x, possibly different from x.. This property holds for the enlargement d fin
an arbitrary Banach space. We start this section by proving this fact, as a conse-
quence of Ekeland’s variational principle (see Theorem 3.2.2). Then we prove that
T also satisfies this property in a reflexive Banach space.

Our proof of the Brgndsted—Rockafellar lemma, which was taken from [206,
Theorem 3.1], uses a minimax theorem, stated and proved below.

Theorem 5.3.10. Let X,Y be Banach spaces, A C X be a nonempty convex set,
and B C'Y be nonempty, convex, and compact. Let ¢ : A x B — R be such that

(i) ¥(-,b) is convex for allb € B.

(ii) ¥(a,-) is concave and upper-semicontinuous (Usc) in the sense of Definition
3.1.8 for all a € A.

Then

LTV = v D)

Proof. Note that we always have

> .
anelg max ¥(a,b) > max in inf w(a b). (5.14)

Thus, we must prove the opposite inequality. Take n < inf,c 4 maxpep ¢(a,b), and
fix a1,...,a, € A. Applying Lemma 3.4.21(b) with Z := B and g¢; := 9¥(a;,-) for
all 7 = 1,...,p, we obtain the existence of nonnegative coefficients A{,..., A\, with
P, A =1 such that

rlfleag,({l/](ala b) NN (ap» )} - InaX{Alw(alv ) et )‘Pw(apa b)}
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Note that the supremum in Lemma 3.4.21(b) can be replaced by a maximum, be-
cause ¥(a,-) is Usc and B is compact. Using now assumption (i) we get

rgleaéc{w(al, b) A+ A(ap,b)} > rgleaéczb()\lal + -+ Apap, b) >,

where the rightmost inequality follows from the definition of . The above expression
clearly implies the existence of some b € B such that v(a;,b) > n for all i =
1,...,p. In other words, N?_,{b € B | (a;,b) > n} # 0. The choice {a1,...,a,} C
A is arbitrary, thus we proved that the family of sets {{b € B|(a,b) > n}},ca
satisfies the finite intersection property. These sets are closed, because of the upper-
semicontinuity of ¢ (a,-), and compact because they are subsets of B. Therefore,
Naeaf{b € B|¢(a,b) > n} # 0, which can be also expressed as

i > . .
max inf ¢(a,b) 29 (5.15)

Because (5.15) holds for any 7 < inf,ca maxpep t(a,b), the result follows
combining (5.15) with (5.14). 0O

Theorem 5.3.11. If f : X — R is a convex Isc function on the Banach space
X, then for xo € Dom(f),e > 0, A > 0, and any vo € Of(e,xp), there exists
Z € Dom(f) and w € X* such that

we df(0,z), ||z —xol| <e/A  and |jw—wo] < A

Proof. The assumption on vy implies that

f(x0) — (vo,z0) < f(y) — (vo,y) +¢

for all y € X. Consider the function g : X — R defined as g(y) := f(y) — (vo, y).
Then Dom(g) = Dom(f) and

Inf 9(y) = f(wo) — {vo, 20) — & > —oo.

Also, g(zo) < infyex g(y) +¢. Thus, the assumptions of Corollary 3.2.3 are fulfilled
for the function g. We claim that if the statement of the theorem holds for all
A € (0,1), then it holds for all A > 0. Indeed, assume that the statement holds for
all ¢’ > 0and X € (0,1). If A > 1, then take ¢’ := ¢/2A% and X = 1/2)\. Applying
the result for these values of ¢’ and )\ readily gives the conclusion for e > 0 and
A > 1, establishing the claim. It follows that it is enough to consider the case A < 1.
By Corollary 3.2.3, there exists Z € Dom(g) = Dom(f) such that

(a) Az = ol <e,
(b) Az — ol < g(x0) — 9(2),

() Mlz—2z| > g(z) — g(z), for all z # Z.
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Denote B* := {v € X*|||v]| < A}, and define the function 3 : Dom(f) x B* — R as

w(xav) = g(ﬂ?) - g(i’) + <U>j - x>
Then

max ¥(z,v) = g(z) — 9() + Alle — 2]l = =Allz — 2] + Az — 2] =0,

where the last inequality follows from (c). Thus, inf,cpom(r) maxyep- ¢ (x,v) > 0.
From Theorem 5.3.10 with A := Dom(f) and B := B*, we get

inf Lv) > 0.
ilélaB}i £€]%£lm(f)w(x U) B

So there exists u € B* such that ¢(x,u) = g(z) — g(Z) + (T — z,u) > 0 for all
x € Dom(f). In other words, there exists u € B* such that

f(x) = f(Z) +(u+vo,Z—x)> 0.

This yields w := u + vy € df(0,Z) with [Jw — vo|| = |u] < X, and by (a) we also
have ||Z — zo|| <e/A. O

The previous theorem was used in [189] for establishing maximality of subd-
ifferentials of convex functions. Another consequence of the Brgndsted—Rockafellar
lemma is the next result, which is the Bishop—Phelps theorem, established in [30].

Theorem 5.3.12. Let f : X — R be proper, convex, and Isc. If a, 3 > 0, and
rg € X are such that

f(@o) < inf f(z) +ap,
then there exist v € X and w € 0f(x) such that ||z — zo] < B and ||w| < a.

Proof. Choose ¢ > 0 such that f(xg) —infyex f(z) <e < apf and X € (¢/8, ).
Then it is easy to see that 0 € df(e,z9). By Theorem 5.3.11, there exist z € X
and w € df(x) such that

|z —zol] <e/A and |w| < A\
The result follows by noting that e/A < fand A <. O

The following corollary of the Bishop—Phelps theorem is used in Chapter 4.
The proof we present below was taken from [172].

Corollary 5.3.13. Let C' be a convex and closed nonempty subset of a Banach
space X. Then the set of points of C' at which there exists a supporting hyperplane
is dense in the boundary of C.
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Proof. Fix a point xy € 9C and let € € (0,1). Let f = d¢ be the indicator function
of C. Choose 1 € X \ C such that ||x1 —2¢|| < e. By Theorem 3.4.14(iii), applied
for separating {1} from C, there exists v9 € X* such that ||vg]| = 1 and

UC(UU) = Sgg<xvvo> < <1}0,$1>,
xr

which implies that
(vo, ) < (vo, 1) = (vo, 1 — T0) + (v0, Zo) < € + (vo, To)

for all @ € C, so that (vg,x — zg) < e = e+ f(z) — f(z0). In other words, vy €
5f(5,xo). Applying Theorem 5.3.11 with A\ = /e, we conclude that there exists
x € C =Dom(f) and v € f(x) = Ne(x) such that ||z — z¢]| < /€ and ||v — vg| <
Ve < 1. The last inequality implies ||v| # 0. Because v € N¢(x), it is clear that
oc(v) = sup,cc(v,y) = (v, ), implying that the hyperplane H = {z € X | (v, z) =
(v, )} is a supporting hyperplane of C at = € C. Hence, there exists a point in C,
arbitrarily close to z¢g € 0C, at which C has a supporting hyperplane. 0O

If a point z( is not a global minimum of f, can we always find a point z €
Dom(f) such that f “decreases” from zo to z? In other words, is there some
z € Dom(f) and some v € df(z) such that

f(z) < f(zg) and (v,z—x0) <07

The positive answer to this question is another corollary of the Bishop—Phelps
theorem. This corollary is due to Simons [206], and we used it in Theorem 4.7.1
for proving the maximality of subdifferentials of convex functions. The proof we
present below is the one given in [206, Lemma 2.2].

Corollary 5.3.14. Let f : X — R be convex, proper, and lsc. If o is such that
infyex f(x) < f(xo) (it may be f(xo) = 00), then there exists (zo,v0) € Gph(9f)
such that

f(z0) < f(zo) and  (vg,z0 — x0) < 0. (5.16)

Proof. Choose A € R such that inf,cx f(z) < A < f(xg). Define

_ A= fly)
W= sup ———=-.
vex ||y — mol|

y#zQ

We claim that 0 < g < co. We have p > 0, because by the definition of A there
exist y € Dom(f) such that f(y) < A. In order to prove that p < oo, define
S:={ye X|fly) <A}. ify &S, then the argument of the supremum above is
strictly negative. So it is enough to find an upper bound of this argument for y € S.
The existence of this upper bound follows from a separation argument. Indeed,
Dom(f) # @, so by Proposition 3.4.17 there exists u € X* such that f*(u) € R.
Because f*(u) > (u,y) — f(y) for every y € Dom(f), we conclude that there exists



174 Chapter 5. Enlargements of Monotone Operators

a linear functional v : X — R, v(y) := (u,y) — f*(u) such that f(y) > ~(y) for all
y € Dom(f). Take y € S, so that 0 < XA — f(y) < A — (u,y) + f*(u) and hence

AW A= (wy) + ()

0
~ly = ol T Iy — ol
_ <U7.'L'o—y> )\—<’U/7.’I,'o>+f*(u)
lly — ol Iy — ol
A — (u, x0) + f*(u)]
< ol + Pl LS00 (5.17)

Note that the denominator in the rightmost expression of (5.17) is positive, because
S is closed and xg € S. The above expression implies that p < co, as we claimed.
Fix now € € (0,1). By definition of y there exists z € X, z # z such that
A—f(z)
—— > (1—-e)pn. (5.18)
Iz = ol
Define the function ¢ : X — R as ¢(x) = pl|lx — xgl]. We claim that A < inf.ex(f+
¢). Indeed, if y = x¢ then A\ < f(zo) = (¢ + f)(z0). If y # xo then
A fly) <p,
[ly — ol
which gives A < pully — zo|| + f(y). The claim has been proved. Combining this
claim with (5.18), we conclude that there exists z € X, z # xo such that

(f +)(z) < inf (F +6)(x) +6(2).

Using now Theorem 5.3.12, applied to the function f + ¢ with a = eu and
B = ||z — xo||, we obtain the existence of zg € Dom(f + ¢) = Dom(f) and
wo € I(f + ¢)(z0) with ||wg]| < ep and ||z0 — z|| < ||z — x0||. The latter in-
equality implies that ||zo — zo|| > 0. Note that Dom(¢) = X, so that the constraint
qualification given in Theorem 3.5.7 holds for the sum f + ¢, which gives

A(f + ¢)(20) = 0f(20) + 99(20).-

Therefore, there exist vg € df(z0) and ug € dp(zp) such that wy = vy +ug. Because
ug € 0¢P(zp) we have that

(20 — o, uo) > #(20) — d(x0) = pl|z0 — xo|-
Thus,
(o — 20,v0) = (x0 — 20, wo) + (20 — To, Uo)
> —lwo|l [[zo — 2oll + pllzo — @0l > p(1 — €)llz0 — @o|| > 0.

Therefore, the rightmost inequality in (5.16) holds. For checking the remaining
condition in (5.16), combine the above inequality with the fact that vg € 9f(20)
getting

f(zo) = f(20) + (vo, zo — 20) > f(20),
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and the proof is complete. 0O

Now we can state and prove for T, in reflexive Banach spaces, a property
similar to the one established in Theorem 5.3.11 for e-subdifferentials. The proof
of this result relies on a key property of maximal monotone operators. Namely,
that the mapping T+ J is onto whenever the space is reflexive, where J is the
duality mapping defined in Definition 4.4.2. We need the properties of J listed in
Proposition 4.4.4.

Theorem 5.3.15. Let X be a reflexive Banach space. Takee > 0. Ifv. € T¢(e,x.),
then, for alln > 0 there exists (x,v) € G(T') such that

lo—vl| <5 and |z —z.] <7. (5.19)
n

Proof. If ¢ = 0, then (5.19) holds with (z,v) = (z.,v.) € G(T). Suppose now
that e > 0. For an arbitrary 5 > 0 define the operator Gg : X = X* as Gg(y) =
BT (y) + J(y — x), where J is the duality operator of X. Because ST is maximal
monotone, Gg is onto by Theorem 4.4.7(i). In particular Sv. belongs to the image
of this operator, and hence there exist x € X and v € T'(x) such that
Bue € Bv+ J(x — ).
Therefore f(ve — v) € J(x — x.). This, together with Proposition 4.4.4(i) and
Definition 5.3, yields
1
— < (ve —v,ze —x) = —Z|lw — ze||* = —Bllv — v |

B
Choosing 3 := 1% /e, the result follows. O

The following corollary establishes relations among the image, domain, and
graph of an operator and its extension T°.

Corollary 5.3.16. Let X be a reflexive Banach space. Then,

(i) R(T) € R(T*) € R(T).

(ii) D(T) c D(T¢) ¢ D(T).
(ii) If (xc,v.) € G(T®) then d((z-,v.); G(T)) < V/2e.

Proof. The leftmost inclusions in (i) and (ii) are straightforward from (5.3). The
rightmost ones follow from Theorem 5.3.15, letting n — +o00 and 7 — 0 in (i) and
(ii), respectively. In order to prove (iii), take n = v/ in (5.19), write

d((z=,ve); G(T))? < [lo — ael* + v — ve||* < 2¢,

and take square roots. [
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5.4 The family E(T)

Until now, we studied two important examples of enlargements, the enlargement d f
of T'= 0f and the enlargement T¢ of an arbitrary maximal monotone operator. We
show in this section that each of these enlargements can be regarded as members of
a whole family of enlargements of 0 f and T, respectively. For a maximal monotone
operator T, E(T') denotes this family of enlargements. In this section we follow
[216] and [52].

Definition 5.4.1. Let T : X = X*be a multifunction. We say that a point-to-set
mapping F : Ry x X = X* belongs to the family E(T) when

(E1) T(xz) C E(e,z) for alle >0,z € X.

(E2) If 0 < ey <9, then E(e1,x) C E(ea,x) for allz € X.

(E3) The transportation formula holds for E(-,-). More precisely, letv' € E(eq,xt),
v? € E(ea,2%), and a € [0,1]. Define

&= oz + (1 —a)z?,
0= av' + (1 — a)v?,
é:=ae; + (1 —a)ex +ale! — 2,0 —0) + (1 — a)(@? — &,v% — 9).

Then € >0 and v € E(é,%).

Combining this definition with Exercise 8 and Theorem 5.3.6, it follows that
when T = 8f, both df and 8¢ belong to E(0f) and that T¢ € E(T).

The members of the family E(T) can be ordered in a natural way. Given
Eq, By € E(T), we say that Ey < Es if and only if Gph(E;) C Gph(E»).

Theorem 5.4.2. The enlargement T¢ is the largest element of E(T).

Proof. Suppose that there exists E € E(T') which is not smaller than 7. In other
words, Gph(E) € Gph(T*®). Then there exists (1, z,w) € Gph(E) which is not in
Gph(T°); that is, w ¢ T¢(n,z). From (5.3) it follows that there exist y € X and
u € T(y) such that
(w—u,z—y) < -—n. (5.20)

Because F is an enlargement of 7" and u € T'(y), it holds that (0,y,u) € Gph(E).
Take some 6 € (0,1) and define @y := 6, «ay:=1—0. Using (E3) with o = (a1, )
and the points

(e1,2',v) := (9, z,w) € Gph(E),

(527 x27 UQ) = (03 Y, u) € Gph(E)a

we conclude that for (e,z,v) given by

T = Q12 + ooy, V= 1w + aou,
e:=an+ ar{z —x,w —v) + az(y — x,u — v),
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it holds that £ > 0, and (¢, z,v) € Gph(E). Direct calculation yields
e=0n+0(1—-0)(w—uz-y)=0n+(1-0)(w—uz—y).

Therefore, because § > 0, n + (1 — 0)(w — u,z — y) > 0. Because 6 is an arbitrary
number in (0, 1), we conclude that n+ (w —u, z —y) > 0, contradicting (5.20). 0O

After proving that E(7T) has a largest element, we can prove the existence of
a smallest one.

Theorem 5.4.3. The family E(T) has a smallest element, namely T : Ry x X =
X*, defined as
T*(c,2) = () Ele ) (5.21)
E€E(T)

Proof. First observe that T¢ € E(T') and hence E(T) is nonempty. So, T%¢ given by
(5.21) is well defined and it is easy to see that it satisfies (E1)—(Es3). So T°¢ € E(T))
and Gph(T*¢) C Gph(FE) for any E € E(T). 0O

Remark 5.4.4. Observe that the proofs of Theorem 5.3.4, Lemma 5.3.3, and
Theorem 5.3.15 only use the inequality that characterizes elements in 7¢. The fact
that Gph(F) C Gph(T*°) for all E € E(T), implies that all these results are still valid
for all E € E(T). In particular, because df(e,-) C 0f¢(e,-), we recover all these
facts for e-subdifferentials. In the case of Theorem 5.3.15, this has not much value
inasmuch as the analogous result for e-subdifferentials holds in arbitrary Banach
spaces, not necessarily reflexive. However, it has been pointed out in [219] and in
[207, Example 11.5] that Theorem 5.3.15 is not valid in nonreflexive Banach spaces
for arbitrary maximal monotone operators (see also [175]).

Lemma 5.4.5. Take E € E(T'). Then
(a) E is convex-valued.

(b) Assume that X is reflexive, so that T~ is mazimal monotone. Define

E* R, x X* = X,
E*(c,w):={zxe X : we E(s,x)}.

(5.22)
Then E* € E(T~1). As a consequence, for allv € X*, ¢ € Ry, the set
{reX|veE(Ex)}

is convex. In this situation, B** = F.

(c) Suppose that Gph(E) is closed. Then, if A C Ry with € = inf A, it holds that
mgeAE(E, ) = E(é, )
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(d) If T is maximal monotone, then NesoE(e, ) = E(0,-) =T(-).

Proof.

(a) This fact follows directly from the transportation formula and is left as an
exercise.

(b) The result follows directly from (a) and the definitions of E* and E(+).

(¢) By (Es) it holds that N.caE(e,z) D E(&,x). For the opposite inclusion
take v € NecaFE(e,x) and a sequence {e,} such that e, | & In particular, v €
NnE(gn,x). The assumption on the graph now yields v € E(g, z).

(d) By (E1)—(E>) and Theorem 5.4.2 we have

T(x) C E(0,2) C NesoE(e,x) CNesoTC(e, ) =T (x),

using also Lemma 5.2.1(e)—(f). 0O

Remark 5.4.6. Let X be a reflexive Banach space and f: X — RU {oo} convex,
proper, and lsc. We proved in Theorem 3.4.18 and Corollary 3.5.5 that in this
case f = f** and (0f)~' = Of*. The latter fact is in a certain sense preserved
by taking enlargements. Namely, the inverse of the BR-enlargement of Of is the
BR-enlargement of (0f)~! = df*, as the following proposition establishes.

Proposition 5.4.7. Let X be a reflexive Banach space and f : X — R U {oco}
convez, proper, and lsc. If T =0f and E = 0f, then E* = 0f*.

Proof. We must prove that (0f)* = df*. We prove first that (0f)*(e,w) C
Af*(e,w). Take x € (3f)*(e,w). By definition, this means that w € Jf (¢, z) and
hence

fly) > flx) +(w,y —x) —e, foral yeX.

Rearrange the last expression and get
(w,z) — f(z) > (w,y) — f(y) —e forall yeX.
Take now the supremum over y € X, obtaining
(w, ) = f(z) = [*(w) —e.

Using the fact that f*(v) — (v,z) > —f(x) for all v € X* in the inequality above
yields
ff)+{(w—v,z)y > f*(w)—e, foral oveX",

which implies z € 5f*(5, w). Conversely, take = € 5f*(5, w). Then
) > ff(w) +(xr,v—w)—e, foral veX".
Rearranging this inequality, we get

(w,x) — f*(w) > (v,x) — f*(v) —e forall wveX".
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Take now the supremum over v € X* and get
(w,z) = f*(w) = [ (x) —e = fz) —¢,

using the fact that f = f** in a reflexive Banach space. Because —(w, y) )
—f*(w) for all y € X, the expression above yields w € df(g,x), or z € (9f)* (e, w).
ad

Condition (FE3) is closely connected to convexity, as we show next. Define
P Ry XX X X" >Ry xX xX*as

W(t,z,v) = (t+ (z,0),x,0). (5.23)
The next lemma establishes that (E3) for E is equivalent to convexity of ¢)(Gph(E)).

Lemma 5.4.8. Let £ : Ry x X == X™* be an arbitrary point-to-set mapping. E
satisfies (Es) if and only if (Gph(E)) is convex, with ¢ as in (5.23).

Proof. First note that
B(GPR(E)) = {(= + {2, 0),2,0) € Ry x X x X* : v € (e, )}

={(e + (z,v),z,v) e Rt x X x X" : (g,2,v) € Gph(E)}. (5.24)
For the equivalence, we need some elementary algebra. Take triplets (e1,21,v1),

(e2,x2,v2) € Gph(E) with corresponding points ¥(&;, x;,v;) = (g; + (x5, v;), T4, v;),
i =1,2. Define t; := ¢; + (x;,v;), i = 1,2. Fix o € [0, 1] and let

x:=ax; + (1 — a)xg, vi=av; + (1 — a)vs, (5.25)
e:= |aty + (1 — a)ta] — (z,v)
= [aler + (z1,v1)) + (1 — a)(e2 + (22,v2))] — (z,0)
=aler + (r1 —x,v1 —0)) + (1 — a)(e2 + (X2 — z,v2 — v)). (5.26)
Then
alty,zy,v1) + (1 — a)(te, z2,v2) = (€ + (x,v), z,v). (5.27)

Now we proceed with the proof. Assume that F satisfies (E3). In this case, by
(5.25) and (5.26), we get (e,z,v) € Gph(E). Using (5.27) and the definition of
¥, we conclude that «(t1,z1,v1) + (1 — @)(t2,22,v2) € Y(Gph(FE)), yielding the
convexity of ¢(Gph(FE)). Assume now that ¢)(Gph(E)) is convex. By (5.27), we get
(e + (z,v),x,v) € P(Gph(E)), but the definition of ¢ implies (g, z,v) € Gph(FE).
Because the points (g1, 21,v1), (€2, 2, v2) € Gph(F) and « € [0, 1] are arbitrary, we
conclude that E satisfies (E5). 0O
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5.4.1 Linear skew-symmetric operators are nonenlargeable

Let X be a reflexive Banach space and L : X — X* a linear operator. The operator
L is said to be

e Positive semidefinite when (Lz,x) > 0 for every x € X
o Skew-symmetric when L+ L* =0

Our aim now is to extend Example 5.2.5(v) to this more general framework.
In order to do this, we need a technical lemma.

Lemma 5.4.9. Let X be a reflexive Banach space. Take a positive semidefinite
linear operator S : X — X* with closed range R(S). For a fized v € X*, define
¢: X = Ras ¢(y) = 1/2(Sy,y) — (u,y). Then

(1) If u & R(S), then argminy ¢ = () and infx ¢ = —cc.
(ii) If u € R(S), then ) # argminy ¢ = S~ tu.

Proof.

(i) Because u € R(S) and R(S) is closed and convex, there exists § # 0, § €
X** = X such that (g,u) =1 and (g, Sy) < 0 for all y € X. Because S is positive
semidefinite, it holds that (77, S7) = 0. Then ¢(\y) := (1/2)A\2(S7, 7)—Mu, ) = =\,
which tends to —oco when A T oo. Thus, argminy ¢ = () and infx ¢ = —o0.

(ii) Observe that argminy ¢ = {2 | Vé(z) =0} = {z| S(2) = u} = S~1u. This
set is nonempty, because v € R(S). O

The following proposition extends Example 5.2.5(v).

Proposition 5.4.10. Let X be a reflexive Banach space and T : X — X* a
mazimal monotone operator of the form T(x) = Lx + xfj, where L is linear (and
hence positive semidefinite, by monotonicity of T') and xf € X*. Then

T¢(e,z) ={Lx+ai+ Sw | (Sw,w) < 2}, (5.28)
where S := L + L*.
Proof. Call V (e, z) the right-hand side of (5.28). Then V : Ry x X =% X* and our
first step is to prove that T¢(e,x) C V(e,z). Then we show that V € E(T), and
we conclude from Theorem 5.4.2 that V(e,z) C T°(e,z). In order to prove that
T¢(e,x) C V(e,x), we write an element w € T°(e, ) as w = Lz + z§ + u, for some

u € X*. We must prove in this step that there exists some w such that Sw = u
and (Sw,w) < 2e. The definition of T° implies that for all z € X, it holds that

—e <(w— (Lz+uzp),x —2) = (L(x —2),x — 2) + (u,x — 2).
Rearranging the expression above, we get that

—e < (1/2)(S(z —x),z —x) — (u, z — x) = $(z — x),
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with ¢ as in Lemma 5.4.9. Because ¢ is bounded below, we get that v € R(S) and
argminy ¢ = z + S~ 1u. Thus, for every z € x + S~ 1u we have

e < ¢(z-2) < bz —a),

for all z € X. In other words,

e < (S —a), 7 —a) — (w2 —a) =~ (S(z ), 2 a),

using the fact that S(Z—x) = u. Then (S(z—x),z—x) < 2¢, and hence there exists
w = (Z — x) such that v = Sw with (Sw,w) < 2e. The first step is complete. In
order to prove that V' € E(T), it is enough to check (E3), because (E1)—(FE>) are easy
consequences of the definition of V. Take « € [0,1] and also v1 = Ly + 2§+ Swy €
V(e1,21),v2 = Lag + af + Swa € V (e, x2), with w; such that (Sw;,w;) < 2. We
must prove that

0:=ov + (1 —a)vy € V(£,7), (5.29)

where € := ae; + (1 — a)eg + a(l — a)(v1 — ve, 1 — x2) and T := ax; + (1 — a)zs.
Direct calculation shows that

b= Li + z + S(), (5.30)

where w := aw; + (1 — a)wsy. Define g(w) =
(5.29) is equivalent to establishing that g(w) <
claim that

1(Sw,w). By definition of V (¢, z),
€. Let us prove this inequality. We
—q(wy —ws) < (v1 — V9,1 — T2), (5.31)

and we proceed to prove this claim. Using Lemma 5.4.9 with u := S(wy—w1) € R(S)
we get

(v1 — w2, 21 — @) = (L(x1 — 22), 21 — 22) — (S(w2 — wy), 1 — 72)

=1/2(S(z1—x2), 21 —x2) — (S(wa —w1), 21 — 22) = (a1 —x2) > d(2 —x2) (5.32)

for all 2 € xy + S7!(S(we — wy)). Thus, the expression above holds for z =
T9 + wy — w1. Hence,

Pz —x2) = P(wz —wi) = q(wz —w1) = (S(wz — w1), w2 — wr)
_q(w2 — wl) = _Q(wl _ ’U)Q)- (533)

Combining (5.33) with (5.32), we get (5.31), establishing the claim. Because g(w;) <
g; by assumption, (5.31) implies that

ag(wr) + (1 — a)q(wz) — a(l — a)g(wi — wy)
<aer+ (1 —a)ea + a(l — a){vy — ve, 1 — z2). (5.34)
The definitions of ¢ and S give

g(w) = ag(wr) + (1 — a)g(wz) — a(l — a)q(w; — w2). (5.35)
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It follows from (5.34), (5.35), and the definition of € that
q(w) <& (5.36)

Because (5.29) follows from (5.36) and (5.30), we conclude that (E3) holds for
V', completing the proof. O

An immediate consequence of Proposition 5.4.10 is the characterization of
those linear operators T that cannot be actually enlarged by any E € E(T) (see
Exercise 13).

Corollary 5.4.11. Let X and T be as in Proposition 5.4.10. Then the following
statements are equivalent.

(i) L is skew-symmetric.
(i) TC(e,x) =T (x) for every e > 0.

(i11) T(&,2) = T(x) for some & > 0.

Proof. By Proposition 5.4.10, it is enough to prove that (iii) implies (i). Assume
that (iii) holds. The operator S := L + L* is positive semidefinite. If it were
nonnull, then there would exist a positive semidefinite linear operator Ry # 0 with
R2 = 5. Take w & Ker(S). Thus, w & Ker(Ro) and (Sw,w) = ||[Row]||” > 0. Let
w := (vV2&/|Row|) w. Then, Sw # 0 and (Sw,w) < 2&. The latter inequality,
together with Proposition 5.4.10 imply that T'(z) 4+ Sw € T¢(¢,x). This contradicts
assumption (iii), which states that the unique element of T¢(¢,z) is T'(x). Hence
we must have S = L+ L* =0 and (i) holds. 0O

5.4.2 Continuity properties

We have seen in Remark 5.4.4 that some properties of 7T¢ are inherited by the
elements of E(T"). Continuity properties, instead, cannot be obtained from the
analysis of T alone. We devote this section to establishing these properties.

From Theorem 2.5.4 we have that outer-semicontinuity is equivalent to closed-
ness of the graph. So, we cannot expect any good continuity behavior from elements
in E(T") that do not have a closed graph. We show next that, when X is reflex-
ive, elements of E(T) that have a strongly closed graph are always (sw)-0sC (see
Proposition 5.4.13 below).

Definition 5.4.12. E.(T') denotes the set of elements of E(T) whose graphs are
closed.

Proposition 5.4.13. Assume that X is reflexive. Then E € E.(T) if and only if
E is (sw)-0sc.
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Proof. The “if” statement follows directly from the fact that a (sw)-closed subset
of X x X* is (strongly) closed. For the “only if’ one, assume that E € E.(T).
By Lemma 5.4.8 and the properties of ¢, ¥(Gph(FE)) is closed and convex. By
convexity and Corollary 3.4.16 it is closed when both X and X™* are endowed with
the weak topology. Because (ww)-closedness implies (sw)-closedness, we conclude
that Gph(E) is (sw)-closed. 0O

As we have seen in Proposition 4.2.1, a maximal monotone operator T is
everywhere (ss)-0SC, but it may fail to be (sw)-0sC at a boundary point of its do-
main. However, the convexity of ¢)(Gph(FE)) allows us to establish (sw)-0Sc of every
(ss)-0scC enlargenment E. Moreover, as we have seen in Theorem 4.6.3, maximal
monotone operators fail to be 1SC, unless they are point-to-point. A remarkable fact
is that not only 7¢ but every element of E.(T") is 1SC in the interior of its domain.
Furthermore, every element of E.(T) is Lipschitz continuous in Ry x (D(T))° (see
Definition 2.5.31).

Lipschitz continuity is closely connected with the transportation formula. In
order to prove that the elements of E(T') are Lipschitz continuous, we need two
lemmas relying on property (E3). The first one provides a way of “improving” (i.e.,
diminishing) the parameter € of an element v € E(e, ).

Lemma 5.4.14. Let F : Ry x X =% X* be an arbitrary point-to-set mapping.
Assume that E satisfies (E1) and (Es) and take v € E(e,x). Then for all ' < e,
there exists v' € E(¢’, x).

Proof. Take u € T'(z). Use condition (E3) with a :=¢&'/e, 21 := @, 29 := 2, v1 := v
and vy :=u € T(x) C E(0,x), for concluding that v' = avy + (1 — a)u € E(e, x).
a

The next lemma is needed for proving Lipschitz continuity of enlargements.
We point out that Lemma 5.3.3 holds for every E € E(T'). This fact is used in the
following proof.

Lemma 5.4.15. Take E € E(T). Assume that T is bounded on a set U C X. Let

M := sup||v].
yeU
veT (y)

Take V and p > 0 as in Lemma 5.3.3, and § > 0. Then there exist nonnegative
constants C1 and Cy such that, for all x1, x5 € V and vy € E(e1, 1), with g1 < 3,
there exist €5 > 0 and vy € E(e}, x2) such that

o1 — va]| < Collwr — 22|,
le1 — 5] < Crllzy — 2.

Proof. Take w1, 2, €1, and vy as above. Take A := ||a; — z2| and x3 in the line
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through x7 and x5 satisfying:
los —asll = p, llas— a1l = p+ X (5.37)

see Figure 5.2.

Figure 5.2. Auxiliary construction

Define 0 := p/(p + A), so that 3 = 01 + (1 — 0)zs. Take now uz € T'(x3).
By (Es5) we have that

vh = 0vy + (1 — O)us € E(éa, x2), (5.38)

with
0<éy =0 +9(1—9)<JJ1 — 3,01 —U3>. (539)

From (5.38),
[0y —vill = (1 = O)lor —usll < (1= O)(flvall + [lusll) < A/(p+ M) (lvr]l + [lus]))

< Mp(er/p+2M) = (8/p+2M)(1/p)|21 — 2]

using Lemma 5.3.3 and the definitions of M, 6, and A. This establishes the first
inequality, with Cy := (8/p+2M)(1/p). If &3 < &1, then we can take &), := &1, and
by (E>) we have that v € E(€2,22) C E(eh,x2) = E(e1,z2), so that the second
inequality holds trivially. Otherwise, use (5.39) to get

& < e1+Ap/(p+ N2 o1 —usl |z1 — @3]l = €1+ p/(p+ Vo1 — us|l |21 — 22|

<er+(er/p+2M)||x1 — w2l < e1+ (B/p+ 2M)||z1 — z2]|,

using the Cauchy—-Schwartz inequality and the definition of € in the first inequality,
the fact that ||x3 —x1|| = p+ X and |22 — z1|| = A in the equality, and Lemma 5.3.3
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in the second inequality. Then |2 —e1| =&y —e1 < (B/p+ 2M)|x1 — x2||, and we
get the remaining inequality, with &}, := &5 and Cy := (8/p + 2M). The proof is
complete. 0

The next theorem is essential for establishing Lipschitz continuity, in the sense
of Definition 2.5.31, of all closed enlargements satisfying (E;)—(Es).

Theorem 5.4.16. Tuke E € E(T'). Assume that T is bounded on a set U C X,
with
M := sup|v|.

yeU
veT (y)

Let V and p > 0 be as in Lemma 5.3.3, and take 0 < o < (8. Then there exist
nonnegative constants o, T such that, for all x1, xo € V, all e1, €5 € [, f], and all
vy € E(e1,x1), there exists vy € E(ea,x2) such that

||’l)1 —’UQH §0'||.’L‘1 —x2||+7'|51 —82‘. (540)

Proof. We claim that (5.40) holds for o =: Cy + (C1/a)[(8/p) + 2 M] and 7 :=
(1/a)[(B/p)+2 M], with Cy and Cy as in Lemma 5.4.15. In fact, by Lemma 5.4.15,
we can take €5 > 0 and v5 € E(eh, z2) such that

o1 — vh|| < Collzr — 22, (5.41)
6/2 <e+ 01”.%‘1 — IL‘QH (542)

If e, < ey then v} € E(es,x2) and (5.40) holds because o > Cy. Otherwise, define
7 :=eg/ey < 1. By Lemma 5.4.14 there exists vo € E(e2,x2), which can be taken
as vy = nuh + (1 — n)ug, with ug € T(a2). We have that

lor = w2l < mllor = 3]l + (1 =) [lor — us

< nColley — w2 + (1 =n) [(B/p) + 2 M], (5.43)

using (5.41) and affine local boundedness. More precisely, because 1,22 € V', we
can use Lemma 5.3.3 and the definition of M to get

[or = wzl| < flor]] + [luzll < [(e1/p) + M]+ M = (e1/p) +2M < (5/p) +2 M.
On the other hand, we get from (5.42)

5/2*62 E1+C1||C£1*£L’2||762

1—n)= <
(1-mn) R A

< len e[ + Cillz — 2o
< >
2

< (1/a)ler — 2] + (Ci/a) [[ar — 22|, (5.44)

using the fact that o < ey < €} in the last inequality. Combine (5.44) and (5.43) in
order to conclude that (5.40) holds for the above-mentioned values of o and 7. 0O
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A direct consequence of Theorem 5.4.16 is presented in the following corollary.

Corollary 5.4.17. Take E € E.(T), and «, 8, and V as in Theorem 5.4.16. Then
E is Lipschitz continuous on [, 8] x V. As a consequence, E is continuous in
R.s x (D(T))".

Proof. In view of Definition 2.5.31 and Theorem 5.4.16, we only have to prove the
last assertion. Note that F' is Lipschitz continuous on U := («, §) x V for any «,
such that 0 < a < 8 and V a neighborhood of any y € (D(T))°. Therefore we
can apply Proposition 2.5.32(ii)—(iii) with F := E and U := (o, §) x V to get the
continuity of F in («, ) x V. Because this holds for any «, § such that 0 < o <
and the neighborhood of any y € (D(T))°, we conclude the continuity of E in
Ryy x (D(T))°. O

Recall that, in view of Theorem 4.6.3, a maximal monotone operator 7' cannot
be 1SC at a boundary point of its domain, and it is only ISC at those interior points
of its domain where it is single-valued. A similar behavior is inherited by E € E(T).
Denote D the domain of T and JA the boundary of a set A. We consider in the
following theorem inner-semicontinuity with respect to the strong topology in X
and the weak* topology in X*.

Theorem 5.4.18. Assume that D° # (). Let E be an element of E.(T). Then
(a) E is not 1SC at any point of the form (0,x), with x € 9D.

(b) T is1SC at x if and only if E is 1sC at (0,x).

Proof.

(a) Take x € 9D and suppose that E is 1SC at (0,z). Fix o > 0. Because
D° # ), we can find v' € Np(z) and y € D° such that (v',y — x) < —2a. Take
t, 71 and define the sequences x,, := t,x + (1 — t,)y, €, := (1 — t,,)c. For a fixed
v € T(x), it holds that v+v' € T'(z) = E(0,z) (see Theorem 4.2.10(ii-b)). Because
E is inner-semicontinuous and the sequence {(&,,x,)} converges to (0, ), we must
have E(0,z) C limint, F(e,,x,). Define the weak* neighborhood of v + v’ given
by

W:={zeX*: [(z—(v+7),y—1x)| < %}

By the definition of inner limit there exists ng € N such that
wn E(5n7 xn) # ®7

for all n > ng. Choose elements w, € W N E(e,,z,) for all n > ny. Because
E(en,xn) CT(en, ) and v € Tz, we have

—en=—(1—tp)a < (z, —z,w, — V) = (@y, — 2, W, — (V+ ")) + (V, 2, — T)

=(1—ty){y—z,wp, — (v+0)) + (1 —t,) (v, y — z), (5.45)
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which simplifies to
—a<(y—z,w, — (v+0))+ @ y—1z) < % — 2a,

where we used the fact that {w,,} € W and the definition of v’. The above inequality
yields a contradiction and hence E cannot be inner-semicontinuous at (0, z).

(b) Let {(gi,2:)}icr be a net converging to (0,z). If T is 1SC at z, then
we have Tx C limint; T'(x;). Because T'(-) = E(0,-) and T(-) C E(e,-) we can
write E(0,z) = Tz C limint; T(z;) C limint; E(e;, ;) which yields the inner-
semicontinuity of F at (0, ). Let us prove the converse statement. It is enough, in
view of Theorem 4.6.3(ii), to prove that if E is 1sC at (0, x), then Tz is a singleton.
Assume, for the sake of contradiction, that there exist vy,ve € Tz, with 0 # vy —
vy =: w. Fix z € X such that (z,w) =: @ > 0. The proof now follows closely the
one in Theorem 4.6.3(ii). Define the sequences z,, := = + (z/n) and &, := a/4n.
Because E is 1SC at (0,2) we have that vy € Ta C E(0,z) C limint, E(ep, ).
Consider the set

Wo = {we X* : [(w—us,2)| < %} cU,,.

So there exists ng € N such that Wy N E(ey,, z,) # 0 for all n > ng. For every
n > ng, take u, € Wo N E(e,, x,). Because v1 € Tz we have

_ «
_ETL — _4_

- Up — V1, Ty — )

Up — V2, Tn *‘T> + <’U2 —V1,Tn 71’>
<un - UQaZ> + <U2 - Ulvzﬂa

I IA

S|=

which simplifies to
5 = (up—v2,2)+(v2 —v1,2) < § —q,

where we used the fact that u,, € Wy. The above expression entails a contradiction,
implying that T’z is a singleton. 0O

5.4.3 Nonenlargeable operators are linear skew-symmetric

We already pointed out that enlargements E € E(T') can help us to solve problems
involving the original operator T'. However, we can only take advantage of this
situation as long as E is a “proper” enlargement of 7T'; that is, as long as

E(e,-) 2T(:), foralle>0.

This poses a natural question: Which operators T cannot be enlarged by the family
E(T)? In other words, we want to determine those operators T' for which there
exists € > 0 such that

E(E ) =T(). (5.46)

We show below that if the equality above holds for some & > 0, then it holds for all
e > 0 (see Lemma 5.4.19). By Corollary 5.4.17, E(&,-) 1sC in (D(T'))°. Therefore,
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the property above and Theorem 4.6.3 imply that T' (and hence E(&, -)) is point-to-
point in (D(T))°. In the particular case in which T' = Jf, we necessarily have that
f is differentiable in the interior of its domain. We established in Corollary 5.4.11
that if T is affine with a skew-symmetric linear part, then (5.46) holds with E = T°.
The remaining part of this section is devoted to proving the converse of this fact.
First, we show in Theorem 5.4.21 that if (5.46) holds, then 7" must be affine. In
other words, the “nontrivial” elements in E(e,z) (i.e., elements in E(e, z) \ T'(z))
capture the nonlinear behavior of T. Finally, we prove that if X is reflexive and
(5.46) holds with E = T, then the linear part of T is skew-symmetric.
In order to prove these facts, we need some technical lemmas.

Lemma 5.4.19. Let E € E(T). If there exists € > 0 such that E(€,x) = T(x) for
all x € D(T), then the same property holds for every € > 0.

Proof. Take x € D(T) and define
e(x) :=sup{e > 0| E(e,x) =T (x)}.

By assumption, e(x) > & > 0. Observe that condition (E;) implies that E(n,z) =
T(x) for all n < e(z). The conclusion of the lemma clearly holds if e(z) = oo for
every € D(T). Suppose that there exists € D(T') for which £(z) < co. Fix € >
g(z). By definition of £(z) we can find w € E(e,z) such that w ¢ T(x). Consider
vo 1= argmin{|lv — w|| | v € T'(z)} and take a € (0,1) such that 0 < ae < ¢(z). By
(E3) we have that

vy = aw + (1 — a)vg € E(ae,x) = T(x).

Note that [|v) — w]|| = (1 — a)|lvg — w|| < ||vo — w||, which contradicts the definition
of vg. Hence, e(z) = oo for every x € D(T') and the lemma is proved. 0O

Lemma 5.4.20. (i) Let X and Y be vector spaces. If G : X — 'Y satisfies
Glar + (1 —a)y) = aG(z) + (1 — a)G(y) (5.47)

for all x,y € X and all « € [0,1], then the same property holds for all « € R. In
this case, G is affine; that is, there exists a linear function L : X — Y and an
element yo € Y such that G(-) = L(-) + yo.

(i1) Let T : X — X* be a mazimal monotone point-to-point operator such that
D(T)° # (. Assume that for all x,y € D(T), a € [0,1], T satisfies that

T(ax+ (1 —a)y) =aT(z)+ (1 — )T (y).
Then T is affine and D(T) = X.

Proof.
(i) For @ € R, z,y € X, define & := ax + (1 — a)y. If « > 1, then z =
(1/a)Z + (1 — (1/a))y. Because 1/a € [0,1], the assumption on G implies that
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G(z) = (1/a)G(z) + (1 — (1/a))G(y). This readily implies G(Z) = aG(x) + (1 —
)G (y). Therefore, (5.47) holds for all & > 0. Assume now that o < 0. In this case
y = (a/(a—1))xz+ (1/(1 — @))z. This is an affine combination with nonnegative
coefficients, therefore the first part of the proof yields G(y) = (a/(a — 1))G(z) +
(1/(1 — @))G(&), which readily implies G(Z) = aG(z) + (1 — a)G(y). We proved
that G is affine, and hence G(z) — G(0) is linear, so that the last statement of the
lemma holds for L(z) := G(z) — G(0) and yo := G(0). The proof of (i) is complete.

(ii) Note that Theorem 4.6.4 implies that D(T) is open. Without loss of
generality, we can assume that 0 € D(T'). Otherwise, take a fixed 2o € D(T') and
consider Ty := T(- + ). The operator Ty also satisfies the assumption on affine
combinations, and its domain is the (open) set {y — xo |y € D(T)}. It is also clear
that D(Tp) = X if and only if D(T) = X. Thus, we can suppose that 0 € D(T).
Because D(T) is open, for every x € X there exists A > 0 such that \x € D(T).
Define T: X — X* as

~ 1 1
T(x) = () + (1 - X) 7(0). (5.48)
We claim that
(I) T(x) is well defined and nonempty for every = € X.
(I1) T =T in D(T).
(IIT) T is monotone.

Observe that if (I)-(III) are true, then by maximality of T we get T = T and
D(T) = D(T) = X. For proving (I), we start by showing that T, as defined in (5.48),
does not depend on A. Suppose that A\, A’ > 0 are both such that Az, Nz € D(T).
Without loss of generality, assume that 0 < A" < A. Then Nz = (X /M)A z + (1 —
(N/X))0. Because X' /X € (0,1) we can apply the hypotheses on T to get

N N
T(Nzx) = XT(MU) + (1 - X) T(0),

which implies that

270w) + (1 - %) T(0) = YT()\’ z) + (1 - Al) 7(0),

and hence T'(z) is well defined. Nonemptiness of T'(z) follows easily from the defini-
tion, because Az, 0 € D(T). This gives D(T) = X. Assertion (IT) follows by taking
A= 11in (5.48). By (I) this choice of A does not change the value of T. For proving
(IIT), we claim first that 7" is affine. Indeed, because D(T) = X, this fact follows
from item (i) if we show that for all A € [0, 1] it holds that

Tz + (1= Ny) = XT(z) + (1 - \)T(y)

for all z,y € X. Take n > 0 small enough to ensure that nz, ny, n(Ax + (1 — \)y) €
D(T). Then,

Tz +(1-Ny) =T <%(77>\x + (1 — A)y))
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1 1
= ET(nAx +n(l=Ny) + <1 - 5) 7(0)

A 1—A 1
= ET(nx) + TT(WJ) + (1 - E) 7(0)

\ {%T(nm) 4 (1 - %) T(O)] (=N E T(ny) + (1 _ %) T(O)]

= \T(2) + (1 = NT(y),

using the definition of 7" in the second and the last equality, and the hypothesis on
T in the third one. Then T is affine by item (ii). In this case, monotonicity of T is
equivalent to positive semidefiniteness of the linear part L := T'(-) — T'(0) of T. In
other words, we must prove that (ix, x) > 0 for all z € X. Indeed, take z € X and
A > 0 such that Az € D(T). Then

(La,z) = (1/A2)(L(Az), Ax) = (L/\2)(T(\a) — T(0), Az)

= (1/X2)(T(\x) — T(0),\z) >0,
using (II) in the third equality and monotonicity of T in the inequality. Hence, T is

monotone and therefore T' = T. This implies that T is affine and D(T) = X. O

Now we are able to prove that if T' cannot be enlarged, then it must be affine.

Theorem 5.4.21. Let X be a reflexive Banach space and T : X = X* a mazximal
monotone operator such that D(T)° # 0. If there exist E € E(T) and &€ > 0 such
that

E(,) =T(), (5.49)

then
(a) D(T) =X, and

(b) There exists a linear function L : X — X* and an element xf € X* such that
T() = L() + 5.

In particular, if (5.49) holds for E = T€, then L in (b) is skew-symmetric. Con-
versely, if (a) and (b) hold with a skew-symmetric L, then T¢(e,-) = T(-) for all
> 0.

Proof. The last assertions follow from Corollary 5.4.11. Let us prove (a) and (b).
We claim that (5.49) implies that D(T') is open. Indeed, by Theorem 4.6.3(ii) and
(5.49), T'(x) is a singleton for all z, and hence Theorem 4.6.4 yields the claim.

For proving (a), assume for the sake of contradiction that D(T) € X. If
(D(T)) = X, then by Theorem 4.5.3(ii), it holds that D(T) = X. Hence we can
assume that (D(T)) € X. Take z,y € D(T) and « € [0,1]. By (F3) we have

oT(z)+ (1 —a)T(y) € E(é, %),
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where € := a(l —a)(T(x) —T(y),z —y) and & := azx + (1 — a)y. By Lemma 5.4.19,
we get that E(é, &) = T(Z), and inasmuch as T is point-to-point, it holds that

oT(z) + (1 — )T (y) = T(&).

We conclude from Lemma 5.4.20(ii) that T is affine and D(T") = X. This proves
(a) and (b). Assume now that E = T°. We have already proved that T is affine,
and so we can apply Corollary 5.4.11, which asserts that (5.49) is equivalent to L
being skew-symmetric. 0O

Remark 5.4.22. Condition D(7)° # () is necessary for Theorem 5.4.21 to hold. For
showing this, let X = R"™ 0 # a € R® and T = Ny, where V := {y € R" | (a,y) =
0}. It is clear that T is not affine, because its domain is not the whole space and it
is nowhere point-to-point. Namely,

[ Vi—{aa|AeR} ifzeV,
T(z) = { 0 otherwise.

We claim that T¢(e,-) = T(:) for all & > 0. For z ¢ V this equality follows
from the fact that V.= D(T) € D(T“(g,-)) C (D(T)) = V. In this case both
mappings have empty value at . Suppose now that there exist x € V and € > 0
such that T¢(e,-) ¢ T(-). Then there exists b € T¢(e,x) such that b ¢ V+. In
this case, b = ta + w for some t € R and 0 # w € V. Because b € T¢(g,x), for
y =+ 2ew/|w|* € V we have

—e<(b=Aa,z—y) = 2((t — Na+w, —ew/|w]*) = -2,
which is a contradiction.

Before starting with the applications of the enlargements dealt with so far
in this chapter, it is worthwhile to attempt an educated guess about the future
developments on this topic. It seems safe to predict that meaningful progress will
be achieved by some appropriate relaxation of the notion of monotonicity. Let us
mention that enlargements related to the ones discussed in this book have already
been proposed for nonmonotone operators; see, for example, [196] and [229]. How-
ever, a general theory of enlargements in the nonmonotone case is still lacking. On
the other hand, there are strong indications that the tools for such a theory are
currently becoming available, through the interplay of set-valued analysis and a
new field, which is starting to be known as variational analysis.

Let us recall that the basic tools for extending the classical apparatus of cal-
culus to nonsmooth convex functions were displayed in the form of an articulated
theory by Rockafellar in 1970, in his famous book, Convexr Analysis [187]. The next
fundamental step, namely the extension of such tools (e.g., the subdifferential, the
normal cone, etc.) to nonconvex sets and functions, was crystallized in 1990 in
Clarke’s book [66]. The following milestone consisted in the extension of the theory
beyond the realm of real-valued functions and their differentiation, moving instead
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into variational inequalities associated with operators, and was achieved in two es-
sential books. The first one, Variational Analysis, [194], written by R.T. Rockafellar
and R.J.B. Wets in 1998, gave the subject a new name (as had been the case with
Rockafellar’s 1970 book). It dealt only with the finite-dimensional case. The second
one, by B.S. Mordukhovich [156], expands the theory to infinite-dimensional spaces
and provides a very general framework for the concept of differentiation. We refrain
nevertheless from presenting the consequences of these new developments upon our
subject, namely enlargements of point-to-set mappings, because they are still at a
very preliminary stage. We emphasize that both [194] and [156] are the natural ref-
erences for a deep study of the relationships among set-valued analysis and modern
aspects of variational analysis and generalized differentiation, especially from the
viewpoint of applications to optimization and control.

5.5 Algorithmic applications of 7T

Throughout this section, 7' : R® = R" is a maximal monotone operator whose
domain is the whole space and C' C R" is a closed and convex set. Our aim now is
to show how the enlargement 7T¢ can be used for devising schemes for solving the
variational inequality problem associated with 7" and C'. This problem, described in
Example 1.2.5 and denoted VIP(T, C), can be formulated as follows. Find z* € C
and v* € T(z*) such that

(v, y —x*)y >0, for every y € C. (5.50)

Denote S* the set of solutions of VIP(T, C). Because D(T) = R", (5.50) is equiva-
lent to finding z* such that 0 € T'(x*)+ N¢(2*), where N¢ is the normality operator
associated with C' (see Definition 3.6.1). Problem VIP(T, C') is a natural generaliza-
tion of the constrained convex optimization problem. Indeed, recall that x* satisfies
the (necessary and sufficient) optimality conditions for the problem of minimizing
a convex function f in C if and only if 0 € df(z*) + Ne¢(z*). In VIP(T,C) the
term O f is replaced by an arbitrary maximal monotone operator T'. Given the wide
variety of methods devised to solve the constrained optimization problem, a natu-
ral question to pose is if and how a given method for solving this problem can be
adapted for also solving VIP(T, C'). We discuss next the case of the extragradient
method for monotone variational inequalities, and describe how the enlargement 7°°
can be used for defining an extension that solves VIP(T, (). We start by recalling
the projected gradient method for constrained optimization. Given a differentiable
function f : R™ — R, the projected gradient method is an algorithm devised for
minimizing f on C, which takes the form

oM = Po(2® — eV f(2F)), (5.51)

where P is the orthogonal projection onto C' and {74} is a sequence of positive
real numbers called stepsizes. The stepsizes y; are chosen so as to ensure sufficient
decrease of the functional value. If Vf is Lipschitz continuous with constant L, a
suitable value for v; can be chosen in terms of L. When such an L is not available,
an Armijo search (see [5]) does the job: an initial value 3 is given to v, and the
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functional value at the resulting point Pc(x* — 3V f(2*)) is evaluated and compared
to f(z*). If there is enough decrease, according to some criterion, then 7y is taken
as 3 and 2"+ is computed according to (5.51); otherwise 3 is halved, the functional
value at the new trial point x* — (3/2)V f (z*) is compared to f(x*), and the process
continues until the first time that the trial point satisfies the decrease criterion.
Assuming this happens at the jth attempt (i.e., at the jth iteration of the inner
loop), then 7 is taken as 2773 and again 2**! is given by (5.51).

If f is convex and has minimizers, then the sequence defined by (5.51), with an
Armijo search for determining the stepsizes, is globally convergent to a minimizer
if f, without further assumptions (see, e.g., [227, 101]). The rationale behind this
result is that for 4; small enough, the point 2**! given by (5.51) is closer than z*
to any minimizer of f; that is, the sequence {2*} is Fejér convergent to the solution
set of the problem (cf. Definition 5.5.1).

In the point-to-point case, an immediate extension of this scheme to VIP(T,C')
is

" = Po(2b — T (2F)). (5.52)
The convergence properties of the projected gradient method, however, do not ex-
tend to the sequence given by (5.52) in such an immediate way. In order to establish
convergence, something else is required besides existence of solutions of VIP(T, C')
and monotonicity of T' (equivalent to convexity of f in the case T = Vf). In
[28], for instance, global convergence of the sequence given by (5.52) is proved for
strongly monotone T (i.c., (x —y, T(z) — T(y)) > 0 ||z — y||* for some 6 > 0 and all
x,y € R™). In [1], the same result is achieved demanding uniform monotonicity of
T (ie. (x—y,T(x)—T(y)) > ¢U(|x—yl) for all z,y € R™, where vy : R — R is a
continuous increasing function such that ¢ (0) = 0). Note that strong monotonicity
is a particular case of uniform monotonicity, corresponding to taking v (t) = 6t>.
In [141] some form of cocoercivity of T is demanded. On the other hand, when
T is plainly monotone, there is no hope: no choice of ~; will make the sequence
convergent, because the Fejér convergence to the solution set S* is lost.

The prototypical examples are the problems of finding zeroes of the rotation
operators in the plane, for instance, VIP(T,C) with C = R™ and T'(z) = Az, where

0 -1
A= ( R > |

The unique solution of VIP(T,C') is the unique zero of T', namely & = 0. It is easy
to check that ||z —vT'(z)|| > ||z|| for all z € R™ and all v > 0; that is, the sequence
moves farther away from the unique solution at each iteration, independently of the
choice of the stepsize (see the position of z in Figure 5.3). Note that in this example
Pc is the identity, because C' is the whole space. We also mention, parenthetically,
that rotation operators are monotone (because the corresponding matrices A are
skew-symmetric), but nothing more: they fail to satisfy any stronger monotonicity
or coercivity property.

The rotation example also suggests a simple fix for this drawback, presented
for the first time by Korpelevich in [123], with the name of extragradient method.
The idea is to move away from x* not in the gradient-like direction —T'(x*), but
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Figure 5.3. Extragradient direction for rotation operators

in an extragradient direction —T(z*), with 2* close enough to x*, in which case
the Fejér convergence to the solution set is preserved. In other words, the method
performs first a projected gradient-like step for finding the auxiliary point 2%,

2P = Po(ak — 3T (2")), (5.53)
and this auxiliary point defines the search direction for obtaining the new iterate:
gFt = Pc(xk — ’yk.T(zk)). (5.54)

See Figure 5.3. If T is point-to-point and Lipschitz continuous with constant L,
then for v, € (0,1/2L), the sequence {z*} converges to a solution of VIP(T,C)
(see [123]). This method has been extensively studied for point-to-point monotone
operators, and several versions of it can be found, for example, in [98, 117, 140] and
[107]. In most of these references, no Lipschitz constant is assumed to be available
for T, and instead an Armijo-type search for the stepsize i is performed: an
initial value [ is tried, and this value is successively halved until the resulting point
Pco(zk — 279 8T (2%)) satisfies a prescribed inequality, which is then used to ensure
the Fejér monotonicity of the sequence {z*} to the set of solutions of VIP(T,C).

However, the scheme (5.53)(5.54) cannot be automatically extended to point-
to-set mappings. Indeed, if we just replace the directions 7'(z*) and T(z*) by
uF € T'(2%) and v* € T(2*), respectively, then the algorithm might be unsuccessful.
An example is given in Section 2 of [104], taking C' =R and T = 9f, where

0 if <0
flx)=% = it z €[0,1]
Or—60+1 ifz>1
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with 6 > 1. In this case VIP(T,C) reduces to minimizing f on R and the solution
set is the nonnegative halfline. T' is constant with value 0 in the negative halfline,
1in (0,1), and 6 in (1,00), with “jumps” of size 1 at x = 0, and of size § — 1 at
x = 1. It is shown in [104] that, starting with 2 > 1, the sequence {z*} will stay
in the halfline (1, 00), unable to jump over the “inner discontinuity” of T at x =1,
and converging eventually to * = 1 (which is not a solution), unless the initial trial
stepsize ( in the Armijo search is taken large enough compared to €, but the right
value for starting the search cannot be determined beforehand, and even more so
for an arbitrary 7.

The reason for this failure is the lack of inner-semicontinuity of arbitrary
maximal monotone operators. This motivates the idea in [104], where the direction
u® is chosen in T (e, 2%), instead of in T'(z*), and convergence is established using
the fact that the enlargement T° is inner-semicontinuous.

However, the scheme proposed in [104], called EGA (for Extragradient Al-
gorithm), is not directly implementable: for convergence, it is required that the
direction u* be chosen with some additional properties. The element of minimal
norm in T¢(ey, 2*) does the job, but of course this introduces a highly nontrivial
additional minimization problem. EGA determines «* through an inexact norm
minimization in T¢(gx, 2¥), but still such an inexact solution is hard to find unless
a characterization of the whole set T¢(g, x*) is available, which in general is not
the case. After a suitable auxiliary point z* is found in the direction «*, an Armijo
search is performed in the segment between z* and z*, finding a point y*, and a
suitable v* € T(y*) which is, finally, the appropriate direction: %1 is obtained by
moving from z* in the direction v*, with an endogenously determined stepsize .

We mention, incidentally, that this problem does not occur for the pure pro-
jected gradient-like method given by (5.52), which can indeed be extended to the
point-to-set realm, taking

Zk+1 _ Pc((ﬂk o ,quk)’
where u* is any point in T'(z*). However, as in the case of the iteration (5.52), T
must be uniformly monotone (i.e., (u — v,z —y) > (||l — y||) for all u € T'(x) and
all v € T'(y), with ¢ as above) and 7, must be chosen through a procedure linked
to 1 (see [1]).

In order to overcome the limitation of EGA, in connection with the practical
computation of ©*, a much more sophisticated technique must be used. Presented
for the first time in [48], it is inspired by the bundle methods for nonsmooth convex
optimization, which employ the e-subdifferential of the objective function. In these
methods the set 0. f(x*) is approximated by a polyhedron, namely the convex hull
of arbitrary subgradients at carefully selected points near z* (these subgradients
form the “bundle”).

In [48], a similar idea is proposed for approximating T°¢(e,z*) instead of
O-f(2*), when the problem at hand is that of finding zeroes of a monotone point-to-
set operator 1" instead of minimizers of a convex function f. We point out that the
convergence analysis of the method presented in [48], called IBS (for implementable
bundle strategy), strongly relies on the transportation formula for 7¢, which allows
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us to construct suitable polyhedral approximations of the sets 7¢(e,z*). Algo-
rithms EGA and IBS are the subject of the next two sections. We recall that
inner-semicontinuity of T° is essentially embedded in the transportation formula.
Again, it is this inner-semicontinuity, which 7°¢ always enjoys but T itself may lack,
that makes EGA and IBS work.

5.5.1 An extragradient algorithm for point-to-set operators

We proceed to state formally the method studied in [104]. The algorithm re-
quires the exogenous constants £,07,0%, o™, a" and 3 satisfying e > 0, 0 < 6~ <
T <1,0<a” <at,and B € (0,1). It also demands two exogenous sequences
{ar}, {8k}, satisfying oy € [a™, o] and 8y € [B, 1] for all k.

We briefly describe the roles of these constants: € is the initial value of the
enlargement parameter; the direction u* belongs to Te(sk,xk'), with g9 = ¢; a™
and aT are lower and upper bounds for ay,, which is the stepsize for determining
u®; 6T is the precision parameter in the inexact norm minimization in the selection
of u¥ € T¢(ey,x*); 5 is the precision parameter in the Armijo search; and f3 is a
lower bound for the initial trial stepsize By of the Armijo search.

Basic Algorithm

1. Initialization: Take
€ C, and gy =ce. (5.55)

2. Iterative Step. (k > 1) Given ¥,
(a) Selection of &y:
e == min{eg_q, [|2F71 — 2F7L)2). (5.56)

(b) Selection of u*: Find

ub € T¢(ep, 2"), (5.57)
such that
ot
(w, 2P — 2*) > a—||xk — 2%, Vw e T, ), (5.58)
k
where
2P = Po(a® — apu®). (5.59)

(c) Stopping Criterion: If z¥ = z* stop, otherwise
(d) Armijo Search: For i =0,1,... define

T (1 — %) b+ %zk (5.60)

3 vkt e T(yF?) such that
W™ } (5.61)

(k) := mi ;> 0 ) _
Z() mln{z_ | (vk”7xk—zk>26a—k||mk—zk||2
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Set
Br
)\k = W’ (562)
ok = iR, (5.63)
(e) Extragradient Step:
i (vF) 2k — 2F)
Mk = W7 (5.64)
a* = Po(af — ppo®). (5.65)

Before the formal analysis of the convergence properties of Algorithm EGA,
we comment, in a rather informal way, on the behavior of the sequences defined by
EGA; that is, by (5.55)—(5.65).

Tt is easy to check that if we use in (5.59) the minimum norm vector in
Te(ek, o) instead of u¥, the resulting z* is such that the inequality (5.58) holds.
In fact, (5.58) can be seen as a criterion for finding an approximate minimum norm
vector in T°(ex, x*), with precision given by 6. In (5.61), we perform a backward
search in the segment between x* and z*, starting at o + g5, (2* — 2%), looking for
a point close to z* (it is the point y®*) according to (5.60), (5.61)), such that
some v* € T(y**(¥)) satisfies an Armijo-type inequality with parameter 5.

At this point, a hyperplane Hj normal to v*, separating 2* from the solu-
tion set S* has been determined. The coefficient g, given by (5.64) is such that
¥ — pupo® is the orthogonal projection of ¥ onto Hy, and xz**! is the orthogonal
projection onto C' of this projection. Because S* C C' N Hy, both projections de-
crease the distance to any point in S*, ensuring the Fejér convergence of {z*} to
S*, and ultimately the convergence of the whole sequence {*} to an element of S*;
that is, to a solution of VIP(T,C').

We proceed to the convergence analysis of EGA, for which we recall the well-
known concept of Fejér convergence.

Definition 5.5.1. Given a nonempty set M C R", a sequence {pk} C R™ s said to
be Fejér convergent to M if for all k large enough it holds that ||p**1 —q|| < ||p* —q||
for allq € M.

The following result concerning Fejér convergent sequences is well known and
useful for establishing convergence. Its proof can be found in [98, Proposition 8].

Lemma 5.5.2. Let ) # M C R", and assume that {p*} C R"™ is Fejér convergent
to M. Then

(i) {p*} is bounded.

(ii) If {p*} has a cluster point in M, then the whole sequence converges to that
point in M.
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The following facts, established in [104], do not rely upon the properties of
T¢, and hence they are stated without proof.

Proposition 5.5.3. Assume that S* # 0. If {2*} and {z*} are defined as in
(5.55)(5.65), then

(i) If 2% # 2% then there exists i(k) verifying (5.61).
(ii) The sequences {x*} and {u*} are well defined and {z*} C C.

101 , then the sequences {x"}, 1y~ }, 12"}, and {pr} are bounded.
If S* # 0, then th k k k d bounded.

(i)
E%uwkzo (5.66)

(v) The sequence {x*} is Fejér convergent to the set S*.

Proof. See Lemmas 5.1-5.3 in [104]. 0O

Because D(T) = R™, we can combine the result above with Theorems 4.2.10
and 5.3.4, and conclude that the sequences {u*} and {v*} are also bounded.

We need now the concept of approximate solutions of VIP(T,C), for which
we recall some technical tools from [44]. Define h: D(T) N C — RU {o0} as

h(z) = sup (v,z—y). (5.67)
veET (y),
yeCND(T)

The relation between the function h and the solutions of VIP(T,C) is given
in the following lemma.

Lemma 5.5.4. Assume that ri(D(T)) Nri(C) # 0, and take h as in (5.67). Then
h has zeroes if and only if S* # 0 and in such a case S* is precisely the set of zeroes
of h.

Proof. See Lemma 4 in [44]. 0O
We define next the concept of approzimate solutions of VIP(T, C').

Definition 5.5.5. A point x € D(T)NC is said to be an e-solution of VIP(T,C) if
and only if h(x) < e (another motivation for this definition can be found in Exercise

14).
Theorem 5.5.6. Assume that S* # ().

(a) If the sequence {x*} is infinite, then & := limy_ocex = 0. Moreover, the
sequence converges to a solution of VIP(T,C).
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(b) If the sequence is finite, the last point x* of the sequence is an £j,-solution of
VIP(T,C).

Proof.

(a) We start by proving convergence of {z*} to a solution. Due to Lemma
5.5.2 and Proposition 5.5.3(v), it is enough to prove that there exists a cluster
point in S*. Because {z*}, {*}, {u*}, {v*}, {ar}, {\&}, and {u} are bounded
(see Proposition 5.5.3(iii)), they have limit points. We consider a subset of N
such that the corresponding subsequences of these seven sequences converge, say
the superindex (or subindex) k for referring to these subsequences. By (5.65), and
using continuity of P, we get

Recall that
(a— Pc(a),y — Pc(a)) <0 (5.68)

for all a € R™, y € C. Taking a := T — iu we obtain
0> ((@—pu) -2,y —2) =[u,z—y) (5.69)

for all y € C. Hence i (@,Z —y) < 0. By (5.61), (5.63), and (5.64), we have that
iz > 0. We consider two cases: ji > 0 and g = 0. In the first case, by Proposition
5.5.3(iv) we get ¥ = 0. Using (5.61), we conclude that Z = z. Because T is 0SC and
P € T((1— Ap)x® + A\p2"), we get 0 =19 € T(z) C (T + N¢)(z), and hence z € S*
(we also use here that D(T) = R™ and & € C, which follows from (5.65)). Using
now that e; < [[2%~! — 2¥71||2 and taking limits we conclude that £ = 0. Assume
now that i = 0. Using (5.64) and the fact that {v*} is bounded, i = 0 can happen
only if A = 0 or (#,Z—2) = 0. We start by assuming that A = 0. We prove first that
& = 0. Consider the sequence {y**®)=1}. Because A = 0, limy, i(k) = oo and hence
limy, y**F) =1 = 7. Because D(T) = R™ and {y**)=1} is bounded, there exists a
bounded sequence {£¥} such that ¢ € T'(y***)=1). Hence the sequence {¢¥} has a
subsequence that converges to some £. Again, we keep the superindex k for referring
to the subsequence. By outer-semicontinuity of 7" we conclude that ¢ € T'(z). We
know by (5.61) and definition of & that (¢*, 2% — 2%) < (67 /ay)||z* — 2*||%. This
implies that

Iz — z||%. (5.70)
If

(@1

>0, (5.71)

then T¢(g,-) is 1sC. Because £ € T°(,Z), there exists a sequence w® € T¢(g, ")
with limy w* = €. By definition, e; > &, and hence w* € T¢(s,, 2*). By (5.58),

. ot
<wk’xk o Zk> Z —||:£k o ZkHQ,
ay
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and taking limits we get
_ 5t
R (5.72)

Combining (5.70), (5.72), and the assumptions on the parameters of the algorithm,
we conclude that = 2. So £ = limy, e; < limy, [|#*~1 —2*71||2 = 0. This contradicts
(5.71) and hence we must have € = 0. We claim that in this case Z = z. Indeed,
€ = limy, g = 0, thus we must have a subsequence of {e,} that is strictly decreasing.
This implies that for an infinite number of indices the minimum in the definition of
ek, is equal to [|z% 1 —2*~1||2. Combining this with the fact that limy_ .o, ex = & = 0,
we conclude that Z = zZ. Because T° is osc, @ € T¢(&,z) = T%(0,z) = T(Z). By
definition of z*, we get # = z = Po(Z — au). Altogether, we obtain

hMz)= sup (v,z2—y)< sup (U,T—y)

V55 vecnn)
1 L _
=— sup ((Z—au) —-z,y—7) <0,
& yecnD(T)

using (5.68). Then Z is a solution of VIP(T, C'). Consider now the case (v, 7—Z) = 0.
Using (5.61) and taking limits, we get 0 = (0,7 — z) > (6~ /a)||z — 2||* and hence
again T = z = Po(Z — ). In the same way as before, we obtain z € S* and & = 0.

We proceed now to prove assertion (b) of the theorem. If the algorithm stops
at iteration k, then by the stopping criterion we have z* = 2% = Pg (mk — akuk’).
Using again the fact that u* € T¢(ex, z"), combined with (5.68), we have

ha®) = sup (v,a" —y) < sup  (uF 2" —y) ey
ver), yeCND(T)
Y
1

=— sup ((z" —oguf) —a2F y—2b) + e < ey
Ak yeCnD(T)

Thus, z¥ is an ex-solution of VIP(T,C). 0O

5.56.2 A bundle-like algorithm for point-to-set operators

We present in this section the method introduced in [48]. As mentioned above, a
monotone variational inequality problem can be reduced to a problem of finding
zeroes of a maximal monotone operator T'; that is, the problem of finding x* € R™
such that 0 € T'(z*). Indeed, the solution set of VIP(T',C'), given by (5.50), coincides
with the set of zeroes of the maximal monotone operator T=T+ N¢, where Neo
is the normalizing operator of C, as defined in (3.39). On the other hand, when
working, as we do in this section, within the framework of zeroes of operators rather
than variational inequalities (i.e., ignoring the specific form of a feasible set C'), we
refrain from taking advantage of the structure of C. More specifically, Algorithm
EGA, dealt with in the previous section, uses explicitly the orthogonal projection
onto C. When such a projection has an easy formula (e.g., when C' is a ball or
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a box), that approach seems preferable. The algorithms discussed in this section
are also amenable to a variational inequality format, but we prefer to avoid explicit
reference to the feasible set C for the sake of simplicity of the exposition: the bundle
method we are starting to discuss is involved enough in the current context.

We assume that D(T) = R™ and that the solution set T71(0) # 0. As it is
standard in this context, we also suppose that we have an oracle (also called black
boz), that at each point z € R"™, provides an element v € T'(x). Our departing
point for understanding the scheme proposed in [48] is the following simple remark:
given an arbitrary y and v € T'(y), the monotonicity of 7" implies that 7-1(0) is
contained in the half-space

H(y,v) :={zeR:(z—y,v) <0}. (5.73)

Before introducing the implementable bundle strategy, which overcomes the limita-
tions of EGA in terms of computational implementation, we present a conceptual
method for finding zeroes of T, introduced in [47], which is in a certain sense sim-
ilar but in fact simpler than EGA, and consequently even less implementable, but
which is useful for understanding the much more involved implementable bundle
procedure introduced later.

First, we describe somewhat informally this theoretical method, called CAS,
(as in Conceptual Algorithmic Scheme), for finding zeroes of a maximal monotone
point-to-set operator T'. For a closed and convex C' C R"™, let Po : R™ — R™ denote
the orthogonal projection onto C. Take a current iterate 2% ¢ T—1(0). First, find
y* and v* € T(y*) such that 2% ¢ H(y*,v*), with H as in (5.73). Then, project z*
onto H(y*,v*¥) D T~1(0) to obtain a new iterate:

po (ah =gk k)

$k+1 = PH(ykwk)(l'k) =T — WI} . (574)

By an elementary property of orthogonal projections, ¢! is closer to any point in
T-10) than x¥. However, in order to have a significant progress from a* to zF*+1,
adequate choices of (y*,v*) are required. Because v* € T(y*) is given by an oracle,
we can only control the selection of y*. In [47], y* is chosen as
v = ok — el (5.75)
where {vx} C Ry, and u* is the minimum norm vector in T (eg, z*).
The scheme (5.74)—(5.75) is useful for theoretical purposes. Actually, it allows
us to clearly identify the crucial elements to obtain convergence: (5.74) and (5.75)
have to be combined for driving e to 0, in order to generate a convergent sequence.
At the same time, ¥ should not go to 0 too fast, because in such a case the result-
ing multifunction x < T°(¢*, x) would not be smooth enough. When coming to
implementation concerns, it appears that u* in (5.75) cannot be computed without
having full knowledge of T°(ey,, z*), a fairly bold (if not impossible) assumption, as
discussed in the previous section. Instead, we only assume that an oracle, giving
one element in T'(z) for each z, is available. Then u* can be approached by finding
the minimum norm element of a polyhedral approximation of T¢(ex, z¥). A suitable
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polyhedral approximation is obtained by using the transportation formula for T°¢,
together with bundle techniques (see, e.g., [94, Volume II]): having at the current
iteration a raw “bundle” with all the oracle information collected so far, {(z%, w')},
(0 <i < p), with w® € T(2%), the convex hull of some selected w's is a good approx-
imation of T¢(ey,, #¥). Again, special attention has to be given when selecting the
sub-bundle, in order to control €5 and preserve convergence. Note that the oracle
provides only elements in the graph of T', not of T°¢, and the set to be approximated
belongs to the range of T.

We start by a simple consequence of the transportation formula, stated in a
way which is useful in our analysis. Namely, we use the transportation formula in
its (equivalent) form stated in Exercise 7, and with &; = 0, that is, when w’ € T'(2")
(given by the oracle for each 2%).

Corollary 5.5.7. Consider the notation of Fxercise 7 for E := T€. Suppose that
g; =0 for all i <m. Take T € R"™ and p > 0 such that ||2* — Z|| < p for all i < m.
Then, the convex sum (Z,4) := (Y10, a2, > 1w, ayw') satisfies:

12—z <p, 4
4 eTe(E,2) with :=% " a(z" — &,w' —a) <2pM,

where M := max{||w’| |i=1,...,m}.
Proof. The convexity of the norm implies that || —Z|| < p, and also that ||4| < M.

Exercise 7 establishes that @ belongs to T¢(¢, ), for &€ = > 7" | a; (2" — &, w' — @) .
The last expression can be rewritten as follows.

m m m
Zal(z’fx,w’fw* OéZ<Z7'*f,’wi*ﬁ>+zal<$*£,w27ﬁ>
=1 =1 =1
m
= Zai(z’ —z,w" —u),
i=1

using the definition of @ in the second equality. Inasmuch as ||4| < M, the result
follows from the Cauchy—Schwartz inequality. O

In order to make the implementable version of the above-described theoretical
scheme more clear, we present first the formal statement of CAS, where we consider
explicitly sets of the form T¢(e, z). Further on, we use a bundle technique to build
adequate polyhedral approximations of such sets. CAS can be described as follows.

Initialization:
Choose parameters 7,3, > 0 and o € (0,1). Take 2° € R".

Iterative step: Given 2",
Step 0: If 0 € T(xk), then sTOP. (stopping test)
Step 1: (computing search direction)

Compute u* := argmin{||v||? |v € T¢(e277,2%)}, where j € Z, is such that
||| > 7277.
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Step 2: (line search)
Define y* := 2% — g27%* and take v* € T(y*), for £ € 7Z, such that

(%, u¥) > ot

Step 3: (projection step)

Define

g = <Uk7xk - yk>
' [

Rl gk gk

x

Observe that informally speaking, CAS is a simplified version of EGA: instead
of the inexact norm minimization of (5.58) in EGA, step 1 of CAS demands the
exact norm minimizer point in T¢(s;, 2%); step 2 in CAS is basically the Armijo
search in step (d) of EGA (more specifically (5.60) and (5.61)); step 3 of CAS is
equivalent to step (e) in EGA (i.e., the extragradient step), taking into account that
in the case of CAS we have C' = R", so that P¢ is the identity mapping.

In view of the similarity between EGA and CAS, presentation of the latter
might be considered superfluous; we keep it because it is the conceptual skeleton
behind the much more involved bundle method IBS, considered below.

In [47] it is proved that CAS is well defined, with no infinite loops in steps
1 or 2. CAS is also convergent in the following sense. It either stops with a last
2% € T71(0), or it generates an infinite sequence {z*} converging to a zero of T. We
show later on that the same convergence result holds for the implementable version
of CAS (cf. Theorem 5.5.12).

Now it is time to overcome the announced computational limitation of both
EGA and CAS: the impossibility of evaluating «* when we do not have an explicit
characterization of T¢(ey,z"), or, even worse, we only have an oracle providing
just one element in T'(z) for each z € R™. We intend to use the so-called dual-
bundle methods (see, for instance, [133, 214] and also Chapters XI and XIIT in [94]).
However, these methods, devised for convex optimization, make extensive use of the
objective functional values f(z*). Inasmuch as we do not have functional values in
the wider context of finding zeroes of monotone operators, we have to adapt the
“bundle” ideas to this more general context. Before proceeding to this adaptation
we give a quick description of the main ideas behind the “bundle concept”.

It is well-known that the direction —V f(z) is a descent one for a differentiable
function f at the point x. When dealing with a convex but nonsmooth f, we have
the set 0f(x) instead of the vector V f(z), and an important property is lost in the
extension: it is not true that —v is a descent direction at x for all v € 9 f(x).

It is not difficult to check that the minimum norm subgradient of f at x gives
indeed a descent direction, but in general it is not practical to solve the implicit
minimization problem, because df(x) cannot be described in a manageable way
(e.g., through a finite set of equations or inequalities). Assuming that we only
have an oracle for generating subgradients, as described above, one could think of
replacing the set df(x) by the convex hull of a finite set of subgradients at points
close to x, but here we confront the lack of inner-semicontinuity of df: in general
a subgradient at x cannot be approximated by subgradients at nearby points. On
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the other hand, the e-subdifferential O, f is inner-semicontinuous: subgradients at
points close to x are e-subgradients at x for an adequate ¢.

Starting from this fact, bundle methods typically begin with a point 2° and a
subgradient v° at the point provided by the oracle. A finite line search is performed
along the dlrectlon —0: if enough decrease in functional values is attained, we get
a new iterate z! Otherw1se we keep z° as the current iterate, but in both cases

00 is saved to form the bundle. After m steps (in some of which a new iterate

2% is produced, whereas in some others this does not occur), we have the bundle

of subgradients v!,...,v™, all of them provided by the oracle along the m steps,
but the trial direction is not one of them: rather it is the minimum norm vector
in the convex hull of the v%s. Such a convex hull approximates 0. f at the current
iterate for a suitable €, thus this trial direction has a good chance of being indeed
an appropriate descent direction, and eventually it is, ensuring convergence to a
minimizer of f under reasonable assumptions. Also, finding such a minimum norm
vector requires just the unconstrained minimization of a convex quadratic function
of m variables; that is, a rather modest computational task, if m is not too big. At
each step, a line search is performed along the trial direction starting at the current
iterate: if successful, a new iterate is produced; otherwise the current iterate is left
unchanged, but in both cases a subgradient at the last point found in the search,
provided by the oracle, is added to the bundle.

Some safeguards are needed: it is necessary, for example, to refine the bundle,
eliminating “old” subgradients at points far from the current iterate, but the basic
scheme is the one just described. We proceed to extend this idea to the realm of
monotone operators.

We denote as

Ap = {)\ERi:ZAizl}
icl
the unit simplex associated with a set of indices I.

We present next the formal statement of the bundle strategy. As usual in
bundle methods, we suppose that an oracle is available, which computes some v €
T(z) for each y € R™. Immediately after this formal statement, and before the
convergence analysis, we explain the rationale behind it.

Implementable Bundle Strategy (IBS)

Initialization: Choose parameters 7,3 > 0 and o € (0,1). Set k:= 0, p:= 0 and
take 20 € R™.

Implementable iterative step: Given z*,
Step 0:
(0.a) Ask the oracle to provide u* € T'(z*); if u* = 0, then STOP. (stopping
test)
(0.b) Else, set p:=p+ 1, (22, wP) := (zF,u¥). Set m := 0.
Step 1: (computing search direction)
(L.a) Set j :=0.

(1.b) Define I(k,m, j):= {1 <i <p||2"— k\|<ﬂ2*j}
(1.c) Compute ¥ := argmin{|| DoicI(km, ) W NPl € Arem, iy}
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m,j . km.j i
.d) Define sk := ZieI(k,m,j) a; ™Mt
) If ||sk™J|| < 7277 then set j := j + 1 and LoOP to (1.b).
£) Else, define j(k,m) := j, & := ghmsilkm)
2: (line search)
(2.a) Set £:=0.
(2.b) Define y*mf := ¥ — (27 / ||s*™||)s"™ and ask the oracle to provide
some vFmE € T (ykmt),
(2.c) If
(ot by < g shm)? (5.76)

and £ < j(k,m) + 1, then
Set £ := ¢+ 1 and Loop to (2 b)
(2.d) Else, define £(k,m) := £, y*m := ylmtem) gykn . — gkm.tkm)

)

Step 3: (evaluating the pair (y,v))
(3.a) If

<Uk-,m78k-,m> < O_Hsk,mHZ7 (5.77>

then (null step)

Set p:=p+1, (2P, wP) := (ykm, vFm).
Set m :=m + 1 and Loop to (1.b).
(3.b) Else (serious step)
Define m(k) :=m, j(k) := j(k,m(k)), £(k) := L(k,m(k)),
sk = sk,m(k‘)7 yk = yk',m(k)7 oF = pkm(k
Define uy := (0%, 2% — yF)ok /||vk 2.
Define zF 1 := 2% — ppo®.

We try to describe next in words what is going on along the iterative process
defined by IBS. We perform two tasks simultaneously: the generation of the se-
quence of points {z*¥} and the construction of the bundle {(z!,w')... (27, wP)}. At
each step, we look at the convex hull @, of w!,... , wP as a polyhedral approxima-
tion of T¢(e, 2*). This double task gives rise to two kinds of steps: the serious ones
(step (3.b) of IBS), indexed in k, where a new point x**! is produced, such as the
whole iterative step in CAS or EGA, and the null steps (step (3.a) of IBS), indexed
in m, where the generated point y*™ with its companion vector v&™ € T (y*™)
produced by the oracle, fail to pass the test given by the inequality in (5.77). In this
case, we do not abandon our current point *, but the pair (y*™ v¥™) renamed
(2P, wP) in step (3.a) of IBS, is added to the bundle, meaning that the polyhedral
approximation of T¢(s,, z*) is modified (and it is hoped, improved).

This polyhedral approximation (namely the set @, defined above) is used to
generate the search direction as in EGA or CAS but with an enormous computa-
tional advantage: whereas both the inexact norm minimization in T¢(e, z¥) (step
(d) of EGA) and the exact one (step 1 of CAS), are almost unsurmountable compu-
tational tasks in most instances of VIP(T,C'), finding the minimum norm vector in
the polyhedron @), demands the unconstrained minimization of a convex quadratic
function in variables aq,...,q, (see step (1.c) of IBS). However, as p increases
and z* moves away from z°, @, would become too big, and unrelated to the cur-
rent point z*. Thus the bundle is “pruned”. Instead of approximating 7' 6(zsk.mck)
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with the full collection w?,...,w*, we discard those w's associated with vectors

2' that are far from the current point z*. This is achieved through the definition
of the index set I(k,m, j) in step (1.b) of IBS. We construct @, only with vectors
w' € T(z%) such that z* belongs to a ball of radius 3277 around z*, where the radius
is successively halved through an inner loop in the index j, which continues until
the minimum norm solution (s%™J in step (1.d) of IBS) has a norm greater than
7279, As the radius of the ball gets smaller, the size of the set I(k,m,j) (i.e., the
cardinality of the set of vectors that span the polyhedron @) gets reduced. This
procedure keeps the “active” bundle small enough.

We emphasize that when a serious step is performed, the generated pair is
also added to the bundle. When an appropriate pair (y*™, v¥™) is found, after
minimizing the (possibly several) quadratic functions in step (1.c), the algorithm
proceeds more or less as in EGA or CAS: an Armijo-like line search (step 2 of IBS)
is performed along the direction s*™ from 2*, starting with a stepsize 3/ ||s’“”||7
which is halved along the loop in the index ¢, until the point v*¢ given by the
oracle satisfies the inequality in (5.76), or the counting index for this inner loop
attains the value j(k,m), which guarantees a priori the finiteness of the line search
loop.

Finally, in the serious step (3.b), the vector y* is projected onto the separating
hyperplane, exactly as in step (e) of EGA or step 3 of CAS. We now complement
this explanation of the IBS iteration with some additional remarks.

Remark 5.5.8.

e In step 0 a stopping test of the kind |[u*|| < 7 for some 1 > 0 could have been
used in (0.a), instead of the computationally disturbing test u* = 0. In such
a case, the convergence analysis would essentially remain the same, with very
minor variations.

e As explained above, at each iteration of the inner loop in step 1, we have
indeed two bundles: the raw bundle, consisting of {(2°,w?),..., (2P, wP)},
and the reduced one, formed by {(z%,w’) : i € I(k,m, )}, which is the one
effectively used for generating the polyhedron @,. Observe that, by definition
of the index set I(k,m, j), the pair (z*, u*), with u* € T'(2*), is always in the

reduced bundle. Hence the reduced bundle is always nonempty, ensuring that

the vector o™ obtained in step (1.b) is well defined. Lemma 5.5.10 below
ensures that if 2% is not a zero of T, then the loop in step 1 (i.e., the loop in

the index j), is always finite.

e Regarding the line search in step 2, as mentioned above it always ends (it
cannot perform more than j(k,m) steps). The two possible endings are a null
step, which increases the bundle but keeps the current iterate z* unchanged,
or a serious step, which both increases the bundle and updates the sequence
{ar:k}7 by producing a new xz**!. In the case of the null step, the inequality
in (5.76) guarantees that not only the raw bundle grows in size, but also the
reduced one does, in view of the definition of I(k,m, j) in (1.b). Proposition
5.5.9(ii) shows that, when z¥ is not a solution, the number of null steps in
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iteration k is finite, ensuring that a new serious step will take place, generating
a new iterate z**+1,

e As commented on above, in serious steps v®™ defines a hyperplane separating
2% from the solution set 7-1(0). In fact such a hyperplane is far enough from
2% in the sense that ||z* — 2¥T1|| is not too small as compared to the distance
from z* to S*. In addition, note that at step (3.b) the following relations
hold.

b <+l (085 >aflsf2 0 |lst] > r27®),
(5.78)
y* =k — (82710 /||sK]|) sk,

5.56.3 Convergence analysis

We show in this section that either IBS generates a finite sequence, with the last
iterate being a solution, or it generates an infinite sequence, converging to a solution.
The bundle strategy IBS provides us with a constructive device for CAS. For
this reason the convergence analysis is close to the one in [47]. The main difference
appears when analyzing null steps, which lead to an enrichment of the bundle.
We state below without proof several results that do not depend on the prop-
erties of the enlargement 7. All of them are proved in [48].

Proposition 5.5.9. Let {2*} be the sequence generated by IBS. Then

(i) If 2% is a solution, then either the oracle answers u* = 0 and IBS stops in
(0.a), or IBS loops forever after this last serious step, without updating k.

(ii) Else, ¥ is not a solution, and IBS reaches step (3.b) after finitely many inner
iterations. Furthermore,

[sFm 015 =1 < =it (5.79)

where m* (k) is the smallest value of m such that j(k,m) = j(k), whenever
j(k) > 0.

(iii) For all z* € T=1(0), |28t — 2*||2 < [|2* — 2*||? — ||z*+! — 2F||2.

(iv) If the sequence {x*} is infinite, then limy .o j(k) = +o0.

As a consequence of Proposition 5.5.9, the sequence of serious points {xk}
generated by IBS is either finite, ending at a solution; or infinite, with no iterate
being a solution, and in the second case there is always a finite number of null steps
after each serious step. We show next how the transportation formula for 7° is
used to prove that the inner loop in step 1 (in the index j) is always finite when z*
is not a solution. In other words, the process of constructing a suitable polyhedral
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approximation of T¢(eg, z¥), using the point w' € T(z') provided by the oracle,
always ends satisfactorily.

Lemma 5.5.10. Let {z*} be the sequence generated by IBS. If x* is not a zero of
T, then in step 1 there exists a finite j = j(k, m) such that

|5 > 273tk (5.80)

in which case (1.f) is reached. Furthermore, the loop in the linesearch of step 2 is
also finite: step (2.d) is reached with £(k,m) < j(k,m) + 1.

Proof. By assumption, 0 ¢ T(z*). Suppose, for the sake of contradiction, that the
result does not hold. Then an infinite sequence {s*™7} jeN is generated, satisfying
[|sFmd|| < 7277 for all j. Therefore, there exist subsequences {m,}, {j;} such that

||Sk,mq,jq || < 7-2—]}17 (581)

with lim, .o, jg = oo. Define I, := I(k,mq, j,). By step (Lb), ||z¢ — zF|| < g2~ Ja
for all ¢ € I,. Consider the convex sum induced by the vector ¢ := akmada | which
solves the norm minimization problem in step (1.c), namely

(89,89) == | D afz', > adshmada

iel, i€l,
Corollary 5.5.7 applies, with p = 3277« and 2 = 2¥, and we have
§1 e Te(&,,77), (5.82)
with &, < 262794 M, where M := sup {||u|| lueT (B(Tﬁ)) } In addition,

29 — 2*|| < p27 4. (5.83)

Altogether, letting ¢ — oo in (5.81), (5.82) and (5.83), outer-semicontinuity of T°°
yields:

lim (¢,,49,59) = (0,2%,0)

q—00
with §7 € T¢(&,,49), implying that 0 € T¢(0,2*) = T'(z*), which is a contradiction.
Hence, there exists a finite j at which the inner loop of step 1 ends; that is, an index
j(k,m) such that the inequality in (5.80) holds. The statement about the loop in
step 2 is immediate, in view of the upper bound on ¢ given in step (2.c). 0O

The boundedness of the variables generated by IBS now follows from the Fejér
convergence of {z*} to T1(0); that is, from Lemma 5.5.2 and Proposition 5.5.9(iii).
We state the results, omitting some technical details of the proof.

Lemma 5.5.11. Assume that T~1(0) # (. Then all the variables generated by
IBS, namely x* | s* y* oF, {(yF™ oF™)} and {(2P,wP)} are bounded.
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Proof. See Proposition 4.3 and 4.4(ii), and Lemma 4.6 in [48]. 0O

Along the lines of [47, Section 3.3], convergence of IBS is proved using Lemma
5.5.2(ii), by exhibiting a subsequence of triplets (¢, 27, 87) € T(gq, £9) tending to
(0,%,0), as ¢ is driven by jj to infinity.

Theorem 5.5.12. The sequence {z*} generated by IBS is either finite with the last
element in T=1(0), or it converges to a zero of T.

Proof. We already dealt with the finite case in Proposition 5.5.9(i). If there are
infinitely many z*s, keeping Lemma 5.5.2(ii) in mind, we only need to establish that
some accumulation point of the bounded sequence {2*} is a zero of T. Let {z*¢}
be a convergent subsequence of {*}, with limit point Z. Because of Proposition
5.5.9(iv), we can assume that j(k,) > 0, for ¢ large enough. Then Proposition
5.5.9(ii) applies: for m*(k) defined therein, we have

[ skom (kadsilha) =1 < - 9=ilhka)+1, (5.84)

Consider the associated index set I, := I(kq, m*(kq), j(kq) —1)). As in the proof of
Lemma 5.5.10, define

ol = Oékmm*(kq)’j(kq)*l ,

q . ~d 0
$9:=3 e &2,

5 = Skqvm*(kq)vj(kq)_l — ZiGIq dlqwl .
We have that
9 — abe] < g+ (5.85)
By Lemma 5.5.11, there exists an upper bound M of ||w!||,..., [|w?|. Then Corol-
lary 5.5.7 yields
9 e Te(éq,29), (5.86)

with &, < 23279*)+1 1. Using Proposition 5.5.9(iv), we have lim_.o jr, = oc.
Hence, by (5.84), (5.85), and (5.86) we conclude that

lim (2,,29,39) = (0, %,0),
q—00

with §7 € T°(é,,27). By outer-semicontinuity of T°°, we conclude that 0 € T'(Z).
d

From the proofs of Lemma 5.5.10 and Theorem 5.5.12, we see that both inner
and outer-semicontinuity are key ingredients for establishing convergence of the
sequence {x*} generated by IBS. Inner-semicontinuity is implicitly involved in the
transportation formula, which is essential in the analysis of IBS.
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5.6 Theoretical applications of T°

5.6.1 An alternative concept of sum of maximal monotone
operators

It has been pointed out before (see Section 4.8), that the sum of two maximal
monotone operators is always monotone. However, this sum is not maximal in
general. Theorem 4.8.3 in Chapter 4 ensures that this property holds when X
is a reflexive Banach space and the domain of one of the operators intersects the
interior of the domain of the other. A typical example (and a most important one,
in fact) for which the sum of two maximal monotone operators fails to be maximal,
occurs when the sum of the subdifferentials of two lsc convex and proper functions
is strictly included in the subdifferential of the sum of the original functions. This
motivated the quest for a different definition of sum such that

(a) The resulting operator is maximal, even when the usual sum is not.
(b) When the usual sum is maximal, both sums coincide.

(¢) The operators are defined in an arbitrary Banach space.

Items (a) and (b) have been successfully addressed in [10]. This work presents,
in the setting of Hilbert spaces, the variational sum of maximal monotone operators.
This concept was extended later on in [175] to reflexive Banach spaces. However,
item (c) cannot be fulfilled by the variational sum, because its definition relies
heavily on Yosida approximations of the given operators, and these approximations
are only well defined in the context of reflexive Banach spaces.

The aim of this section is to show how T (and also E(T')) can be used for
defining an alternative sum, which satisfies items (a), (b), and (c¢). This notion of
sum, which relies on the enlargements 7 of the original operators, was defined for
the first time in [175], in the context of reflexive Banach spaces. It was then extended
to arbitrary Banach spaces in [176], and is called an extended sum. Throughout this
section, we follow essentially the analysis in [176].

We point out that the extended sum coincides with the variational sum in
reflexive Banach spaces, when the closure of the sum of the operators is maximal.
They also coincide when the operators are subdifferentials, and in this case both
sums are equal to the subdifferential of the sum.

The extended sum is defined as follows.

Definition 5.6.1. Let Ty, Ty : X = X* be two mazximal monotone operators. The
extended sum of Ty and T is the point-to-set mapping T1 +cqxt To : X = X given
by

w™*

(T1 +ert To)(@) == (| T 2) + T5(c,2) (5.87)

e>0

where C " stands for the w*-closure of C' C X*.

Before proving the properties of the sum above, we must recall some well-
known facts on the w*-topology in X*. A subbase of neighborhoods of vy € X* in
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this topology is given by the sets {V. »(v0)}zex, >0 defined as
Ver(vg) :={veX™ : [(v—oug,2)| <&} (5.88)

For a multifunction F : X = X* , denote F' the multifunction given by

F(x) := F(x) . Throughout this section, this closure symbol refers to the weak*
closure.

Lemma 5.6.2. Let T': X = X* be monotone. Then T (e, ) = T°(e,-).

Proof. Because Gph(T) C Gph(T), it is clear from the definition of 7 that
T (e,") C T¢(e,-). Fix z € X and take v* € T¢(e,z). Let (z,w) € Gph(T). We
must show that

(w—0v"z—2) > —c.

Because w € T(z), we have that 7(z) N V, ,_.(w) # 0 for all p > 0. Thus, for all
p > 0 there exists u, € T'(z) with |[(u, —w,z — z)| < p. Hence,
(w—v"z—2) =(w—up,z—x) + (u, —v", 2 — )
> —e+(w—up,z—1x) > —c—p,

using the definition of 7°° in the first inequality and the definition of u, in the second
one. Because p > 0 is arbitrary, we obtained the desired conclusion. 0O

We recall now a formula proved in [95]. It considers an expression similar
to (5.87), but using the d f-enlargement. This formula can be seen as a special
sum between subdifferentials, which generates as a result a maximal operator: the
subdifferential of the sum.

Theorem 5.6.3. Let X be a Banach space and take f,g : X — RU {0} proper,
convex, and Isc. Then for all x € dom f Ndomg it holds that

Of +g)(x) = () Ofe,x) + dgle. ). (5.89)

e>0

As a consequence of Proposition 5.2.4, the right-hand side of (5.89) is con-
tained in the extended sum of the subdifferentials of f and g. We show below that
both coincide when the weak™ closure of the sum of the subdifferentials is maximal.

An important property of the extended sum is that it admits a formula similar
to (5.89), and it gives rise to a maximal monotone operator, which is the subdiff-
erential of the sum. In order to establish that fact, we need a characterization
of the subdifferential of the sum of two proper, convex, and lsc functions. This
characterization has been established in [170].

Theorem 5.6.4. Let X be a Banach space and take f,g : X — R U {oo}
proper, convex, and lsc. Then y* € O(f + g)(y) if and only if there exist two
nets {(xi,x}) tier € Gph(Of) and {(z;, zf) bier C Gph(9dg) such that
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(i) z; =%y and z; —° y.
(ii) xf + zf —WT

*

(iti) (x; —y,xzf) — 0 and (z; —y,z}) — 0.
5.6.2 Properties of the extended sum

We start by proving that, when 7T} + 75 is maximal monotone, the extended sum
can be also defined using arbitrary elements in E(T3) and E(T5).

Proposition 5.6.5. Let Ty, 1o : X = X* be two mazimal monotone operators
such that Ty + T is maximal. Then

(T +ewt T2) (@) = (| Eile,2) + Eale,2) = (1 + T2) (@), (5.90)

e>0

where By € E(Ty) and E2 € E(T) are arbitrary.

Proof. We have that

(] Eile, o) + Ea(e, ) D (T1 + To) ().
e>0

Taking now the weak* closure in the expression above, we get

ﬂ Ei(e,2) + Ea(e,2) D (Ty + Ta)(x).

e>0
On the other hand, we obtain from Lemmas 5.2.1(b) and 5.6.2,
(Th + To)(z) C Ei(e,z) + Eq(e,x) C Ty (e, ) + T (g, )

C(Th +T2)%(2e,2) = (Th + T5)°(2¢, z).

Taking again the weak® closure and computing the intersection for all € > 0 in the
expression above we conclude that

(T + To)x C () Ei(e,2) + Ba(e,2) € () Ti(e, ) + T5 (e, o)
e>0 e>0

c (@1 +12)"(2e,2) = (T1 + T2z,
e>0

using maximality of T} + T and Lemma 5.2.1(e)—(f) in the last equality. The result
follows then from (5.87). 0O

When T and T5 are subdifferentials, Proposition 5.6.5 provides a case in which
the extended sum coincides with the subdifferential of the sum.
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Corollary 5.6.6. Let f,g: X — RU{oo} be two convez, proper, and lsc functions
such that Of + 0g is maximal monotone. Then

(Of +ext 09)(x) = () Of(e,2) + Ig(e,x) = O(f + g)(x). (5.91)

e>0

Proof. The first equality is a direct consequence of Proposition 5.6.5, where we
choose Ey; = 0f and F2 = 0g in (5.90). The second equality follows from (5.89).
d

Another direct consequence of Proposition 5.6.5 is that the extended sum
coincides with the usual one when the latter is maximal.

Corollary 5.6.7. Let Ty, To : X = X* be two mazimal monotone operators such
that Ty + Ts is mazimal. Then

(Tt +ewt To) () = () [Er(€, ) + Ea(e, )] = (Ty + To)(x), (5.92)

e>0

where By € E(Ty) and Ey € E(Ty) are arbitrary.

Proof. Observe that the maximality of Ty + T5 implies that T7 + To = Ty + 15,
and hence the previous proposition yields (T} +eqzt T2)(2) = (Th + T2)(x). In order
to prove the remaining equality, observe that

(T1 + T2)(7) = (T1 +ear T2)(x) D [ [Er(e,7) + Ea(e, 2)] D (11 + T2)(x).

e>0

A straightforward consequence of Corollary 5.6.7 is a formula similar to (5.89)
for arbitrary enlargements Ey € E(0f) and E,; € E(Jg), where the weak* closures
can be removed. However, we must assume that the sum of the subdifferentials is
maximal, which means that this sum is equal to the subdifferential of the sum of
the original functions.

Corollary 5.6.8. Let f,g: X — RU{oo} be two convez, proper, and lsc functions
such that Of + 0g is mazximal. Then

(OF +ear 09)(@) = [ [Ey(e,2) + By(e,2)] = O(f +9)(z),  (5.93)
e>0
where Ey € E(0f) and E, € E(dg) are arbitrary.
Our aim now is to prove that the extended sum of two subdifferentials is

always maximal, and hence equal to the subdifferential of the sum of the original
functions. Before we establish this result, we need a technical lemma.
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Lemma 5.6.9. Let f,g: X — RU{oc} be two convex, proper, and lsc functions.
Then for all x € dom f Ndom g it holds that

() Ef(e.2) + Eg(z,2) C O(f + g)(2),

for all E; € E(0f), E, € E(Jg).

Proof. Define the point-to-set mapping F : X = X* as

F(z):= () Ef(z. ) + By(e, 2).

e>0

We must prove that for all z € dom f N dom g it holds that F(z) C 9(f + g)(x).
Take 2* € F(z). Using the maximality of 9(f+g¢), it is enough to prove that (z, 2*)
is monotonically related to the graph of d(f + g)(z); that is,

(x —y,x" —y*) >0, (5.94)

for all (y,y*) € Gph(O(f + g)). Fix (y,y*) € Gph(d(f + ¢)) and § > 0. Take
p > 0 such that p < 6/8. Because z* € F(x) C Ef(p,x) + E4(p,x), we have
Vpo—y(@*) N [Ef(p,x) + E¢(p,x)] # 0. Thus, there exist v, € Ef(p,x) and w, €
E,(p,x) such that

(2 —y, 2" — (v, + wp))| < p. (5.95)

Using now Theorem 5.6.4, there exist nets {(x;, x}) }ier € Gph(9f) and {(2;, 2) }ier
C Gph(dg) such that conditions (i)—(iii) of this theorem hold. So we can take i large
enough such that

\(y*%ﬂ)pﬂ < p, ‘<yfzi>wp>‘ <P, (596)
z —y,x] + 27 —y")| < p, (5.97)

By (5.95)(5.98), we have

(x—y,m* _(Up+wp)>+<x_yv (Up+wp)
—(@] +20) + (@ —y (] +27) —y")

(x —y,z* —y*)

> 2p+(x—y, (v +wp) — (2] +2]))

= —2p+(x — @i, vp) + (@i — Y, 0p) + (2 — 2, wp) + (20 — Y, wp)
Hy — @i, z}) + (@ — 2, 27) +{y — 25, 2]) + (20 — 2, 2])

> —b6p+ (x—xi,v, —xf) + (@ — z5,w, — 2F) > —8p > —0,

using the fact that v, € E¢(p,x) C 0f°(r,x) and w, € E4(p,x) C dg°(p, x) in the
second-to-last inequality. Because 6 > 0 is arbitrary, (5.94) holds and the left-hand
side is contained in the right-hand side.

a

Now we are able to prove the maximality of the extended sum of subdifferen-
tials.
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Corollary 5.6.10. Let f,g: X — RU{oo} be two convez, proper, and lsc functions.
Then for all x € dom f Ndom g it holds that

(Of +eat Og)(x) = O(f + g) (). (5.99)

Proof. Choose Ef := 0f° and Ey := 0g° in Lemma 5.6.9 to get (Of +cqt 09)(x) C
O(f + g)(x). On the other hand, by Proposition 5.2.4, we have that 9(f + g)(z) C
(Of +ecxt Og)(x). Hence both operators coincide, which yields the maximality of
af +ext ag a

5.6.3 Preservation of well-posedness using enlargements

We start this section by recalling some important notions of well-posedness. Suppose
that we want to solve a “difficult” problem P, with solution set S. Inasmuch as
we cannot solve P directly, we embed it in a parameterized family of problems
{P.}uer, , such that

(i) Py=P.
(ii) For every p > 0, problem P, is “simpler” than P.

A sequence {x(u)},>0 such that x(p) solves P, for all p > 0 is called a solving
sequence. Denote S(u) the solution set of P, for y > 0 and define S(0) := S.
Whether and how a solving sequence {z(u)} approaches the original solution set S,
depends on the family {P,},cr, and on the original problem P.

The classical notion of well-posedness is due to Tykhonov [221]. A problem P
is Tykhonov well-posed when it has a unique solution and every solving sequence of
the problem converges to it. The concept of Hadamard well-posedness incorporates
the condition of continuity of the solutions with respect to the parameter pu. A no-
tion that combines both Tykhonov and Hadamard well-posedness has been studied
by Zolezzi in [237] and [238], and is called well-posedness with respect to perturba-
tions. In this section, we study how the enlargements help in defining families of
well-posed problems in the latter sense. We follow the theory and technique devel-
oped in [130]. As in Section 5.5.2, our analysis focuses on the problem of finding
zeroes of a maximal monotone operator:

(P) Find z* € X, such that 0 € T'(z*),

where X is a reflexive Banach space, and T : X == X* is a maximal monotone
operator. We consider now “perturbations” of problem (P), replacing the original
operator T' by suitable approximations {1}, },~0, where T}, : X = X* are point-to-
set mappings. The corresponding family of perturbed problems are defined as

(P,) Find z* € X, such that 0 € T),(z*).

Ideally, the perturbed problems {P,},~o must be “close” to the original problem,
but easier to solve. Nevertheless, solving (P,) exactly is not practical, because it
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may be too expensive, and we know in advance that the result is not the solution
of the original problem. So the concept of solving sequence given above is replaced
by the following weaker notion. Given a sequence { i, }neny with g, | 0, a sequence
{z(ptn) }nen is said to be an asymptotically solving sequence associated with { P, },~0
when

lim d(0,T),, (z(1n))) = 0. (5.100)

n—oo

5.6.4 Well-posedness with respect to the family of perturbations

We are now able to offer a formal statement of the first concept of well-posedness.
As mentioned above, all the definitions and most proofs in this section have been
taken from [130].

Definition 5.6.11. Problem (P) is well posed with respect to the family of per-
turbations {P,},>o if and only if

(a) Problem (P) has solutions; that is, T=(0) # 0.

(b) If pn, | 0, then every asymptotically solving sequence {x(fin)tnen associated
with {P,} >0 satisfies

lim d(z(u,), T~(0)) = 0. (5.101)

n—0o0

When (a) and (b) hold, we also say that the family of perturbations {P,},>0
is well posed for (P).

A usual choice for the family of perturbed operators {T},},~0 requires that T},
be maximal monotone for all ; > 0. An important question is whether the well-
posedness with respect to these perturbations is preserved, when replacing each T,
by one of its enlargements E,, € E(T),). More precisely, assume each T}, is maximal
monotone and consider the family of perturbed problems {]Su} u>0 defined as

(P,) Find z* € X such that 0 € E,(u, "),

where E,, € E(T),) for all > 0. Because E,(u, 2*) D T),(z*), the latter problem
is in principle easier to solve than (P,). We show below that well-posedness with
respect to the perturbations {PH} u>0 is equivalent to well-posedness with respect to
the perturbations {P,},~0. In a similar way as in (5.100), we define asymptotically
solving sequences for this family of problems. Given a sequence {fi,}nen with
tn L 0, a sequence {Z(fn)}nen is said to be an asymptotically solving sequence
associated with {P,},,~0 when

lim d(0, E,,, (ftn, z(pn))) = 0. (5.102)

The preservation of well-posedness is a consequence of the Brgndsted-Rockafellar
property for the family of enlargements.
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Theorem 5.6.12. Assume that X is a reflexive Banach space. Then the family
of problems {P,} >0 is well posed for (P) if and only if {P,},>0 is well posed for
(P).

Proof. Condition (a) is the same for both families, so we consider only condition
(b). Suppose first that {PH}H>0 is well posed for (P), and take sequences i, |
0 and {z(tn)}nen such that lim, d(0,T,, (z(¢n))) = 0. We need to prove that
limy, o0 d((pn), T71(0)) = 0. Because E,,, (tn, T(pin)) D Ty, (x(pn)), we have that

lim d(0, B, (pin, (1)) < 1im d(0, T, (2(p10))) = 0,

and hence {z(u,)}nen is also asymptotically solving for {P,},~0. Now we can
use the assumption for concluding that lim,, . d(z(i,), T=(0)) = 0 (note that
this implication holds without requiring reflexivity of the space). Assume now that
{P,} >0 is well posed for (P), and take sequences 1, | 0 and {Z(i,) }nen such that

lim d(0, By, (ttn, #(11n))) = 0. (5.103)
We must show that
lim d(%(un), T~(0)) = 0. (5.104)

By (5.103), there exists a sequence €, | 0 such that d(0, E,,, (ttn, Z(1n))) < €y for
all n. Take v" € E, (fn,Z(pn)) with |[0"| < e, for all n. By Theorem 5.3.15,
for every fixed n there exists (2™, u") € Gph(7T},, ) such that |[v" — u"| < /{1, and

1Z(pen) — 2™ < \/tin- Hence

lim d(0, Ty, (2")) < lim [lu™|| < Tim [[jo"™ —u" [ + "]

< lirln [VHn +en] =0.

This implies that {z"},en is asymptotically solving for {P,},~0. Now we can use
the assumption for concluding that lim,, o d(2™, 771(0)) = 0. Using the latter fact
and the definition of {z"} we get

lim d(i (). T(0)) < lim [0 — =" +d(=", T7(0))]

< lirrln [Vtn + d(z", T71(0))] = 0.

Hence (5.104) is established and the proof is complete. O

Exercises
5.1. Prove Lemma 5.2.1.
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5.2.

5.3.

5.4.

5.5.

5.6.
5.7.

5.8.
5.9.

Let T: X = X* a point-to-set mapping. Prove that for all a,e > 0
(i) a (T, x)) C (aT)(as,x), Yz € X.
(ii) If @ € [0,1] and €1,e2 > 0, then

aTf(er, )+ (1 —a)Ty(e2,z) C (11 + (1 — a)T2)%(aer + (1 — a)eg, x).

Let f : X — R U {oo} be a proper convex function. Assume that = €
(Dom(f))? is not a minimizer of f. Let v = argminy,cpy(s) |lull. Prove that
f(z —tv) < f(x) for all ¢ in some interval (0,6) (in words, the direction
opposite to the minimum norm subgradient at a point x provides a descent
direction for a convex function at x). Hint: use the facts that df(x) is closed
and convex, and that the directional derivative of f at z in a given direction
z is equal to 0yf()(2), with o as in Definition 3.4.19.

Prove all the assertions in Example 5.2.5. Generalize item (iv) of that example
to X = R™. Namely, take f(z) = —« Z?Zl log z; with o > 0. Prove that
0€afc(e,x) forall z >0 and € > an, and 0 € 0. f(x) for any z > 0 and any
e > 0. Therefore, if ¢ > an, df¢(e,z) ¢ O f(x) for every z > 0 and every
e > 0.

Given T : X =% X*, let T, be the multifunction given by T.(z) = T'(z) + c.
Prove that TS (e, ) = T°(e, -) +c for all e > 0. The converse of this fact is also
true if 7" is maximal monotone. Prove in this case that if the above equality
holds for all € > 0, then T.(z) = T'(z) + ¢. Hint: use Lemma 5.2.1(e)—(f).
Prove Theorem 5.2.3.

Prove that E as in Definition 5.4.1 satisfies condition (E3) if and only if it
satisfies the same condition for m elements in the graph. In other words, fix
{a;}i=1,..m such that a; > 0 and >.", o; = 1. For an arbitrary set of m
triplets on the graph of F,

(ei, 25 w") (1 <i<m),

define

m
s 7
T = E oz
i=1
m
= E a;w'
i=1

= Zaisi + ZOLAZZ — :%,wi — §>
i=1 i=1

Then £ > 0 and § € E(é, ).
Prove that the e-subdifferential satisfies (E3).

Using the notation of Theorem 5.3.8, prove that this theorem can be expressed
as

VAR

vedf(0,z) <= vedf ([fy) - f(z)— (v,y—a)],y) forallye X.
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5.10. Prove items (a) and (b) of Lemma 5.4.5.
5.11. Assume that X is reflexive. With the notation of Lemma 5.4.5(b), prove that

(i) E = E**.
(ii) If By C Ey, then E} C Ej.
(i) (T)* = (771"

(iv) (T¢)" = (T71)™.

5.12. Take the quadratic function ¢ used in the proof of Proposition 5.4.10. Prove
that

q(0) = ag(wr) + (1 — a)q(ws) — a(l — a)q(wr — w2),

where @ := aw; + (1 — a)ws.
5.13. Let T : R? — R? be the 7/2 rotation. Prove directly (i.e., without invoking
the results of Section 5.4.3) that

(a) T is maximal monotone.
(b) T¢(e,x) = T(x) for all ¢ > 0 and all z € R2.

5.14. Take T and C as in Section 5.5 and assume also that ri(D(T)) Nri(C) # 0.
Consider h as in (5.67) and fix € > 0. Prove that the following statements
are equivalent.

(i) z € D(T) N C verifies h(z) < e.
(ii) 0 € (T + N¢)°(e, ).

5.7 Historical notes

The notion of the e-subdifferential, which originated the concept of enlargement
of a maximal monotone operator, was introduced in [41]. In [225], a so-called
e-monotone operator was defined, which is to some extent related to the T°° en-
largement, but without presenting any idea of enlargement of a given operator. In
[144], the set 0f¢(e, x) appears explicitly for the first time, as well as the inclusion
O:f(x) C Of¢(e,x). Lipschitz continuity of the e-subdifferential for a fixed posi-
tive £ was proved first by Nurminskii in [164]. Later on Hiriart-Urruty established
Lipschitz continuity of 0. f(z) as a function of both = and ¢ (with € € (0,00)), in
[93]. The transportation formula for the e-subdifferential appeared in Lemaréchal’s
thesis [131].

The enlargement 7€ for an arbitrary maximal monotone T in a finite-
dimensional space was introduced in [46], where it was used to formulate an in-
exact version of the proximal point method. The notion was extended to Hilbert
spaces in [47] and [48], and subsequently to Banach spaces in [50]. Theorems 5.3.4,
5.3.6, 5.3.15, and 5.4.16 were proved in [47] for the case of Hilbert spaces and in
[50] for the case of Banach spaces. A result closely related to Theorem 5.3.15 had
been proved earlier in [219].

The family of enlargements denoted E(7T") was introduced by Svaiter in [216],
where Theorem 5.4.2 was proved, and further studied in [52]. The results in Sections
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5.4.1 and 5.4.3, related to the case in which T cannot be enlarged within the family
E(T), have been taken from [45].

Enlargements related to the ones discussed in this book have also been pro-
posed for nonmonotone operators; see [196] and [229].

The extragradient algorithm for finding zeroes of point-to-point monotone
operators was introduced in [123], and improved upon in many articles (see, e.g.,
[98, 117, 140] and [107]). The extragradient-like method for the point-to-set case,
called EGA, was presented in [104]. Algorithm CAS appeared in [47] and Algorithm
IBS in [48].

The notion of the extended sum of monotone operators, studied in Section
5.6.1, started with the work by Attouch, Baillon, and Théra [10], and was developed
in [175] and [176].

The classical notion of well-posedness is due to Tykhonov (see [221]). The
concept of well-posedness with respect to perturbations has been studied by Zolezzi
in [237] and [238]. The use of the e-subdifferential for defining families of well-posed
problems with respect to perturbations originates in [130]. The extension to general
enlargements, as in Section 5.6.3, is new.



Chapter 6

Recent Topics in Proximal
Theory

6.1 The proximal point method

The proximal point method was presented in [192] as a procedure for finding zeroes
of monotone operators in Hilbert spaces in the following way. Given a Hilbert space
H and a maximal monotone point-to-set operator T' : H == H, take a bounded
sequence of regularization parameters {\z} C R, and any initial 2° € H, and
then, given ¥, define 2**! as the only = € H such that

Me(z? — ) € T(x). (6.1)

The essential fact that ¥ exists and is unique is a consequence of the fundamental
result due to Minty, which states that 7"+ AI is onto if and only if 7" is maximal
monotone (cf. Corollary 4.4.7 for the case of Hilbert spaces). This procedure can
be seen as a dynamic regularization of the (possibly ill-conditioned) operator T'.
For instance, for H = R™ and T point-to-point and affine, say T'(z) = Ax — b, with
A € R™™ positive semidefinite and b € R™, (6.1) demands solution of the linear
system (A + A\pI)z = b+ A\p2®, whereas the original problem of finding a zero of T'
demands solution of the system Ax = b. If A is singular, this latter system is ill-
conditioned, and the condition number of A+ A1 becomes arbitrarily close to 1 for
large enough Ag. The interesting feature of iteration (6.1) is that it is not necessary
to drive the regularization parameters Ay to 0 in order to find the zeroes of T’; in
fact, it was proved in [192] that when T has zeroes the sequence {z*} defined by
(6.1) is weakly convergent to a zero of T, independent of the choice of the bounded
sequence {\x}.

A very significant particular case of the problem of finding zeroes of maxi-
mal monotone operators, is the convex optimization problem, namely minimizing a
convex ¢ : R — R over a closed convex set C' C R”, or equivalently, minimizing
¢+ dc(z) : R® — RU{+o0}, where d¢ is the indicator function associated with the
set C' given in Definition 3.1.3; that is,

So(x) = 0 ifx € C,
7Y 400 otherwise.

221
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As we saw in Proposition 3.6.2(i), the subdifferential of §¢ is the normality operator
given in Definition 3.6.1. Hence we can write 0¢(z) + dd¢c(x) = d¢(x) + Ne(x) for
every © € C' N Dom(¢). Now, assume that 9(¢ + d¢)(z) = dp(x) + ddc(x) for
every x € C'NDom(¢) (for instance, if the constraint qualification (CQ) holds for ¢
and 0¢). Then the problem of minimizing ¢ on the set C' can be recast in terms of
maximal monotone operators as that of finding a zero of the operator 1" := ¢ + N¢,
where N¢ is the normality operator defined in (3.39). If we apply the proximal point
method (6.1) with this T, the resulting iteration can be rewritten in terms of the
original data ¢, C' as

Ak .
2 = argmin, . {¢(m) + 7k||m - xk”?} _ (6.2)

We remark that the proximal point method is a conceptual scheme, rather than
a specific computational procedure, where a possibly ill-conditioned problem is re-
placed by a sequence of subproblems of a similar type, but better conditioned. As
such, the computational effectiveness of the method (e.g., vis-4-vis other algorithms)
depends on the specific procedure chosen for the computational solution of the sub-
problems. We refrain from discussing possible choices for this procedure inasmuch
as our goal is limited to the extension of the method to Banach spaces under some
variants that allow for inexact solutions of the subproblems; that is, of (6.1), with
rather generous bounds on the error.

If we have a Banach space X, instead of H, in which case we must take
T:X = X* where X* is the dual of X, then an appropriate extension of (6.1) is
achieved by taking 2! as the unique 2 € X such that

Aelf'(2%) = f'(z)] € T(=), (6.3)

where f: X — RU{oo} is a convex and Géateaux differentiable function satisfying
certain assumptions (see HI-H4 in Section 6.2), and f’ is its Gateaux derivative.
When f(z) = £||z]|% and X is a Hilbert space, (6.3) reduces to (6.1). We mention
parenthetically that an alternative extension of (6.1), namely A\ [f’(z* —z)] € T(x),
leads to a procedure which fails to exhibit any detectable convergence properties.

The use of a general regularizing function f instead of the square of the norm is
rather natural in a Banach space, where the square of the norm loses the privileged
role it enjoys in Hilbert spaces. Other choices of f may lead to easier equations to
be solved when implementing (6.3). For instance, it is not hard to verify that in the
spaces £, or LP (1 < p < 00), (6.3) becomes simpler with f(x) = |||} than with
F(2) = |22

Under assumptions H1-H4, it was proved in [49] that if T has zeroes then
the sequence {z*} is bounded and all its weak cluster points are zeroes of T', and
that there exists a unique weak cluster point when f’ is weak-to-weak* continuous.
Functions satisfying H1-H4 exist in most Banach spaces. This is the case, for
instance, of f(z) = ||z||% with » > 1, where X is any uniformly smooth and
uniformly convex Banach space, as we show in Section 6.2.

Up to now our description of the method demands exact solution of the sub-
problems; that is, the inclusion given in (6.3) is assumed to be exactly solved in
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order to find z**!. Clearly, an analysis of the method under such a requirement
fails to cover any practical implementation, because for almost any operator T', (6.3)
must be solved by a numerical iterative procedure generating a sequence converging
to the solution of the inclusion, and it does not make sense to go too far with the
iterations of such an inner loop, inasmuch as the exact solution of the subproblem
has no intrinsic meaning in connection with a solution of the original problem; it
only provides the next approximation to such a solution in the outer loop, given
by (6.3). Thus, it is not surprising that inexact variants in Hilbert spaces were
considered as early as in [192], where the iteration

e N (2h — 2 e T (M, (6.4)

is analyzed, as an inexact variant of (6.3). Here e is the error in the kth iteration,
and convergence of the sequence {z*} to a zero of T is ensured under a “summa-
bility” assumption on the errors; that is, assuming that Y ;= [[z** — 2% < oo,
where z#+1 is given by (6.4) and #* is the unique solution of (6.1). This summabil-
ity condition cannot be verified in actual implementations, and also demands that
the precision in the computations increases with the iteration index k.

New error schemes, accepting constant relative errors, and introducing com-
putationally checkable inequalities such that any vector that satisfies them can be
taken as the next iterate, have been recently presented in [209, 210] for the case
of quadratic f in Hilbert spaces and in [211, 51] for the case of nonquadratic f in
finite-dimensional spaces (in [51], with a regularization different from the scheme
given by (6.1)). In all these methods, first an approximate solution of (6.1) is found.
This approximate solution is not taken as the next iterate z**1, but rather as an
auxiliary point, which is used either for defining a direction that in a certain sense
points toward the solution set, or for finding a hyperplane separating z* from the
solution set. Then, an additional nonprozimal step is taken from z*, using the
direction or separating hyperplane found in the prozimal step. Usually, the com-
putational burden of this extra step is negligible, as compared with the proximal
step.

We discuss next the error scheme in [210], which uses the enlargements of
monotone operators introduced in Chapter 5, and which we extend to Banach spaces
in Section 6.3.

Observe first that the inclusion in (6.1) can be rewritten, with two unknowns,
namely z,v € H, as

0=uv+ \(z —2b), (6.5)

veT(x). (6.6)

In [210], the proximal step consists of finding an approximate solution of (6.3),
defined as a pair (y*,v*) € H x H such that

eF =P £ N (b —2b), (6.7)

oF € T(eg, y"), (6.8)

where e* € H is the error in solving (6.5), T¢ is the enlargement of T presented
in Section 5.2, and ¢, € R allows for an additional error in solving the inclusion
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(6.6). Then the next iterate is obtained in the nonproximal step, given by
R P T (6.9)
The bound for the errors ef and e, is given by
€¥]1* + 2Aer < oA [ly" — 2*|, (6.10)

where o € [0, 1) is a relative error tolerance.

We emphasize two important features of the approximation scheme presented
above: no summability of the errors is required, and admission of a pair (y*, vk')
as an appropriate approximate solution of (6.1) reduces to computing ek through
(6.7), finding &5, so that (6.8) holds, and finally checking that e¥ and e satisfy
(6.10) for the given tolerance o.

It has been proved in [210] that a sequence {z*} defined by (6.7)-(6.10) is
weakly convergent to a zero of T" whenever T has zeroes. Convergence is strong,
and the convergence rate is indeed linear, when T~! is Lipschitz continuous around
zero (this assumption entails that 7' has indeed a unique zero).

When e* = 0 and ¢, = 0, which occurs only when y* is the exact solution
of (6.1), (6.10) holds with strict inequality for any y* # x*, so that this inequality
can be seen, under some assumptions on 7', as an Armijo-type rule which will be
satisfied by any vector close enough to the exact solution of the subproblem (see
Proposition 6.3.3 below).

The constant o can be interpreted as a relative error tolerance, measuring
the ratio of a measure of proximity between the candidate point y* and the exact
solution, and a measure of proximity between the same candidate point and the
previous iterate.

Note that if o = 0, then €¥ = 0 and e, = 0, so that (6.7) and (6.9) imply
that 2871 = y* and (y*,v") satisfy (6.5)-(6.6), and hence z**1 is indeed the exact
solution of (6.1). If we take e = 0; that is, we do not allow error in the inclusion
(6.6), then the algorithm reduces essentially to the one studied in [209]. On the
other hand, if we take e¥ = 0, and replace (6.10) by Y7, ex < oo, we obtain the
approximate algorithm studied in [46]. This option (errors allowed in the inclusion
(6.6), but not in Equation (6.5)), is possibly too restrictive: as seen in Corollary
5.4.11, for an affine operator T'(x) = Az +b in R™, with skew-symmetric A, it holds
that T° = T for all ¢, in which case (6.6) and (6.8) are the same, and the inexact
algorithm becomes exact.

Tt is worthwhile to mention that the method in [210] indeed allows for larger
errors than the approximation scheme in [192], and that the nonproximal step (6.9)
is essential. There exist examples for which the method without (6.9) generates a
divergent sequence, even taking ¢, = 0 for all k£, meaning that the errors are not
summable. An example of this situation with a linear skew-symmetric operator T'
can be found in [210]; another one, in which 7' is the subdifferential of a convex
function defined in ¢5, appeared in [86].

We extend the algorithm given by (6.7)—(6.10) to reflexive Banach spaces,
providing a complete convergence analysis that encompasses both the method in
[210] and the one in [49]. First we must discuss appropriate regularizing functions
in Banach spaces, which substitute for the square of the norm.
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6.2 Existence of regularizing functions

In this section, X is a reflexive Banach space with the norm denoted || - || or || - ||,
X* its topological dual (with the operator norm denoted || - ||, or || - [|x.), and (-,-)
denotes the duality pairing in X* x X (i.e., (¢,2) = ¢(z) for all $ € X* and all
x € X). Given Banach spaces X1, X2, we consider the Banach space X7 x X5 with
the product norm [|(z,y)l|x, < x2 = 17l x, + ]l x..

We denote F the family of functions f : X — R U {+oo} that are strictly
convex, lower-semicontinuous, and Gateaux differentiable in the interior of their
domain. For f € F, f’ denotes its Gateaux derivative.

We need in the sequel the modulus of total convezity vy : (Dom(f))° xRy — R
defined as

vi(w,t) = infy ey Dy (y, ), (6.11)
where U(z,t) = {y € X : |ly — z|| = t}, and Dy : Dom(f) x (Dom(f))° — R, given
by

Df(x,y):f(x)—f(y)—(f’(y)7x—y>7 (6'12)

is the Bregman distance induced by f.
We use the following result on the modulus of total convexity, taken from [54].

Proposition 6.2.1. If x belongs to (Dom(f))° then

(i) (The do]mam of ve(x,-) is an interval [0,7¢(x)) or [0,7f(x)] with Tf(x) €
0, +o0].

(11) vi(x,nt) > nve(z,t) for alln>1 and all t > 0.

(i11) vy(x,-) is nondecreasing for all x € (Dom(f))®.

Proof.

(i) Take x € (Dom(f))® and ¢ > 0 such that vy(x,t) < 400 . By definition of
vy, there exists a point v € Dom(f) such that ||y, — z|| = t. Because Dom(f) is
convex, the segment [x, y;] is contained in Dom( f). Thus, for all s € [0, ¢] there exists
a point ys € Dom(f) such that |lys — x| = s. Consequently, (0,t) C Dom(v¢(z,-))
whenever v¢(z,t) < +00. The conclusion follows.

(if) fn=1,0rn =0, or vp(x,nt) = +oo, then the result is obvious. Other-
wise, let € be a positive real number. By (6.11), there exists u € Dom(f) such that
|lu — z|| = nt and

vi(z,nt) + &> Dy(u,x) = f(u) = f(2) = (f'(z),u — ). (6.13)

For o € (0,1), let uq := au+ (1 — a)x. Let 8 =n~"' and observe that ||ug — z| =
Bllu — z|| = t. Note that, for all « € (0,1),

%uﬁ+<1%>x%[ﬂu+(1ﬂ)x}+<1%>xua- (6.14)
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By convexity of f, the function ¢¢(z,y,t) := ¢~ (f(z+ty) — f(z)) is nondecreasing
in ¢t for t € (0,4+00). It follows that ¢¢(z,u — x,-) is also nondecreasing in t for
€ (0,1). Therefore, in view of (6.11) and (6.13), we have

Vf(x,ﬁt) +e> flu)— f(z) — fl@+ alu—x)) *f(x)’

«

for all a € (0,1). As a consequence,

vty +e > ST -a)f@) - fletalu=2)
s flug)-1-9)f(x)
)

af(w) + 1 —-a)f(z)-
(U RICESY G0 i (O
af(w)+a-p)f(x) — f(up)
| B PI@ ] (Guat0-§)0)

«

(6.15)

using (6.14) in the last equality. The first term in the rightmost expression of (6.15)
is nonnegative by convexity of f. Thus,

5fup) + (1= §)F(2) = f(Fus + (1 - §)a)

fle+ G(up —x)) — f(x)

vi(z,nt) +¢ >

(6.16)

— QI+

flug) = f(x) -

-+ @R

Letting o« — 0+ in (6.16), and taking into account (6.12) and the definition of f’,

we conclude that
vi(z,nt) + € > nDy(ug, x) > nre(a,t).

Because ¢ is an arbitrary positive real number, the result follows.
iii) Take t1 > t9 > 0, so that 0 := ¢, /ty > 1. Then
(iii) ;

vi(z,t1) = vy(z, 0ty) > Ovp(x,ta) > vy(x,ta),
using (ii) in the first inequality. O

The convergence results for our algorithm use, as an auxiliary device, regular-
izing functions f € F that satisfy some or all of the following assumptions.

H1: The level sets of Dy(x,-) are bounded for all z € Dom(f).
H2: inf,ccvyp(z,t) > 0, for every bounded set C' C (Dom(f))° and all ¢t € Ryy.
H3: f’ is uniformly continuous on bounded subsets of (Dom(f))°.

H4: For all y € X*, there exists x € (Dom(f))° such that f'(z) = y.

H5: f': (Dom(f))° — X* is weak-to-weak™® continuous.
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We use later on the following equivalent formulation of H2.

Proposition 6.2.2. For f € F, the following conditions are equivalent.
(i) f satisfies H2.

(ii) If {z*}, {y*} C X are sequences such that limy_.c Ds(y*,2%) = 0 and {z*}
is bounded, then limy,_. ||z* — y*|| = 0.

Proof.
(i) = (ii). Suppose, by contradiction, that there exist two sequences {z*},
{y*} C X such that {z*} is bounded and limj—.c Dy(y*, ) = 0, but {[|y* — 2*||}
does not converge to zero. Then, there exist a > 0 and subsequences {z} {y%}
such that a < ||y* — 2 || for all k. Because E := {x*} is bounded, we have, for all
k,
Dyly™,a™) 2 vy (&, Iy — a*]) > ws(a'*, 0) > inf vy(r,a),

using Proposition 6.2.1(iii) in the first inequality. Because limy_.oc Df(z*,y*) =0
by hypothesis, we conclude that inf,cp v(z, o) = 0, contradicting H2.

(ii) = (i) Suppose, by contradiction, that there exists a nonempty bounded
subset E C X such that inf,cpvy(z,t) = 0 for some ¢ > 0. Then, there exists a
sequence {z¥} C E such that, for all k,

1 .

7> ve(2¥,t) = inf {Dy(y,2") : |ly — 2F|| =t} .

Therefore, there exists a sequence {y*} C E such that ||y*—2*| = t and D (y*, 2%) <
1/k. The sequence {z*} is bounded because it is contained in E. Also, we have
limy,—oo Dy(y*,2%¥) = 0. Hence, 0 < t = limy_,o [|y* — 2| = 0, which is a contra-
diction. O

It is important to exhibit functions that satisfy these properties in as large a
class of Banach spaces as possible, and we focus our attention on functions of the
form f.(z) = (1/r)|z||% with » > 1, for which we introduce next some properties
of duality mappings in Banach spaces.

We recall that X is uniformly smooth if and only if lim; .ot~ !px(t) = 0, where
the modulus of smoothness px is defined as

px (t) = sup{|[(z +5)/2[ + [[(x —y)/2[ = 1 : |lz[ = 1, |lyll = t}.

A weight function ¢ is a continuous and strictly increasing function ¢ : Ry —
R such that ¢(0) = 0 and lim; o, ¢(t) = co. The duality mapping of weight  is the
mapping J, : X = X*, defined by Jox = {2* € X*|(z*,z) = |l*|, ||, |=*|, =
o(||z|)} for all z € X. When ¢(t) = t, J, is the normalized duality mapping
denoted J in Definition 4.4.2. If J,, is the duality mapping of weight ¢ in a reflexive
Banach space X, then the following properties hold.

J1: Jpz = 9y(||x|)) for all 2 € X, where ¢(t) = fot o(s)ds.
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J2: If there exists ¢!, the inverse function of the weight ¢, then ¢! is a weight

function too and J*_,, the duality mapping of weight ¢ ~! on X*, is such that
x* € Jyx if and only if x € J;,lx*.

J3: If J; and J; are duality maps of weights 1 and o, respectively, then, for all
ze X, pa([[zl)) x = pr(||z]]) Jox.

J4: Tf X is uniformly smooth, then J is uniformly continuous on bounded subsets
of X.

Properties J1-J3 have been proved in [65] and property J4 in [235]. We prove
next that J4 holds for duality mappings with an arbitrary weight ¢.

Proposition 6.2.3. Let X be a uniformly smooth Banach space and J, a duality
mapping of weight ¢ on X. Then J, is uniformly continuous on bounded subsets
of X (considering the strong topology both in X and X*).

Proof. If the result does not hold, then we can find a bounded subset A of X such
that J, is not uniformly continuous on A; that is, there exist € > 0, and sequences
{a*}, {y*} C A such that limj_o [|2* — y*|| = 0 and || Jpz® — J,y¥|y. > € for all
k.

Note, first, that if limy . [|2¥|| = 0, then limy_ o ||y*|| = 0 too, and from the
definition of .J, it follows that limg_.oo || Jpz* — J,y*|, = 0, which is a contradic-
tion. Thus, we can assume, without loss of generality, that 0 < m < [|2*|| < M and
that [|y*|| < M, for some m, M € R. Let ¢(t) = ¢(t)/t, and M = max,e[m, v P(t).
Using J3 for 1 := ¢ and ¢o(t) =t and the definition of J, we have

c 1 Tozk — Tkl = Hso(ux’cn)Jmk _ w(ny’“H)Jka

E] Iy .
S(lla* Dl — Ty* . + Lsﬁ(llx’“ll) *ksﬁ(lly’“Ll)| 13" ]
I =&l D] lly*-

M| Jz* — Jy*| + [ @]l
Because limy_oo |@([|l2*[]) — @(|*(|)| = 0 by uniform continuity of ¢ in [m, M],
and {y*} is bounded, it follows that ||Jz* — Jy*||. > €/(2M) for large enough k,
contradicting J4. 0O

INIA TN

We analyze the validity of H1-H5 for f,.(x) = (1/r)||z||%. We need some pre-
liminary material. We denote 0x : [0,2] — [0, 1] the modulus of uniform convezity
of the space X, given by

[t (= Moyl ol = Iyl =Ll -yl = ¢} i >0,

Ox(t) = .

0 if t=0.

Recall that X is called uniformly convex if 0x(t) > 0 for all ¢ > 0, and is
called smooth if the function || - || is differentiable at each point x # 0.

In the following result we do not require that X be smooth, in which case

powers of the norm might fail to be differentiable. Thus, we need a definition of the
Bregman distance Dy without assuming differentiability of f.
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Given a convex f : X — R U {400}, we define the Bregman distance Dy :
Dom(f) x (Dom(f))° — R, as

Dy(w.y) = f(@) = fy) — inf (v, =), (6:17)

where 0f(y) denotes the subdifferential of f at y. Note that this concept reduces
to the previously defined Bregman distance when f is differentiable.
We start with the following proposition, taken from [55].

Proposition 6.2.4. If X is uniformly convex, then f.(z) = r=||z||" satisfies H1
and H2 for all T > 1.

Proof. We prove first that f,. satisfies H2. Note that Jf, is precisely the duality
mapping of weight ¢"~1 on the space X (see e.g., page 25 in [65]).

We need now the following inequality, established in Theorem 1 of [230]: if X
is uniformly convex, then there exists I' > 0 such that

- [z =yl
(u—wx—y>ZF@wxﬂﬂHWM]Q¥( ; (6.18)
2max {[[], [lyl[}
for all z,y € X with ||z]| + |ly|| # 0, all u € 9f,(z), and all v € df,(y).
Fix z € X and t € (0,00), take x € X such that ||z —z| = ¢, and let y = 2 — z.
Then ||y|| =t and

12+ ylI” = [I=["

Dy (z,2) = Dy (y + 2,2) = .

—inf {(u,y) :w € dfr(2)}, (6.19)
by (6.17). Define ¢ : [0,00) — [0,00) as ¢(7) = ||z + 7y||". Then, we have

12+ yll” = [I2[I" = ¢(1) — (0). (6.20)

We now make the following claim.
Claim. 1If, for each 7 € [0,1], we choose u(7) € df.(z + Ty), then the following
integral exists and satisfies

/0 (u(r), w)dr = p(1) — p(0). (6.21)

We proceed to establish the claim. Observe first that, if ¢ : X — R is a convex
and continuous function, then the function ¢ : R — R defined by ¥(7) = g(u + Tv)
is also convex and continuous for all u,v € X. In view of Theorem 3.4.22, 1) is
locally Lipschitz and, according to Rademacher’s theorem (e.g., page 11 in [171]),
almost everywhere differentiable. Consequently, if u is a selector of the point-to-
set mapping W (r) = dg(u + 7v), it follows from the definition of ¥ that ¥'(r) =
(u(7),v) for almost all 7 € R. Hence, for all a, 5 € R, with a < 3, we have

B

[0

B
$(8) — (a) = / W (r)dr = / (u(r), v)dr, (6.22)
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for any choice of u(r) € W(r). Now, we apply (6.22) to the case of v = ¢, g = f;,
u=z,v=y, a=0,and =1, and we conclude that (6.21) holds.

Now we use (6.21) in order to complete the proof of the proposition. Fix a
selector u of the point-to-set mapping R(7) = df,(z + Ty). By (6.21) and (6.20),
we have

Iz +yl" = [l2]" = / (7). y)dr.

Therefore, for any v € df,(z), we have

Iz +yll" = llzl" = (v, y) = UO {u(r), y)dr = (v, )

T

= r/o (u(T) — v, y)dr = T/O 1 (u(T) — v, Ty) dr. (6.23)

Because, for any 7 € [0, 1], u(7) belongs to df.(z+ 7y), and 7y = (2 + 1Y) — 2,
we conclude from (6.23) and (6.18) that

Iz +ylI" = lI]" = r(v,9) =

! max {||z + 7|, |[2]}]" 7yl
T /0 Ox < > dr, (6.24)

T 2max {||z + 7yl|, || 2]}

for all v € 0f,(z), where the last integral exists because fx is nondecreasing. Divid-
ing both sides of (6.24) by r, taking the infimum over v € df,(z) in the right-hand
side of (6.24), and using (6.17), we get

Dy (2,2) > F/ol [max {|[= + 7y, IIZII}VQX( Iyl )dT' (6.25)

T 2max{[|z + 7yl|, || 2]}

Clearly, max {||z + 7y|l, ||1z]|} < ||z]| + 7||y||. Using again the fact that x is nonde-
creasing, we deduce that

o () s o ()
2ma{le + 7ol 1Y) = 2=l + 7Tl

~ox (5w (6:20)

because |ly|| = t. Now, we claim that

.
max {[|z + 7y, 2]} = S llyll-

This is clearly the case if ||z]| > (7/2)|ly||. Otherwise, we have ||z|| < (7/2)|y||, and
therefore,

T T
Iz + 7yl = [yl = Mzl = 7liyll = Slyll = Syl (6.27)
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and the result also holds. Replacing (6.27) and (6.26) in (6.25), we get, for all z € X
such that ||z — z|| = ¢,

Dy (2,2)>T (%) /01 10y (Wiﬁ)) dr. (6.28)

Taking the infimum over z in the left-hand side of (6.28) and using the definition
(6.11) of the modulus of total convexity vy, , we obtain

t\" [t Tt
) >T (= "oy | ————— ) dr >0, 6.29
v (at) 2 (2) L X<2(IIZII+Tt)> " (6.29)

where the rightmost inequality holds because X is uniformly convex.
Now, if C' C (Dom(f))° is bounded (say ||z|| < n for all z € C), we get from
(6.29), using again that fx is nondecreasing,

t\" [t Tt
inf H>T|( = gy ([ ———— ) d
R 6l R e R

which establishes that f, satisfies H2.

We prove now that f, satisfies HI. We must verify that for all & > 0 and for
all z € X, the set So(x) = {y € X : Dy, (z,y) < a} is bounded. Suppose that for
some « > 0 and for some x € X, there exists a unbounded sequence {yk} C Sa(z).
Note that for all k there exists some v* € df,(y*) such that

fr(@) = fr(y*) = (v* 2 —y*)

fr(l‘) - f'f(yk) + <Uk7yk> - <Uk7x>

fr(@) = fr@®) + ly*)" = (v*, 2) (6.30)
el = Ny 17) + l* I =l

e [E [ (7 e [ e N 7R (S ET

where the second equality holds because Jf,.(x) is the duality mapping of weight
t"=1. Because {y*} is unbounded and r > 1, letting k — oo in the rightmost
expression of (6.30) leads to a contradiction. 0O

o> Dy, (z,y")

v

We summarize our results on f,. in connection with H1-H5 in the following
corollary.

Corollary 6.2.5.

(i) If X is a uniformly smooth and uniformly convexr Banach space, then f.(z)
= (1/r)||z|| satisfies H1, H2, H3, and H{ for all v > 1.

(i) If X is a Hilbert space, then fo(z) = (1/2)|z||* satisfies H5. If X = 4,
(1 <p <o) then fp(x) = (1/p)l|lx||b satisfies HS.

Proof. By definition of smoothness of X, for all » > 1, f,. is Gateaux differentiable
when X is smooth, and by Proposition 6.2.4 it satisfies H1 and H2 when X is
uniformly convex.
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Consider the weight function ¢(t) = ¢"~!. Because f(f p(s)ds = (1/r)t", we
get from J1 that J, = f/ when X is smooth. Proposition 6.2.3 and J1 with this
weight ¢ easily imply that f, satisfies H3 for all » > 1. Note that ¢ is invertible
for r > 1, so that J, is onto by J2. It follows that f, satisfies H4, and thus (i)
holds. For (ii), note that in the case of a Hilbert space, f4 is the identity, which is
certainly weak-to-weak continuous. The result for f, in ¢, has been proved in [43,
Proposition 8.2]. 0O

Unfortunately, it has been proved in [54] that for X = ¢, or X = LP[«, (] the
function f.(x) = (1/7)[|z||;, does not satisfy H5, except in the two cases considered
in Corollary 6.2.5(ii). We remark that, as we show, properties H1-H4 are required
for establishing existence and uniqueness of the iterates of the algorithm under
consideration, and also boundedness of the generated sequences, whereas H5 is
required only for uniqueness of the weak cluster points of such sequences. We
mention also that the factor 1/r in the definition of f, is inessential for Corollary
6.2.5, whose results trivially hold for all positive multiples of || - ||%.

We discuss next some properties of functions satisfying some of the assump-
tions above. A function f : X — R is said to be totally convez if v¢(z,t) > 0 for all
t>0andall z € X.

Proposition 6.2.6. Let X1, X3 be real Banach spaces, and f : X1 — RU{oco} and
h: Xo — RU{oo} two proper convex functions whose domains have a nonempty
interior. Define F': Xy x X9 — RU{oo} as F(x,y) = f(z) + h(y). Then

(i) For any z = (x,y) € (Dom(F))° the domain of vp(z,-) is an interval [0, 7(z))
or [0,7(z)] with 0 < 7(2) = 7¢(x) + Th(y) < oo, where Tf(x) = sup{t | t €
Dom(v¢(z,-))} and 7,(y) = sup{t | t € Dom(vy(y,-))}. Moreover vp(z,t) =
inf{vs(z,s) +vn(y,t —s) | s € [0,¢]}.

(ii) vp(z,t) > min{vs(z,t/2),vn(y,t/2)} for all z = (x,y) € (Dom(F))° and all
t € Dom(vp(z,-)); hence, if both f and h are totally convex then F is totally
convez.

(iti) Fori=1,...,5, if both f and h satisfy Hi then F also satisfies Hi.

Proof. Take z = (Z,7) € (Dom(F))° and t € R,. By definition of vp and Dp
((6.11) and (6.12)),

vr(z,t) = nf{Drp(z,2) | |2 = 2l x xx, =t}

= inf(Dy(2,8) + Du(y.9) | o —2lx, + Iy~ lxa =t} (6.31)

By Proposition 6.2.1(i), the domain of v¢(z,-) is an interval [0, 7¢(x)) or [0, 7¢(x)]
with 77(z) € (0,+0c], and the same holds for the domain of v (y,-), with some
Tr(y) € (0, 4+00], which proves the first statement in (i). Because

vi(@, |z = 7| x,) < Dy(z, 7)
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Vh(ga ”y - g”XZ) < Dh(yag)a
we get from (6.31) that

vr(Z,t) < inf{vp (2, lo — Zllx,) + va (@, ly = 7llx.) | |z = Zllx, + lly — Ullx, =t}
= inf{vs(Z,s) +vn(g,t —s) | s €[0,t]}. (6.32)
In order to establish the opposite inequality, take s € Dom(v¢(Z,)) and ¢ such that
t —s € Dom(vp(y,-)). By (6.31), we have,
VF(Zat) < iIlf{Df(x,(E) + Dh(yag) ‘ ||(£ - j”X1 =S, ”y - g”XQ =1- 5}

=inf {Df(z,2) | |z — 2|x, = s} + inf{Dn(y,9) | |y = ¥llx, =t — s}
= Uy (j75)+yiz (:lj,t—S)

Consequently,
vr(Z,t) <inf{vy (Z,s) + v (g,t —s) | s € [0,1]}. (6.33)

Ttem (i) follows from (6.32) and (6.33).

For (ii) choose any ¢1 € Dom(v(Z,-)) and to € Dom(v, (7, ) with ¢4 +te = ¢.
Then ¢1 > t/2 or to > t/2. By Proposition 6.2.1(iii), we get v (Z,t1) > vs(Z,1/2)
or vp(y,t2) > vu(y,t/2). Because vy and vy, are nonnegative, vy (Z,t1) + vy (Y, t2) >
min{vs(z,t/2),vn(y,t/2)}. Thus,

inf{vy (Z,t1) + v (7, t2) | t1 +t2 =1t} > min{v,(Z,t/2), vp(7,t/2)}. (6.34)

Ttem (ii) follows from (i) and (6.34). The proof of (iii) is elementary, using (ii) for
the case of H2. O

We need the following consequence of H2 in our convergence analysis.

Proposition 6.2.7. If f belongs to F and satisfies H2 then, for all {z*}, {y*} C
(Dom(f))° such that {z*} or {y*} is bounded and limj_.o D(y*,x*) = 0, it holds
that limg o ||2% — y*|| = 0.

Proof. 1f {z*} is bounded, then the result follows from Proposition 6.2.2. Assume
now that {y*} is bounded. We claim that {z*} is also bounded. Otherwise, given
6 > 0, there exist subsequences {z%}, {y**} of {z¥}, {y*}, respectively, such that
||zt — yi*|| > @ for all k. Define

0

~k __ i ’ik_ ik
Tyttt )

Note that ||#* —yi*|| = 6 for all k. Because {¢*} is bounded, we conclude that {#*}
is also bounded. Take a bounded C' C X such that % € C for all k. Then

Dy(zF,y™) > vy (75, |75 — y™*||) = vp(@",0) > inf vy(z,0) > 0, (6.35)
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where the first inequality follows from the definition of vy and the last one from H2.
Note that D¢(-,y) is convex for all y € (Dom(f))°. Because Z* is in the segment
between z’* and y’*, we have

=max {Dy (z'*,y"*) ,0} = Dy (2™, y"™). (6.36)

Because lim .o Dy (z¥,y*) = 0, (6.36) implies that limy_o Dy (2%, y™) =0,
which contradicts (6.35). This contradiction implies that {#*} is bounded, in which
case we are back to the previous case; that is, the result follows from Proposition
6.2.2. a

6.3 An inexact proximal point method in Banach

spaces
We proceed to extend Algorithm (6.7)-(6.10) to the problem of finding zeroes of
a maximal monotone operator T : X = X*, where X is a reflexive Banach space.
Our algorithm requires the following exogenous data: a relative error tolerance
o € ]0,1), a bounded sequence of regularization parameters {\p} C Ry, and an
auxiliary regularizing function f € F such that D(T) C (Dom(f))°. It is defined as
follows.

Algorithm ITPPM: Inexact Proximal Point Method

1. Choose z° € (Dom(f))°.

2. Given 2", find y* € X, v*,eF € X*, and ¢, € R, such that

" =P+ Nl (0F) — £ (")), (6.37)
oF e TC(e, yb), (6.38)
Dp(y*, (f) (%) = A M) + A e < oDy (yF, 2, (6.39)

where T is the enlargement of 7" defined in Section 5.2 and Dy is the Bregman
distance induced by f, as defined in (6.12).

3. If y* = 2%, then stop. Otherwise,

xk+1 — (f/)—l [f/(l‘k) _ )\Elvk]. (6.40)

An algorithm similar to TIPPM, but without errors in the inclusion (i.e., with
er = 0 for all k) was studied in [102]. In this section, we follow basically this
reference. A related method is analyzed in [202].

Note that when X is a Hilbert space and f(x) = 1/2[/z||?, then f': H — H
is the identity and Dy(z,2) = ||z — 2'||? for all z,2” € X. It is easy to check that
in such a case IPPM reduces to the algorithm in [210]; that is, to (6.7)—(6.10).
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Before proceeding to the convergence analysis, we make some general remarks.
First, the assumption that D(T') C (Dom(f))°, also used in [49], means basically
that we are not attempting any penalization effect of the proximal iteration. Second,
we remark that assumptions H1-H5 on f are used in the convergence analysis of
our algorithm; we do not require them in the statement of the method in order
to isolate which of them are required for each specific result. In this sense, for
instance, existence of (f/)~1, as required in (6.39), (6.40), is a consequence of H4
for any f € F. We mention that for the case of strictly convex and smooth X
and f(z) = ||z||%, we have an explicit formula for (f')~! in terms of g’, where
g(-) = (1/9)]| - %~ with (1/s) + (1/r) = 1, namely (f')~' = r'=%¢g’. In fact, H4 is
sufficient for existence of the iterates, as the following results show.

Proposition 6.3.1. Take f € F such that D(T) C (Dom(f))°. If f satisfies H/,
then for all X > 0 and all z € (Dom(f))° there exists a unique x € X such that
A(2) € T(z) + Mf'(x).

Proof. 1t is immediate that if f satisfies H4 then \f also satisfies H4, in which case
T and \f satisfy the assumptions of Theorem 4.4.12, and hence T+ \f’ is onto;
that is, there exists € X such that Af'(z) € T'(z) + Af’(z). Because f belongs to
F, it is strictly convex, so that, Af’ is strictly monotone by Corollary 4.7.2(i), and,
because T' is monotone, the same holds for 7'+ Af’, implying uniqueness of z, in
view of Corollary 4.7.2(ii). O

Corollary 6.3.2. Take f € F such that D(T) C (Dom(f))°. If f satisfies H/, then,
for all k and all o € [0,1], the inexact proximal subproblems of Algorithm IPPM
have solutions.

Proof. Choose o = 0, so that the right-hand side of (6.10) vanishes. Note that
strict convexity of f implies that Dy(x,2’) > 0 for all z,2’, and Ds(z,2’) = 0 if
and only if z = 2/. It follows from (6.39) that e; must be zero and that y* =
(fHt [f’(yk) - )\Izlvk], in which case, by virtue of (6.37), e¥ = 0, and the proximal
subproblem takes the form: find y* € X such that A [f’(z*)—f/(y*)] € T(y*), which
always has a unique solution by Proposition 6.3.1. Of course, the pair (y*,v*) with
P = A\p[f!(2%) — f/(y*)] found in this way satisfies (6.37)—(6.40) for any o > 0, and
so the result holds. 0O

Corollary 6.3.2 ensures that exact solutions of (6.3) satisfy the error criteria
in Algorithm IPPM with e* = 0, so our subproblems will certainly have solutions
without any assumption on the operator T', but obviously this is not good enough
for an inexact algorithm: it is desirable that the error criterion be such that points
close to the exact solutions are accepted as inexact solutions. Next we show that
this is the case when T is single-valued and continuous: there exists a ball around
the exact solution of the subproblem such that any point in its intersection with
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D(T) can be taken as an inexact solution. As a consequence, if we solve the equation
T(x) + M f'(x) = A f' () (6.41)

with any feasible algorithm that generates a sequence strongly convergent to the
unique solution of (6.41), a finite number of iterations of such an algorithm will
provide an appropriate next iterate for Algorithm IPPM.

Proposition 6.3.3. Assume that f € F, H4 holds, D(T) C (Dom(f))°, and T
is single-valued and continuous. Assume additionally that (f')~' : X* — X is
continuous. Let {x*} be the sequence generated by Algorithm IPPM. If x* is not a
solution of (6.3), and o > 0, then there exists a ball Uy, around the exact solution
of (6.41) such that any y € U N D(T) solves (6.37)—(6.39).

Proof. Let z* be the unique solution x of (6.41), so that
8= (f)7HS @) = A T(ER)] (6.42)

Inasmuch as 2% # z¥, because otherwise 0 € T'(z*), we have oD (z*,2%) > 0 by
total convexity of f. Let us consider, now, the function ¢y : D(T) — R defined as

Vr(y) = Dy (y, (f) (&) = A T(y)]) — oDy, 2F).

Observe that v is continuous by continuity of 7" and (f’)~!, and that, in view of

(6.42), ¥ (z%) = —o Dy (%, 2%) < 0, so that there exist d; > 0 such that ¢y (y) <0
for all y € D(T) with ||y — || < 6. Let Uy := {y € X : ||y — || < 6x}. Then

Dy (y, (f") M [f'(=*) = A" T(w)]) < oDy(y,2*)

for all y € U, N D(T). Thus, any pair (y,T(y)) with y € U, N D(T) satisfies
(6.37)(6.39) with e, = 0. O

In connection with the hypotheses of Proposition 6.3.3, we mention that (f’)~*
is continuous (e.g., for f(x) = ||x||; in ¢, or £P(Q2)) for any p,r > 1. Also, continuity
of T is understood in the norm topology of both X and X*, and so it does not follow
from its single-valuedness (cf. Theorem 4.2.4).

6.4 Convergence analysis of Algorithm IPPM

We proceed now to the convergence analysis of IPPM. We settle first the issue of
finite termination.

Proposition 6.4.1. If Algorithm IPPM stops after k steps, then y* is a zero of T'.
Proof. Finite termination in Algorithm IPPM occurs only if y* = 2, in which
case Dy(y",2%) = 0, and therefore, by (6.39), with the same argument as in the
proof of Corollary 6.3.2, we get e¥ = 0 and ¢, = 0, which in turn implies, by (6.37),
(6.38),0€ T(y*). O
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From now on, we assume that the sequence {2*} generated by Algorithm
IPPM is infinite. We need first a basic property of D, which is already part of the
folklore of Bregman distances (see, e.g., Corollary 2.6 in [211]).

Lemma 6.4.2 (Four-point lemma). Take f € F. For all z,z €(Dom(f))° and
y,w € Dom(f), it holds that

Df(’LU,Z) =Df(w7m)+Df(y,z)—Df(y,x)+(f’(x)—f’(z)7w—y>.

Proof. 1t suffices to replace each occurrence of Dy in the previous equation by the
definition in terms of (6.12), and proceed to some elementary algebra. 0O

We gather in the next proposition two formulas, obtained by rewriting the
iterative steps of Algorithm IPPM, which are used in the sequel.

Proposition 6.4.3. With the notation of Algorithm IPPM, it holds that

(i)
Df(yk,xkﬂ) + )\kflsk < an(yk,xk), (6.43)

(i)
Ao = (R — f(aM T, (6.44)
for all k.
Proof. We get (6.43) by substituting (6.40) in (6.39), and (6.44) by rewriting (6.40)

in an implicit way. 0O

The next result, which applies Lemma 6.4.2 to the sequence generated by
IPPM, establishes the basic convergence property of the sequence {z*} generated
by IPPM, namely its Fejér convergence with respect to Dy to the set of zeroes of T
(cf. Definition 5.5.1), or in other words, the fact that the Bregman distance with
respect to f from the iterates of IPPM to any zero of T is nonincreasing.

Lemma 6.4.4. Take f € F satisfying H4, such that Dom(T) C (Dom(f))?, = €
T-40), and ¥, y*,v* A\, and o as in Algorithm IPPM. Then

Dy (z, 2" < Dy(z,2%) — (1 — o) Dy (3", 2)
f)\kfl(@k,yk —I)+ep) < Df(:‘c,xk'). (6.45)
Proof. From Lemma 6.4.2, we get
Dy(z,a""") = Dy(z,2%) + Dy (y*, 2" ") — Dy (y*, 2")

+{(f'(@") = f@), 2 = y*) = Dy(a,2") + Dy(y",2*1) = Dy(y*, 2%)
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+ <)‘I;1Uk7j - yk> S Df(j>xk) - (1 - U)Df(yk>xk) - )\;1(<vk’yk - i> + 5k)a

where the second equality follows from Proposition 6.4.3(ii) and the inequality from
Proposition 6.4.3(1). We have established the leftmost inequality of (6.45). Because
Dy is nonnegative and o < 1, the term (1 — o)Ds(y"*,2%) is nonnegative. In
order to establish the rightmost inequality in (6.45), it suffices thus to show that
A ((0F yF —Z) +e,) > 0. We proceed to do so. By assumption, 0 belongs to 7'(z),
and by (6.38), v* belongs to T¢(ey, y*). In view of the definition of the enlargement
T¢ (see (5.3) in Section 5.2), we have that (v* y* — ) + & > 0. Because A\, > 0,
we are done. O

Proposition 6.4.5. Consider the sequences generated by Algorithm IPPM, and as-
sume that f belongs to F, satisfies H1 and H{, and is such that D(T') C (Dom(f))°.
If T has zeroes, then

(i) {Ds(z,x*)} is convergent and nonincreasing, for all z € T=1(0).
(ii) The sequence {x*} is bounded.
(iii) Y peo Mg ((0F, yF — &) + &) < o0.
(i) >5Zo Dy(y*,a*) < oo.
(v) Sopo Dr(y*, 2% < oo
(vi) If f satisfies H2, then

(a) limy_, ||y* — 2%|| = 0, and consequently {y*} is bounded.

(b) limg . [|2*+! — 2F|| = 0.

Proof. Take z € T~'(0), assumed to be nonempty. Then, by Lemma 6.4.4,
{Ds(z,2%)} is a nonnegative and nonincreasing sequence, henceforth convergent.
Moreover, {z*} is contained in a level set of D¢(Z, ), which is bounded by H1. We
have established (i) and (ii).

Using again Lemma 6.4.4, we get

)‘lzl(@kvyk —I)+exp) + (1 - U)Df(yk,xk) < Df(@x’f) _ Df(fc,xkﬂ),

Summing the inequality above with k between 0 and an arbitrary M, it follows easily
that the sums of the series in (iii) and (iv) are bounded by Df(z,z°), and, because
all terms in both series are nonnegative, we conclude that both (iii) and (iv) hold.
Ttem (v) follows from (iv) and Proposition 6.4.3(i). For (vi), observe that (iv) implies
that limy_, Ds(y*, 2%) = 0. Because {x*} is bounded by (i), we can apply H2 and
Proposition 6.2.7 in order to conclude that limy_, o [|y* — 2%|| = 0, establishing (a).
In the same way, using now (v), we get that lims .o ||y* — 2**|| = 0, implying
that limy_ o ||2% — 2F+1|| = 0, which gives (b).
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Proposition 6.4.5 ensures existence of weak cluster points of the sequence {z*}
and, also, that they coincide with those of the sequence {y*}. The last step in the
convergence analysis consists of proving that such weak cluster points are indeed
zeroes of T, and that, under H5, the whole sequence {xk} is weakly convergent.
These results are established in the following theorem.

Theorem 6.4.6. Tuoke f € F, satisfying H1, H2, H3, and H4, and such that
D(T) C (Dom(f))°. If T has zeroes, then

(i) Any sequence {x*} generated by Algorithm IPPM has weak cluster points, and
all of them are zeroes of T.

(it) If f also satisfies H5, then any such sequence is weakly convergent to a zero
of T.

Proof. By H3, Proposition 6.4.5(ii), and 6.4.5(vi-b), limg_, oo || f/ (25 T1) — f/(2%) || =
0. In view of Proposition 6.4.3(ii), limj_cc A '[|0¥|| = 0. Because {\;} is bounded,
we conclude that limj_. [|v*|| = 0. Using Proposition 6.4.5(ii) and (vi-a), we
conclude that the sequence {y*} is bounded, and hence it has a weakly convergent
subsequence, say {y%}, with weak limit §. By 6.4.5(iii), limy_ o &;, = 0. Because
vl € T¢(g;,y') by (6.38), we invoke Theorem 5.2.3(i) for concluding that 0 €
T°(0,9) = T(y) and hence ¢ is a zero of T.

In order to prove (ii), let Z; and Z be two weak cluster points of {2*}, so
that there exist subsequences {z7*} and {z%} of {z*} such that z/» - — 7z
and x'* ——1Ty. By (i), #1 and Z are zeroes of T'. Thus, Proposition 6.4.5(i)

—
guarantees the existence of &1, & € Ry such that

limyg 0o D s (71, 2%) = &, limy 0o D s (T2, 2%) = &. (6.46)
Now, using Lemma 6.4.2, we get
(' (&™) = f'(27*), 21 — Z2)|
= |Dy(@1,2™) = Dy(21,27") — [Dy(Z2,2™) — Dy(2,27*)]|
< |Dg(@1,2™) — Dp(21,27%)| + | Dg(22, 2™ ) — Dy(Z2,27%)]. (6.47)

Taking limits as & goes to oo in the extreme expressions of (6.47) and using (6.46),
we get that limy oo [(f/(x%) — f/(27%),Z1 — T2)| = 0, and then, because Z; and T
belong to D(T") C (Dom(f))°, H5 and nonnegativity of Dy imply that

0= (f'(z1) — f'(22),Z1 — T2) = Dy(Z1,%2) + Dy(Z2,%1) > Dy(Z1,22). (6.48)

It follows from (6.48) and H2 that Z; = T, establishing the uniqueness of the weak
cluster points of {z*}. O

As commented on in the introduction to this chapter, the proximal point algo-
rithm is in a certain sense a conceptual scheme, rather than a numerical procedure
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for the solution of a given problem. As such, many interesting applications of the
proximal theory are of a theoretical, rather than computational, nature. One of the
more important applications of the former kind is discussed in the following three
sections: the convergence analysis of the augmented Lagrangian methods, which
are indeed implementable algorithms widely used in practical applications. They
can be seen as specific instances of a proximal point method, applied to a certain
maximal monotone operator. This insight brings significant progress in the conver-
gence theory for these algorithms. We close this section with a cursory discussion
of another application of this type, specific for the approximation scheme of IPPM.
In this case, a method that cannot be reduced to an instance of the exact proximal
point method, or even to instances of inexact methods prior to IPPM, turns out
to be a special case of IPPM, which again brings improvements in the convergence
theory, in this case related to the convergence rate, namely a linear rate when 7!
is Lipschitz continuous near 0.
The original method, presented in [61], deals with the following problem,

min f1(z1) + f2(22) (6.49)

s.t. Ay — Bxzo =0 (6.50)

with both f; : R™ — R and f5 : R" — R convex, A € R"™*"™ and B € R"™*"2,
The associated Lagrangian operator is L : R™* x R™ x R™ — R, defined as

L(z1,72,y) = fi(z1) + fao(22) +y'(Azy — Baa),

and the saddle point operator is T : R™"1T72 x R™ = R™1T72 x R™ defined as

T(Cﬂ, y) = (amL(fﬂ, y)7 7ayL(f£, y)) )

where © = (x1,22), d,L(z,y) is the subdifferential of the operator G defined
as G(-) = L(-,y), and 9yL is the subdifferential of the operator H defined as
H(-) = L(z,-). As we show in the following sections, application of IPPM (or
of its exact counterpart), to the problem of finding the zeroes of T, generates a
sequence equivalent to the one produced by the augmented Lagrangian method.
The method in [61] takes advantage of the separability of the objective f1 + fa,
and proposes a two-step proximal approach: given (z*,y*), first a proximal step
is taken in y, with fixed ¥, producing an auxiliary §*, and then a proximal step
is taken in x, with fixed §* (this step, by separability of f; + fo, splits into two
subproblems, one in x; and another one in z3). Then the updated a-variables are

used to generate y*+1. Formally, the iterative step is given by
gF = yF + 0" (A} — Bak), (6.51)
il = argmin, cpny { f1(z1) + (") Axy + N ||z — x’f||2} , (6.52)
xé“ = argming,, cgn, {fg(xg) — (") Bay 4 Ap||zo — xSHQ} , (6.53)

ys Tt =gk At (A2t — Babth) . (6.54)
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The fact that the variables are updated consecutively and not simultaneously has as
a consequence that this method is not a particular instance of the exact proximal
point method. In [61], it is proved that the sequence generated by (6.51)—(6.54)
converges to a zero of T', or equivalently to a solution of (6.49)—(6.50), with an ad
hoc argument, whenever A\, < max {1, ||All,||B||} for all k. On the other hand, it
has been recently proved in [208] that (6.51)-(6.54) is indeed a particular instance
of IPPM applied to the operator T (with €, = 0 for all k), taking as o any value
smaller than (max{1, A, B|})"", provided that the sequence of regularization
parameters satisfies {\r} C (0,071). In fact, the method in [208] is much more
general, encompassing also another two-step procedure for finding zeroes of maximal
monotone operators with certain structure, introduced in [220]. Also, the method
in [208] includes the option of inexact solution of the subproblems in (6.52) and
(6.53), for example, with bundle methods (see [119]), in which case the method
turns out to be equivalent to IPPM with inexact solutions of the inclusion; that is,
with e, > 0.

6.5 Finite-dimensional augmented Lagrangians

In a finite-dimensional setting, the augmented Lagrangian method is devised for
solving an inequality constrained optimization problem, denoted as (P), defined as

min fo(z) (6.55)
st fi(x) <0 (1<i<m), (6.56)
with f; : R — R (0 < ¢ < m). The Lagrangian associated with (P) is L :
R™ x R™ — R defined as
L(z,y) = folz) + Y yifi(). (6.57)
i=1

Assuming differentiability of the f; (0 < i < n), the first-order optimality conditions
for problem (P), called Karush—Kuhn—Tucker conditions, consist of the existence
of a pair (x,y) € R™ x R™ such that:

m
V folx) + Z yiVfi(z) =0 (Lagrangian condition), (6.58)
i=1
y >0 (dual feasibility), (6.59)
yifi(x) =0 (1<i<m) (complementarity), (6.60)
fi(z) <0 (1<i<m) (primal feasibility). (6.61)

Under some suitable constraint qualification, (e.g., linear independence of the set
{Vfi(x),1 <i<m}), these conditions are necessary for x being a solution of (P).

The situation becomes considerably better for convex optimization problems;
that is, when the f;s are convex (0 < i < m), which is the case of interest in this
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section. In this case we can drop the differentiability assumption, substituting the
subdifferentials of the f;s for their gradients in Equation (6.58), which becomes

0 € dfo(x) + Z y;0fi(z) (Lagrangian condition). (6.62)
i=1

We are assuming that the f;s are finite-valued on R", hence by convexity they
turn out to be indeed continuous on R™ (see Theorem 3.4.22). The constraint
qualification required for necessity of (6.59)—(6.62) in the convex case is considerably
weaker: it suffices any hypothesis on the f;s so that the subdifferential of the sum
is equal to the sum of the subdifferentials (e.g., condition (CQ) in Section 3.5), in
which case the right-hand side of (6.62) is the subdifferential of L(-,y) at . This
constraint qualification also ensures sufficiency of (6.59)—(6.62) for establishing that
x solves (P).

Finally, in the convex case we have the whole machinery of convex duality at
our disposal, beginning with the definition of the dual problem (D) (also a convex
optimization problem), defined as

min —(y) (6.63)
st. y>0, (6.64)

where ¢ : R™ — R U {—oc0}, defined as
vy) = inf L(z,y), (6.65)

is the dual objective (in contrast with which fy is called the primal objective).
The solution sets of (P) and (D) are denoted S35 and S, respectively, and
Sp x S C R™ x R™ is called S*. Under the constraint qualification commented
upon, S* consists of the set of pairs (z,y) € R™ x R™ that satisfy the Karush—
Kuhn-Tucker conditions for (P), namely (6.59)-(6.62) (see [94, Vol. I, p. 305]).
It is easy to check that S* coincides also with the set of saddle points of the
Lagrangian £; that is, (z*,y*) belongs to S* if and only if

L(z"y) < L(«7,y") < Lz, y7), (6.66)

for all z € R™ and all y € R’

The augmented Lagrangian method generates a sequence (z¥,3*) € R® x R™
expected to converge to a point (z*,y*) € S*. As is usually the case for problems
consisting of finding points satisfying several conditions, the rationale behind the
iterative procedure relies upon defining iterates that satisfy some of these conditions,
in such a way that the remaining ones will hold for the limit of the sequence. In
the case of the augmented Lagrangian method, it is intended that the Lagrangian
condition (6.62) and the dual feasibility condition (6.59) hold for all k, whereas
the primal feasibility condition (6.61) and the complementarity condition (6.60) are
expected to hold only at the limit of the sequence. In this sense the method is dual
feasible, but not primal feasible.
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In this spirit, it seems reasonable to try a Lagrangian method consisting of,
given a dual vector y* > 0, determining 2**! as a minimizer of £(-,4*) (which
automatically ensures that (z¥1, y*) satisfy (6.62)), and then using somehow z***
in order to compute some y**1 > 0 such that some progress is achieved in connection
with problem D, for example, satisfying 1 (y**1) > 1(y*). The problem lies in the
nonnegativity constraints in (6.64). In other words, the Lagrangian, in order to
be convex in x, must be defined as —oo when y is not nonnegative; that is, it is
not smooth in y at the boundary of R7". As a consequence, a minimizer FtL of
L(- yk) does not provide, in an easy way, an increase direction for 1. The solution
consists of augmenting the Lagrangian, defining it over the whole R™, while keeping
it convex in . This augmentation, as we show, easily provides an increase direction
for 7, and even more, an appropriate closed formula for updating the sequence
{y*}. The price to be paid is the loss of second differentiability of the augmented
Lagrangian in x, even when the problem data (i.e., the functions f;s (0 < ¢ < m))
are as smooth as desired. Also, because 2*! minimizes the augmented Lagrangian,
rather than L(-,y*), the updating of the ys is also needed to recover validity of the
Lagrangian condition; in other words, (6.62) holds for the pair (z**!, y¥*1), rather
than for the pair (z*+1,y*). This “shifting” of the desired properties of the sequence
is indeed harmless for the convergence analysis. Also, it is fully harmless and indeed
convenient, to add a positive parameter multiplying the summation in the definition
of L.

We define then the augmented Lagrangian £ : R” x R™ x R, — R as

Tl 9,p) = folz) + pi (moxto. + <2p>1fi<x>})2 | o

Now we can formally introduce the augmented Lagrangian method (AL from
now on) for problems (P) and (D).

AL generates a sequence {(z¥,y%)} € R” x R™, starting from any y° € R™,
through the following iterative formulas.

it e argming cpn £(, y", ), (6.68)

yF = max {0,yF + 2\) L Hi(FH) (1 <i <m), (6.69)

where {\;} is an exogenous bounded sequence of positive real numbers.

Of course, one expects the sequence {(z*,y*)} generated by (6.68)-(6.69) to
converge to a point (z*,y*) € S*. There are some caveats, however. In the first
place, the augmented Lagrangian £ is convex in 2, but in principle £(-, y*, \¥) may
fail to attain its minimum, in which case 2**! is not defined. We remark that this
situation may happen even if problems (P) and (D) have solutions. For instance,
consider the problem of minimizing a constant function of one variable over the
halfline {x € R : e < 1}. Clearly any nonpositive real is a primal solution, and
it is immediate that any pair (z,0) with = < 0 satisfies (6.59)—(6.62), so that 0 is
a dual solution, but taking y = p = 1 and the constant value of the function also
equal to 1, we get L(z,y,p) = 1 + max{0,1+ e® — 1}2 — 1 = ¢?*, which obviously
does not attain its minimum. Even if £(-,y*, \x) has minimizers, they might be
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multiple, because £, although convex in z, is not strictly convex. Thus, there is
no way in principle to ensure that the sequence {z*} will be bounded. To give a
trivial example, if none of the f;s (0 < ¢ < m) depends upon z,,, we may choose the
last component of x**1 arbitrarily (e.g., 5% = k), making {z*} unbounded. As
a consequence, all convergence results on the sequence {xk} will have to be stated
under the assumption that such a sequence exists and is bounded.

On the other hand, the convergence properties of the dual sequence {y*} are
much more solid, a fact that is a consequence of a remarkable result, proved for
the first time in [193], which establishes an unexpected link between the augmented
Lagrangian method and the proximal point method: starting from the same °, and
using the same exogenous sequence {\j}, the proximal sequence for problem (D)
(ie., (6.2) with ¢ = —1p, C' = R") coincides with the sequence {y"*} generated by
the augmented Lagrangian method (6.59)—(6.62) applied to problems (P)—(D).

As a consequence of the convergence results for IPPM, the whole sequence
{y*} converges to a point in S}, under the sole condition of existence of solutions of
(P)—(D). Of course, existence and boundedness of {2*} can be ensured by imposing
additional conditions on the problem data, such as, for instance, coerciveness of fj
(meaning that its level sets are bounded) or of any of the constraint functions f;
(1 < i< m), in which case the feasible set for problem (P) is necessarily bounded.
However, the proximal theory provides also a very satisfactory alternative for the
case in which the data fail to satisfy these demanding properties. It consists of
adding a proximal regularization term to the primal subproblem (6.68), which leads
to the following prorimal augmented Lagrangian, or doubly augmented Lagrangian.

— A
o* € argming (g, {,C(Z, y" \e) + 7k||x - xk||2} , (6.70)
yi = max {0,y + (20) T AT} (1 <i<m). (6.71)

Note that we have not modified the dual updating; that is, (6.71) is the same
as (6.69). This method, also introduced in [193], is also equivalent to a proximal
method, involving now both primal and dual variables; that is, applied to finding
zeroes of the saddle point operator T, : R" x R™ = R™ x R™, defined as

Tr(z,y) = (0L, —0,L), (6.72)

where 0,L, 0,L denote the subdifferential of £ with respect to the x variables
and to the y variables, respectively. We commented above that S* coincides with
the saddle points of the Lagrangian £, and it is easy to check that these saddle
points are precisely the zeroes of Tz. Another remarkable result in [193] establishes
that, starting from the same y° and using the same regularization parameters Ay,
the proximal augmented Lagrangian sequence {(z*,y*)} generated by (6.70)-(6.71)
coincides with the sequence generated by IPPM applied to the problem of finding
the zeroes of Tg; that is, the sequence resulting from applying (6.1) with T' = T.
Now, the results on IPPM ensure convergence of both {z*} and {y*} to a pair
(z*,y*) € S* under the only assumptions of nonemptiness of S*; that is, existence
of solutions of problems (P)—(D).
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The following section establishes this result in a rather more general situation:
the primal objective is defined on a reflexive Banach space X, and the constraints
are inequalities indexed by the elements of a measure space {2, so that there is
a possibly infinite number of them. Also, we consider inexact solutions of the
primal optimization subproblem (6.70), in the spirit of the constant relative error
tolerances of Section 6.4. Finally we present, but without detailed analysis, a further
generalization, namely to optimization problems in a Banach space X7, where the
constraints demand that the image, in another Banach space X5, of feasible points
through the constraint function belongs to a fixed closed and convex cone K C Xo;
that is, to the case of cone-constrained optimization problems in Banach spaces.

6.6 Augmented Lagrangians for £’-constrained
problems

In this section we present an application of Algorithm IPPM: namely an augmented

Lagrangian method for convex optimization problems in infinite-dimensional spaces

with a possibly infinite number of constraints, introduced in Section 3.4 of [54]. We

start with some material leading to the definition of the problem of interest.

Let X be a reflexive Banach space. Consider a measure space (€, A, u) and
functions g : X — R, G : Q2 x X — R, such that:

(i) g and G(w, ) are convex and continuously Fréchet differentiable for all w € €.

(ii) For all x € X, both G(-,z) : @ — R and GL(-,z) : Q@ — X* are p-integrable
for some p € (1,00), where G’ (w, -) denotes the Fréchet derivative of G(w, ")
(in the case of G/, integrability is understood in the sense of the Bochner
integral, see, e.g., [147]).

The primal problem (P) is defined as

min g(x
(p) { ) |
st. G(w,z) <0 ae. in Q,

and its dual (D), as

(D) max D (y)
st. y € £L199Q), y(w) >0 ae. inQ,

where ¢ = p/(p — 1), the dual objective ® : LI(Q2) — R U {—o0} is defined as
®(y) = infrex L(x,y), and the Lagrangian L : X x L1(Q) — R, is given by

Ley) = g(@) + [ Gl oly(w)du(e) (6.73)
A pair (z,y) € X x L1(Q) is called optimal if x is an optimal solution of problem
(P) and y an optimal solution of problem (D). A pair (z,y) € X x £2(Q) is called
a KK T-pair if:

0=1L(z,y)=7( / G (w,2)y(w)du(w) (Lagrangian condition), (6.74)
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(w) >0 ae. in Q (dual feasibility), (6.75)
/ G(w,z)y(w)dp(w) =0 (complementarity), (6.76)
G(w,z) <0 a.e. in 2 (primal feasibility). (6.77)

See ([54, 3.3]) for this formulation of the Karush-Kuhn-Tucker conditions. Note
also, that L(z,-) : £1(Q) — R is Fréchet differentiable for all x € X. In fact,

t

_ / Glw, 2)i(w)du(w),
Q

for all § € L9(€2), so that L} (x,y) = G(-,z) for all y € L9(2). Next we define the
saddle-point operator 17, : X x L1(Q) = X* x LP(Q) as

Ty(w,y) = (Lhlw,y), Ly (@,9) + Nex o) (1)) =

(¢ + [ CLcomino) 6o+ Neron)) . 079
where £ (Q) = {y € L1(Q)| y(w) > 0 a.e.}, and Nio (o)« £L9(2) = LP(Q) denotes

the normality operator of the cone £% (), given by

Ngs (o) (y)

- { {v e LP(Q)] fQ v(w)y(w) — z(w)]du(w) >0, Vz e LL(Q)} ifye L£L(Q)
0 otherwise.
(6.79)
The following proposition presents some elementary properties of the saddle-point
operator.

Proposition 6.6.1. The operator Ty, defined in (6.78), satisfies
(i) 0 € Tr(z,y) if and only if (z,y) is a KKT-pair.
(i) If 0 € Tr(x,y), then (x,y) is an optimal pair.

(i11) Ty, is a maximal monotone operator.

Proof.
(i) Note that 0 € Ty (z,y) if and only if (z,y) € X x L£9(Q) is such that:

g (x) + [o G (w, 2)y(w)du(w)

0
0 —G(-,r) + Nﬁ‘j_(Q)(y)7

m |l

or equivalently
0=

g'( /G’ w, )y (w)dp(w), (6.80)
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0> /QG(w,x)[z(w) —y(w)ldpu(w) for allz € L1(Q), (6.81)

y € LL(Q). (6.82)

For the “if” statement of (i), observe that these conditions are immediately implied
by the definition of KKT-pair. For the “only if” statement of (i), note first that
(6.80) is just (6.74) and (6.82) is (6.75). If (6.77) does not hold, then we can find
a subset W C 2 with finite nonzero measure such that G(w,x) > 0, for all w € W.
Take z € L9(Q) defined as z(w) = y(w) + Xw(w), where Xy is the characteristic
function of the set W; that is, Xy (w) =1 if w € W, Ay (w) = 0 otherwise. Then
z e L1(Q), and

0< [ Gloaut) = [ Glw.o)t (w)dn(e) -

/ Gl(w, 2)[2(w) — y(w)|du(w),
Q

contradicting (6.81), (6.82), so that (6.77) holds, which, in turn, implies

/Q G, )y (w)dp(w) < 0. (6.83)

Take z € £% () defined as z(w) = 0 for all w € Q, and get from (6.81),

—/QG(ww)y(w)du(w) <0. (6.84)

In view of (6.83) and (6.84), (6.76) holds and the proof of item (i) is complete.
(ii) In view of (i), it suffices to verify that KKT-pairs are optimal. Let (z,y)
be a KKT-pair. By (6.75), (6.77), we have y(w)G(w,y) < 0, a.e. Therefore,

B(y) = inf, L) < L) = 9(0) + [ y@)Glo)du(e) < g(o). (689

It follows immediately from (6.85) that the feasible pair (x,y) is optimal when
®(y) = g().

By convexity of G(w,-), the function c(t) = t G (w,z + td) — G(w,z)] is
nondecreasing and bounded from above on (0,1] for all z,d € X and all w € Q.
Applying the monotone convergence theorem to ¢ (see, e.g., page 35 in [177]), it
follows that the convex function L(-,y) is continuously differentiable and that its
Gateaux derivative, L. (-,y), is given by

L) = g'() + / y(@) Gl (w, Y dp(w). (6.86)

By (6.74) and (6.86), L! (z,y) = 0, establishing that x is a minimizer of L(-,y), so
that ®(y) = L(z,y). Using now (6.76) and (6.85), we get L(z,y) = g(z), implying
®(y) = g(x), and hence optimality of (z,y).
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(iii) The result follows from Theorem 4.7.5. 0O

As is the case with the finite-dimensional algorithm (6.68)—(6.69), it is conve-
nient to define an augmented Lagrangian algorithm with a proximal regularization
in the primal optimization subproblems, in order to ensure existence and bounded-
ness of the primal sequence without rather demanding conditions, such as coercivity,
imposed on the data functions. We use for this purpose the regularizing function
h o L£9(Q) — R defined as h(y) = (1/q)||y[|§ (our full analysis still holds if we
use (1/r)| - || for any r € (1,00) instead of h; the cost of this generalization is
paid in the form of more involved formulas, see [102]). The augmented Lagrangian
L:X xL9Q) x Ry, — R is defined as

Low.p) = g(@) + 2 [ [max{0. 0 @) + 57 G} du). (057
Q

where p = q/(q — 1). The prozimal augmented Lagrangian L : X x X x £9(Q) x
Ri4+ — R is defined as

ﬁ(x,z,y,p) :E(x,y,p)+pr(x,z), (688)

where f € F is such that dom f = X and Dy is the Bregman distance defined in
(6.11). Our exact method with primal regularization requires a bounded sequence
of positive regularization parameters {\;}, and is defined as

Exact doubly augmented Lagrangian method (EDAL)
(i) Choose (2°,3°) € X x L% ().

(ii) Given (z*,y"), define 2K as

Zhtl = argminwexi(x,xk,yk, ) = argmin, ¢ x [E(gc,yk'7 k) + )\kDf(x,xk)] .
(6.89)

(iii) Define y**1 as
yF T (w) = [max {0, B (y¥)(w) + A G w) " (6.90)

Although this version still requires exact solution of the subproblems, it solves
the issue of the existence and uniqueness of the primal iterates. In fact, we have
the following result.

Proposition 6.6.2. Let f € F such that dom f = X. If f satisfies H4, then there
exists a unique solution of each primal subproblem (6.89).

Proof. Note that T = L’ (-, y"*, A\) is maximal monotone by convexity of L(-, y*, A1),
and use Proposition 6.3.1. 0O
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Next we translate the error criteria studied in Section 6.3 to this setting,
allowing inexact solution of the primal subproblems (6.89). These criteria admit
two different errors: the error in the proximal equation, given by e in (6.37), and
the error in the inclusion, controlled by e in (6.38). However, in this application
the operator of interest, namely the saddle point operator Ty, given by (6.78), is such
that no error is expected in its evaluation (the situation would be different without
assuming differentiability of ¢ and G, but in such a case the augmented Lagrangian
method loses one of its most attractive features, namely the closed formulas for the
dual updates). This section is intended mainly as an illustration of the applications
of the method, thus we have eliminated, for the sake of a simpler analysis, the error
in the inclusion, meaning that our algorithm is equivalent to IPPM with e, = 0 for
all k.

We consider the regularizing function F' : X x £9(Q2) — R defined as F(z,y) =
f(x) + h(y), with h as above; that is, h(y) = (1/q)[ly[|], and f € F such that dom
f = X. As in the case of IPPM, we have as exogenous parameters a bounded
sequence of positive regularization parameters {\;} and a relative error tolerance
o € [0,1). Our inexact doubly augmented Lagrangian method (IDAL) is as follows.

Algorithm IDAL.
1. Choose (z%,9%) € X x L1(Q).

2. Given zF = (z*,y*), find ¥ € X such that

Dy (&, (f) 71 [£@*) = A LL (5, ¥, )]) < o0 [Dy(a8,a%) + Dy (u, )]
91

where u* € £9(Q) is defined as oo
uF(w) = [max {01 (4%) (@) + A\ G(E @)} (6.92)

3. If (%, u¥) = (2%, 9%), then stop. Otherwise, define
P (W) = b (W) = [max {0, W (41 @) + A GEE N (6.99)
= (F)7 [N - A T ) (6.94)

The following lemma is necessary for establishing the connection between
IDAL and IPPM. Let

M*(z,y, p)(w) := max{0, k' (y)(w) + p~ ' G(z,w)}, (6.95)
M~ (z,y, p)(w) := min{0,h (y)(w) + p~ ' G(z,w)}, (6.96)
Q(z,y,p)(w) := [max {0, 1 (y)(w) + p~ ' G(z,w)}]" . (6.97)

Lemma 6.6.3. For all (z,y,p) € X x LI(Q) x Ry it holds that
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(a) W (Q(z,y,p)) = M*(z,y,p).
(b) M(Q(x,y,p)) — h'(y) = =5 [-G (- x) + pM~(z,y,p)].
(C) M_(.’I},y,p) € N[lj_(Q)(Q(xvy7p))

(d) L,(x,y,p) = Ly(z,Q(z,y, p)), with L as in (6.73).

Proof. It is well-known that h'(z) = |z|9 'sign(z) for all z € £L1(Q) (see, e.g.,
Propositions 2.1 and 4.9 of [65]). Replacing z := Q(z,y, p) in this formula and
using the fact that ¢ = p/(p — 1), we get

W@y ) = [(MF(20.0)" "] = M (0.0),

establishing (a). Item (b) follows from (a) and the definition of M ~. We proceed
to prove (c). Take any z € L1 () and note that

/Q M~ (2,9, p)(@)[=() — Q. y. p) (@) dplw) =

/ M~ (., p)()2(w)du(w) — / M~ (2,9, p)(@) [M* (2,9, 0) ()] dpu(w)
Q Q

- /Q M~ (2,3, p)(@)2(w)du(w) < 0.

Then the result follows from the definition of Nzs (),

Finally, we prove (d). We begin with the following elementary observation: if
¥ : X — R is a continuously differentiable convex function, then the function v :
X — R, defined by Ll;(x) = [max {0, (x)}]", is convex, continuously differentiable,
and its derivative is given by

¥ (x) = p[max {0,9 ()}~ ¢/ (2). (6.98)

Fix y € £4(Q) and p > 0, and let 1, (z) := M™T(z,y,p)(w). Thus, ¢ (z) =
[M*(x,y,p)]” (w). Note that (¥,).(x) = p~'G.(w, ), so that, by (6.98), the
derivative of [M*(-,y, p)(w)]” exists at any z € X, and it is given by

{[M*(z,y,0) )]}, = % [M* (2,1, p) ()] Gl(w, ) (6.99)

and, therefore, it is continuous.
By convexity of 9., given v € X and {tx} C (0,1] converging decreas-

ingly to 0, the sequence {t;l [@w(x + tpu) — &w(x)]} converges nonincreasingly

0 (o). (x),u), and is bounded above by ¥ (x + u) — ¥, (z). Consequently, by
the commutativity of the Bochner integral with continuous linear operators (see
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Corollary 2, page 134 in [231]), and the monotone convergence theorem (see, e.g.,
page 35 in [177]), we get

</Q(7’Z“’);(x)d/‘(w)’u>/9<(1Zw);(:n),u> dp(w)

— lim /Q z/3“(”“”’”“‘)_1;‘”(”’3)61,4@) - <{ /Q z/;w(x)du(w)};7u>. (6.100)

k—o0 tx

Combining (6.99) and (6.100), we get

!

{[ @] @ane)| = [ @@
=2 [ ) @) Gl a)du). (6.101)

Using (6.101) and (6.87), we conclude that the function L(-,y, p) is differentiable,
and that its derivative is given by

L) = @)+ 2 [ My )] Gulos)dnt). (6.102)
PJa

The result follows from (6.102), (6.95), (6.97), and (6.86). O

We point out that the exact solution of (6.89) obviously satisfies the error
criterion of Algorithm IDAL; that is, the inequality in (6.91). We also mention
that when o = 0 Algorithm IDAL reduces to Algorithm EDAL, because in such a
case ¥ coincides with the exact solution of (6.89) and (6.94) becomes redundant.
Thus, our following convergence results for Algorithm IDAL also hold for Algorithm
EDAL.

6.7 Convergence analysis of Algorithm IDAL

We prove next that Algorithm IDAL is a particular instance of Algorithm IPPM
applied to the saddle-point operator T, with e, = 0 for all k.

Proposition 6.7.1. Let {«*}, {y*}, {Z*}, {\e}, o, and f be as in Algorithm IDAL.
Define F: X x £1(9) — R as F(z,y) = f(2) + h(y), & = (42, 2*,5% M), 0),

k= (zk, uk), and 2% = (2, y*), with u* as in (6.92). Then
(i) € + No[F' (%) — F'(zF)] € T (3).
(ii) Dp (28, (F")~1 [F'(ZF) = A Teb]) < oDp(3F,2F).
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(iii) 27+ = (F')~1[F'(3%) — Ag'et] .

Proof. Using the definition of L in (6.88) and Lemma 6.6.3(b)(d), we have
" + M[F' (%) — F'(2M)]
= (L4 ) + Ml @) = @) Al (0F) = 0 ()
= (I’;(‘%kv yk7 Ak)7 _G('7 jk) + )‘k‘M_(jkv ykv )‘k))
= (LL(&",u"), =G (-, ) + MM~ (2", 4%, \p)) € TL(2Y),
establishing (i), with M~ as in (6.96). Also,

D (2%, (F)TH[F(2) = A et])

— Dp ((i,k-7uk) 7 ((f/)—l [f/(i,k) B )\kf‘li;(ik’xk’yk’)\k)] 7uk))
= Df (‘%k7 (f/)il [f/(xk) - Alzlf’;(i’kayka Ak)]) + Dh (ukauk)
=Dy (@, (/)7 [ (") = NLLER 6 )])
<o [Df(ikwk) + Dy, (uk,yk)] = UDF(Zk,zk),

using the error criterion given by (6.91) in the inequality, and the separability of F,
establishing (ii). Finally, observe that

Zk+1 _ (F/)—l [F/(gk) o )\Izlek]
if and only if
g = () W),

= ()7L [F(R) - AL g )]

if and only if

gt = ok

P = ()7 [ ) - A T )]
which hold by (6.93) and (6.94). We have proved (iii). 0O

In view of Proposition 6.7.1, the convergence properties of IDAL will follow
from those of IPPM. We start with the case of finite termination.

Proposition 6.7.2. If Algorithm IDAL stops after k steps, then @* is an optimal
solution of problem (P) and u* is an optimal solution of problem (D), with ¥ and

u® as given by (6.91) and (6.92), respectively.

Proof. Tmmediate from Propositions 6.6.1(ii), 6.7.1, and 6.4.1. 0O
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Next we identify the cases in which the error criterion of Algorithm IDAL
accepts as an approximate solution of the subproblem any point close enough to
the exact solution.

Proposition 6.7.3. Let {z*} be the sequence generated by Algorithm IDAL. As-
sume that f satisfies Hj. If z* is not a KK T-pair for (P)~(D), (f')~! is continuous,
and o > 0, then there exists an open subset Uy C X such that any v € Uy solves
(6.91).

Proof. Let % denote the exact solution of (6.91); that is, the point in X satisfying

(@) = (%) = AJPLL (R yF, ), (6.103)

whose existence is ensured by Proposition 6.6.2, and z¥ = (z¥,a"), where @ is

defined as .
ik (w) = [max {0, B (y*)(w) + )\glG(fck,w)}]p )

Then z* # 2*, because otherwise, the kth iteration would leave z¥ unchanged, in
which case, in view of Proposition 6.4.1, z¥ would be a solution of the problem
(i.e., a KKT-pair), contradicting the assumption. Hence, Dp(z*,2*) > 0, with
F(z,y) = f(x) + h(y), and by strict convexity of F', resulting from strict convexity
of f and h, we get

O == oDp(z*,2") = o [Ds(2*,2") + Du(a",y")] > 0. (6.104)

Observe that the assumptions on the data functions of problem (P) and continuity
of (f’)~! ensure continuity of the function 1, : B — R defined as

Ui(x) = Dy (z, (f) 7 [f(@") = A L (2w (2))]) —

o [Df(x, SUk) + Dh(Q(Za yka )‘k)a yk)] )
with
WH () (w) = [max {0, 1 (5F) (@) + Ag ' Glaw)} ]

Also, 91,(Z%) = —0 < 0, and consequently there exists 6, > 0 such that 15 (z) <0
for all z € Uy, := {x € X|||z — z*|| < 6x}. The result follows then from the previous
inequality. 0O

As mentioned after Proposition 6.3.3, f(z) = ||x||; in ¢, or LP(Q) (p,7 > 1),
satisfies the hypothesis of continuity of (f’)~*.

Finally, we establish the convergence properties of the sequence generated by
Algorithm IDAL.

Theorem 6.7.4. Let X be a uniformly smooth and uniformly convex Banach space.
Take f € F satisfying HI-Hj and such that dom f = X, and assume that {\} is
bounded. Let {z*} = {(a* y*)} be the sequence generated by Algorithm IDAL. If
there exist KK T-pairs for problems (P) and (D), then
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(i) The sequence {z*} is bounded and all its weak cluster points are optimal pairs
for problems (P) and (D).

(it) If [ also satisfies H5 and either S is countable (i.e., the dual variables belong
to ly) or p=q=2 (ie., the dual variables belong to L*(2)), then the whole
sequence {z*} converges weakly to an optimal pair for problems (P)-(D).

Proof. By Proposition 6.7.1 the sequence {z*} is a particular instance of the
sequences generated by Algorithm IPPM for finding zeroes of the operator T},
with regularizing function F : X x £L9(Q2) — R given by F(z,y) = f(z) + %Ilyllg
By Corollary 6.2.5(i) and Proposition 6.2.6(iii), F' satisfies HI-H4. By Corollary
6.2.5(ii), it also satisfies H5 under the assumptions of item (ii). By our assumption
on existence of KKT-pairs, and items (i) and (iii) of Proposition 6.6.1, Ty, is a
maximal monotone operator with zeroes. The result follows then from Theorem
6.4.6 and Proposition 6.6.1(ii). 0O

6.8 Augmented Lagrangians for cone constrained
problems

Note that the constraints in the problem studied in Section 6.6 can be thought of

as given by a G : X — L£9(9), taking G(z) = G(-,z). In this section we consider

the more general case in which an arbitrary reflexive Banach space plays the role

of £9(€2). In this case the nonnegativity constraints have to be replaced by more

general constraints, namely cone constraints.

Let X7 and X5 be real reflexive Banach spaces, K C X5 a closed and convex
cone, and counsider the partial order “3” induced by K in X, namely z = 2/ if
and only if 2/ — 2z € K. K also induces a natural extension of convexity, namely
K-convexity, given in Definition 4.7.3.

The problem of interest, denoted as (P), is

min g(x) (6.105)
s.t. G(x) 20, (6.106)
with g : X7 — R, G : X1 — Xy, satisfying
(A1) g is convex and G is K-convex.

(A2) g and G are Fréchet differentiable functions with Gateaux derivatives denoted
g’ and G, respectively.

We define the Lagrangian L : X; x X5 — R, as
L(z,y) = g(z) + (y, G(2)), (6.107)

where (-, -) denotes the duality pairing in X; x X5, and the dual objective ® : X5 —
RU{—o0} as ®(y) = inf,ex, L(x,y).
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We also need the positive polar cone K* of K (see Definition 3.7.7), the
metric projection P_g : Xo — —K, defined as P_g (y) = argmin,c_ ||v — y||, and
the weighted duality mapping Js : Xo — X3, uniquely defined, when X5 is smooth,
by the following relations,

(Js(@),2) = | Ts@) |l [ s (@)l = [l

In the notation of Section 6.2, J, = J,, with ¢(t) = t*~'. Let 7. be the partial
order induced by K* in XJ.
With this notation, the dual problem (D) can be stated as

(D) {max D(y)

s.t. y 22k 0.

In order to define an augmented Lagrangian method for this problem, we
consider regularizing functions f : X3 — R, h : X5 — R. As in the previous
section, we fix the dual regularization function as a power of the norm, namely
h(y) = (1/7)|ly||" for some r € (1,00), where || - || is the norm in X3. For z € X,
and C' C X, d(z, C) denotes the metric distance from z to C, namely inf,ec ||z —v||.
With this notation, the doubly augmented Lagrangian L : X1 x X1 x X5 xR, — R
is defined as

~ P _ )
L(z,z,y,p) = g(x) + ;d(h’(y) +p G (x), —K)* + Dy (x, 2), (6.108)
with s =r/(r — 1).
It is easy to check that when Xo = £9(Q2), the doubly augmented Lagrangian
given by (6.108) reduces to the one in Section 6.7, namely the one defined by (6.88).
The exact version of the doubly augmented Lagrangian method for problems
(P)—-(D), is given by:
1. Choose (2°,y°) € X1 x K*.
2. Given (2%, y*), take
M1 = argmin, x, Lz, 2%, y* \p). (6.109)

P () + A G = P (W) + A GE)) . (6.110)

T

The inexact version incorporates the possibility of error in the solution of the
minimization problem in (6.109). It is given by:

1. Choose (2°,y°) € X1 x K*.
2. Given zF = (2%, y*), find % € X, such that
Dy (3", (f)71 [f' ") = AT L@ M)])
<o [Dy(3",2%) + Dy (u*, y")] (6.111)
with u” given by

ub = J, (W (") + A GER) — Pog [ (yF) + AL TG E)))
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3. If (2%, u¥) = (2, y¥), then stop. Otherwise, define
YR =k = T (W (yF) + A GER) — Pk [W () + 01 GE)]) L (6.112)
af = ()T @R) = AL ER R )] - (6.113)

The convergence analysis of these two algorithms proceeds in the same way
as was done for EDAL and IDAL in Section 6.7; namely both generate, with the
same initial iterate and same regularization parameters, sequences identical to those
of IPPM applied to the problem of finding zeroes of the saddle-point operator
Tr, : Xh1 x X5 = X7 x Xy defined as

Ti(w,y) = (¢'(x) + [G' ()" (v), ~G(z) + N+ (y)) , (6.114)

where [G'(z)]* : X5 — X7 is the adjoint of the linear operator G'(z) : X1 — Xo,
and N~ : X3 = X» denotes the normality operator of the cone K*, as defined in
Definition 3.6.1.

More specifically, Algorithm (6.109)—(6.110) is equivalent to IPPM with o = 0
(i.e., both e¥ = 0 and ¢, = 0 for all k), applied to the operator Ty defined by
(6.114), and Algorithm (6.111)—(6.113) is equivalent to IPPM, with e = 0 for all
k, applied to the same operator. The zeroes of Ty, are precisely the saddle points
of the Lagrangian L defined by (6.107), and also the optimal pairs for problems
(P) and (D), therefore the result of Theorem 6.7.4(i) holds verbatim in this case.
The result of Theorem 6.7.4(ii) also holds if both f and h satisfy H5. The detailed
proofs can be found in [103].

We remark that for Xp = £P(Q), K = £ (), and s = p, the algorithms
given by (6.109)—(6.110) and (6.111)—(6.113) reduce to EDAL and IDAL of Section
6.6, respectively. We have chosen to present the full convergence analysis only for
the particular case of nonnegativity constraints in £P(€2), because the introduction
of an arbitrary cone K in a general space Xs makes the proofs considerably more
technical, and somewhat obscure.

It is worthwhile to mention that the inexact proximal method in [211] has also
been extended to Banach spaces, together with a resulting augmented Lagrangian
method for £% constrained problems, in [102], and furthermore, in [103], to an aug-
mented Lagrangian method for cone constrained optimization in Banach spaces.
The main difference between such a proximal method and IPPM lies in the non-
proximal step: instead of (6.40), which gives an explicit expression for x*+1 (at
least when an explicit formula for (f’)~! is available, which is the case when f is a
power of the norm), the nonproximal step in [211] requires the Bregman projection
of x* onto a hyperplane E separating ¥ from T~1(0); that is, solving a problem of
the type zF*! = argmingec gD #(z, 2%). In non-Hilbertian spaces, no explicit formu-
las exist for Bregman projections onto hyperplanes (not even in ¢, or £P() with
f(z) = |lz|b). A similar comparison applies to the augmented Lagrangian methods
derived from [211] with respect to those presented here, namely IDAL and (6.111)—
(6.113). In this sense, the methods analyzed in this chapter seem preferable, and for
this reason we chose not to develop here the algorithms derived from the procedure
in [211].
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6.9 Nonmonotone proximal point methods

Another issue of interest in the proximal theory is the validity of the convergence
results when the operator whose zeroes are looked for is not monotone. A very
interesting approach to the subject was recently presented in [169], which deals
with a class of nonmonotone operators in Hilbert spaces that, when restricted to a
neighborhood of the solution set, are not far from being monotone. More precisely,
it is assumed that, for some p > 0, the mapping T~ + pI is monotone when
its graph is restricted to a neighborhood of S* x {0}, where $* is a connected
component of the solution set S* = T~1(0) (remember that the set of zeroes of
nonmonotone operators may fail to be convex). When this happens, the main
convergence result of [169] states that a “localized” version of (6.1) generates a
sequence that converges to a point in S**, provided that 20 is close enough to S
and sup Ay < (2p)~!. We present next an inexact version of the method in [169],
developed in [105], which incorporates the error criteria introduced in [209] and
[210]. The convergence analysis in the nonmonotone case is rather delicate, and the
case of Banach spaces has not yet been adequately addressed. Thus, in this section
we confine our attention to operators T : H — H, where H is a Hilbert space.
The issue of convergence of the proximal point method applied to nonmonotone
operators in Banach spaces remains as an important open question.

We define next the class of operators to which our results apply. From now
on we identify, in a set-theoretic fashion, a point-to-set operator T': H = H with
its graph; that is, with {(z,v) € H x H : v € T'(z)}. Thus, (z,v) € T has the same
meaning as v € T(x). We emphasize that (z,v) is seen here as an ordered pair:
(z,v) € T (or equivalently to (v,x) € T1!) is not the same as (v,z) € T

Definition 6.9.1. Given a positive p € R and a subset W of H x H, an operator
T:H = H is said to be

(a) p-hypomonotone if and only if (x—y,u—v) > —pllz—yl|? for all (z,u), (y,v) €
T.

(b) Mazimal p-hypomonotone if and only if T is p-hypomonotone and in addition
T =T whenever T C H x H is p-hypomonotone and T C T".

(¢) p-hypomonotone in W if and only if T N W is p-hypomonotone.

(d) Mazimal p-hypomonotone in W if and only if T is p-hypomonotone in W and
mn addition TNW =T NW whenever T € H x H is p-hypomonotone and
TNWcT' nw.

The notion of hypomonotonicity was introduced in [194]. For practical reasons,
it is convenient in this section to rewrite the basic proximal iteration (6.1) using reg-
ularization parameters v, = )\,:1, so that (6.1) becomes z* — z*+1 € 4, T(z¥+1), or,
separating the equation and the inclusion, as in (6.5) and (6.6), the exact iteration
is:

ot + g — 2k =, (6.115)
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oP € T (). (6.116)

We proceed to introduce an error term in (6.115). We refrain from using
the enlargement T for allowing errors in the inclusion (6.116), as done in (6.8),
because the properties of this enlargement have not yet been studied for the case
of a nonmonotone T'. This is also a relevant open issue. In this section we consider
the following inexact procedure for finding zeroes of an operator T': H = H, whose
inverse is maximal p-hypomonotone on aset U x V C H x H.

Algorithms IPPH1 and IPPH2
Given z¥ € H, find (y*,v*) € U x V such that

ot e T(y"), (6.117)
oty =t = et (6.118)
where the error term e” satisfies either
lef]| < o (% - p) [0, (6.119)
or
]l < vlly® — 2], (6.120)
with

Vo + (1=0) (20/2)° = 20/5
14 2p/%

where o € [0,1), {1} C R4+ is an exogenous sequence bounded away from 0,
4 = inf{yx}, and p is the hypomonotonicity constant of T-!. Then, under any of
our two error criteria, the next iterate z**! is given by

vV =

(6.121)

)

FHL — b . (6.122)

x

From now on, Algorithm IPPHI1 refers to the algorithm given by (6.117)—
(6.119) and (6.122), and Algorithm IPPH2 to the one given by (6.117), (6.118) and
(6.120)—(6.122) (the H in IPPH stands for “hypomonotone”).

We prove that, when p-hypomonotonicity of T~! holds on the whole space (i.e.,
U =V = H), both Algorithm IPPH1 and Algorithm IPPH2 generate sequences
that are weakly convergent to a zero of T, starting from any z° € H, under the
assumption of existence of zeroes of T', whenever 2p < 4 = inf{v;}. Note that this is
the same as demanding that A\, € ((), (2,0)*1] for all k. This condition illustrates the
trade-off imposed by the admission of nonmonotone operators: if p is big, meaning
that T—! (and therefore T) is far from being monotone, then the regularization
parameters \; must be close to zero, so that the regularized operator T + Ag[ is
close to T', hence ill-conditioned when T is ill-conditioned. At the same time, this
“negligible” regularization of T is expected to have its zero close to the set S* of
zeroes of T', so that the lack of monotonicity of T' is compensated by a choice of the
regularization parameters that prevents the generated sequence from moving very
far away from S*.
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For the case in which the set U x V where T~ is p-hypomonotone in an
appropriate neighborhood of S* % {0} C Hx H, where S* is a connected component
of 5%, we still get a local convergence result, meaning weak convergence of {2*} to
a zero of T, but requiring additionally that xo be sufficiently close to S*NU, in a
sense that is presented in a precise way in Theorem 6.10.4.

We remark that when the tolerance ¢ vanishes, we get e = 0 from either
(6.119) or (6.120)—(6.121), and then z* —y* = ~v,v* from (6.118), so that 2F1 = y*
from (6.122). Thus, with 0 = 0 our algorithm reduces to the classical exact proximal
point algorithm, whose convergence properties, when applied to operators whose
inverse is p-hypomonotone, have been studied in [169).

Tt follows from 13.33 and 13.36 of [194] that, in a finite-dimensional setting, if
a function f: H — RU{+oc} can be written as g — h in a neighborhood of a point
x € H, where g is finite and h is C2, then the subdifferential 9 f of f, suitably defined,
is p-hypomonotone for some p > 0 in a neighborhood of any point (z,v) € H x H
with v € df(z). Tt is also easy to check that a locally Lipschitz continuous mapping
is hypomonotone for every p greater than the Lipschitz constant. In particular,
if H is finite-dimensional and T : H = H is such that T—! is point-to-point and
differentiable in a neighborhood of some v € H, then T is p-hypomonotone in a
neighborhood of (z,v) for any z such that v € T'(x), and for any p larger than the
absolute value of the most negative eigenvalue of J + Jt, where J is the Jacobian
matrix of 7~ at v. In other words, local p-hypomonotonicity for some p > 0 is to
be expected of any T' that is not too badly behaved.

We establish next several properties of hypomonotone operators, needed for
the convergence analysis of Algorithms IPPH1 and IPPH2. Note that a mapping
T is p-hypomonotone (maximal p-hypomonotone) if and only if T+ pI is monotone
(maximal monotone). We also have the following result.

Proposition 6.9.2. If T : H = H is p-hypomonotone, then there exists a mazimal
p-hypomonotone T : H = H such that T C T.

Proof. The proof is a routine application of Zorn’s lemma, with exactly the same
argument as in the proof of Proposition 4.1.3. 0O

Next we introduce in a slightly different way the Yosida regularization of an
operator. For p > 0, define Y, : H x H — H x H (Y for Yosida) as

Y,(z,v) = (z + pv,v). (6.123)

Observe that Y, is a bijection, and (Y,) *(y,u) = (y — pu, u). Note also that, with
the identification mentioned above,

Y1) = (1 4 pI) ", (6.124)
because (v,z + pv) € T~ + pI.

Proposition 6.9.3. Take p >0, T: H = H, and Y, as in (6.123). Then
(i) T~ is p-hypomonotone if and only if Y,(T') is monotone.
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(ii) T~ is maximal p-hypomonotone if and only if Y,(T) is mazimal monotone.

Proof.

(i) Monotonicity of the Yosida regularization means that (T~ + pI)~! is mono-
tone, which is equivalent to monotonicity of T + pI.

(i) Assume that T~! is maximal p-hypomonotone. We prove maximal mono-
tonicity of Y,(T'). The monotonicity follows from item (a). Assume that
Y,(T) C Q for some monotone Q C H x H. Note that Q@ =Y,(Tg) for some
Tq because Y, is a bijection. It follows, in view of (i) and the monotonicity
of @, that Tiy 1 is p-hypomonotone, and therefore, using again the bijectivity
of Y,, we have T~! C Tél. Because T! is maximal p-hypomonotone, we
conclude that 77! = Tél; that is, T = Ty, so that Q = Y,(T") = Y,(T),
proving that Y,(7") is maximal monotone. The converse statement is proved
with a similar argument.

We continue with an elementary result on the Yosida regularization Y,(T).

Proposition 6.9.4. For all T : H = H and all p > 0, 0 € T(z) if and only if
0 € [Yp(T)] (x).

Proof. The result follows immediately from (6.124). 0O

Assume that T is a maximal monotone operator defined in a reflexive Banach
space. By Corollary 4.2.8 the set of zeroes of a maximal monotone operator is a
convex set. In view of Propositions 6.9.3 and 6.9.4, the same holds for mappings
whose inverses are p-hypomonotone. Thus, although reasonably well-behaved op-
erators can be expected to be locally p-hypomonotone for some p > 0, as discussed
above, global p-hypomonotonicity is not at all generic; looking, for instance, at
point-to-point operators in R, we observe that polynomials with more than one real
root, or analytic functions such as T'(z) = sin x, are not p-hypomonotone for any
p > 0.

We prove now that p-hypomonotone operators are (locally) sequentially
(sw*)-0s¢, with a proof which mirrors the one on sequential outer-semicontinuity
of maximal monotone operators (cf. Proposition 4.2.1).

Proposition 6.9.5. Assume that T~' : H = H is maximal p-hypomonotone in
WL for some W C H x H, and consider a sequence {(z*,v¥)} c TNW. If {v*}
is strongly convergent to v, {x*} is weakly convergent to T, and (%,v) € W, then
v e T(T).

Proof. Define 7" : H = H as T" = T U {(z,v)}. We claim that (T")~! is p-
hypomonotone in W~!. Because T~ is p-hypomonotone in W', clearly it suffices
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to prove that
—pllo —v||* < (Z — 2,5 — ) (6.125)

for all (x,v) € TNW. Observe that, for all (x,v) € TNW,
—p||vF = v||? < (@F —z, 0" — ). (6.126)

Because {v*} is strongly convergent to © and {x*} is weakly convergent to
Z, taking limits in (6.126) as k — oo we obtain (6.125), and the claim is estab-
lished. Because T' C T, (T")~! is p-hypomonotone in W~! and T—1! is maximal
p-hypomonotone in W=, we have that T N'W = T' N W, by Definition 6.9.1(d).
Because v € T"(z) and (Z,0) € W, we conclude that o € T'(z). 0O

We close this section with a result on convexity and weak closedness of some
sets related to the set of zeroes of operators whose inverses are p-hypomonotone.

Proposition 6.9.6. Assume that T~' : H = H is maximal p-hypomonotone in a
subset V- x U C H x H, where U is convex and 0 € V. Let S* C H be the set of
zeroes of T'. Then

(i) S*NU is conver.
(i) If S* N U is closed, then (S* NU) + B(0,0) is weakly closed for all § > 0.

Proof.

(i) By Proposition 6.9.2, TN (U x V) c T for some T : H = H such that
7! is maximal p-hypomonotone . Let S* be the set of zeroes of 7. By Propo-
sition 6.9.4, 5* is also the set of zeroes of Yp(T ), which is maximal monotone by
Proposition 6.9.3(ii). The set of zeroes of a maximal monotone operator is convex
by Corollary 4.2.6, thus we conclude that S* is convex, and therefore, S* N U is
convex, because U is convex. Because T~! is maximal p-hypomonotone in V x U,
T is p-hypomonotone and T C T', we have that 7N (U x V) =T N (U x V), and
then, because 0 € V, it follows easily that S*NU = S*NU. The result follows.

(ii) Because H is a Hilbert space, B(0,d) is weakly compact by Theorem
2.5.16(ii), and S*NU, being closed by assumption and convex by item (i), is weakly
closed. Thus (S* NU) + B(0,d) is weakly closed, being the sum of a closed and a
compact set, both with respect to the weak topology. O

6.10 Convergence analysis of IPPH1 and IPPH2

We start with the issue of existence of iterates, which is rather delicate, forcing us
to go through some technicalities, where the notion of p-hypomonotonicity becomes
crucial. These technicalities are encapsulated in the following lemma.

Lemma 6.10.1. Let T : H = H be an operator such that T~' is maximal p-
hypomonotone in a subset V- x U of H x H. Assume that T has a nonempty set of
zeroes S™, that U is convex and that
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(i) S*NU is nonempty and closed.
(i) There exists f > 0 such that B(0,5) C V.
(1ii) There exists 6 > 0 such that (S*NU) + B(0,9) C U.

Take any v > 2p and define e = min{4, Bv/2}. If x € H is such that d(z,S*NU) <
g, then there exists y € H such that v~ *(z —y) € T'(y) and d(y,S*NU) < ¢.

Proof. By Definition 6.9.1(c) and (d), T-' n(V x U) is p hypomonotone. By
Proposition 6.9.2, there exists a maximal p-hypomonotone T-' ¢ H x H such that

TNV xU)cT™ (6.127)

By Proposition 6.9.3(ii), Y,(7') is maximal monotone, with Y, as defined in (6.123).
Let 4 = v — p. Because 4 > 0 by assumption, it follows from Theorem 4.4.12
that the operator I + 4Y,(T') is onto; that is, there exists z € H such that « €

[I + ’pr(T)] (2), or equivalently
4Nz —z2) € [YP(T)} (2). (6.128)

Letting
vi=4"1(r - 2), (6.129)

we can rewrite (6.128) as (z,v) € Y,;(T)7 which is equivalent, in view of (6.123), to
(z—po,v) eT. (6.130)

Let now y = z — pv. In view of (6.129) and the definition of 4, (6.130) is in turn
equivalent to

(y, 4 Nz —2)) eT. (6.131)
It follows easily from (6.129) and the definitions of y and 4 that
A e —2)=(—p) z—2)=7"z -y =p (z—y) (6.132)
We conclude from (6.131) and (6.132) that
vz —y) € T(y). (6.133)

Note that (6.133) looks pretty much like the statement of the lemma, except
that we have 7' instead of T. The operators T and T do coincide on U x V, as
we show, but in order to use this fact we must first establish that (y,v!(z — y))
indeed belongs to U x V| which will result from the assumption on d(z, S* N U).

Take any z € S* N U, nonempty by condition (i), and z as in (6.128). Note
that Z is a zero of TN (U x V'), because it belongs to S* N U and 0 € V by condition
(ii). Thus Z is a zero of T, which contains T N (U x V). By Proposition 6.9.4, Z is
a zero of Y,(T). Then

lo — 2 = llz — 2l + Iz = Z|* + 2(z — 2,2 — 7) =
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lz = 2[* + [lz = 21> + 25(3 " (& — 2) = 0,2 — &) 2 [lz — 2|* + ||z — z[|*, (6.134)

using (6.128), monotonicity of Y,;(T)7 nonnegativity of 4, and the fact that z is a
zero of Y,(T') in the inequality. Take now y as defined after (6.130). Then

ly =zl = lly = 2l1* + ||z = Z* — 2y — 2,7 — 2)

2
2
(—” ) 2+ =2l — 2z -2,z — 2)
Y—p Y—p

<oz - [1— (L) ] =l = 2000 — (v — o) (& — 2). 2 — 2)

Y=P
2
<l -l = 1= (L) | I - al?
Y0P
2 Yy —2p) 2 —12
=l —2z|" — — ||z — || < ||z — 2|7, 6.135
| I =) | I° < | ( )

using (6.132) in the first equality, (6.134) in the first inequality, (6.128) and mono-
tonicity of Yp(T ) in the second inequality, and the assumption that v > 2p in the
third inequality. It follows from (6.135) that ||y — Z|| < ||z — Z|| for all Z € S*NU,
in particular when z is the orthogonal projection of x onto S* N U, which exists
because S* NU is closed by condition (i) and convex by Proposition 6.9.6(i). For
this choice of Z we have that

ly —z|| < ||z — z|| = d(z,S* NU) < e = min{6, By/2} <6, (6.136)

where the second inequality holds by the assumption on x. Because & belongs to
S*NU, we get from (6.136) that

y € (S*NU)+ B(0,6) C U, (6.137)

using condition (iii) in the inclusion.
Observe now that, with the same choice of Z,

Y e =yl <y le -2+ lly - 2l) < 2097 <8, (6.138)

using (6.136) and the assumption on z in the second inequality, and the fact that

e = min{4d, By/2} in the third one. It follows from (6.137), (6.138), and condition
(ii) that

(y,7 'z —y) €U xV. (6.139)

Because T is maximal p-hypomonotone in U x V and T is p-hypomonotone,

it follows from (6.127) and Definition 6.9.1(d) that TN (U x V) =T N (U x V). In

view of (6.133), we conclude from (6.139) that v~!(z — y) € T(y). Finally, using
(6.136), d(y,S*NU) < [ly — 7|| < ¢, completing the proof. O

Corollary 6.10.2. Consider either Algorithm IPPH1 or Algorithm IPPH2 applied
to an operator T : H = H such that T~ is p-hypomonotone on a subset U x V
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of H x H satisfying conditions (i)-(iii) of Lemma 6.10.1. If d(z*,S* NU) < e,
with € as in the statement of Lemma 6.10.1, and ~y;, > 2p, then there exists a pair
(y*,v*) € U x V satisfying (6.117) and (6.118), and consequently a vector x*+!
satisfying (6.122).

Proof. Apply Lemma 6.10.1 with 2 = ¥, v = 4. Take y* as the vector y whose
existence is ensured by the lemma and v* = fykfl(xk —y*). Then y* and v* satisfy
(6.117) and (6.118) with e* = 0, so that (6.119) or (6.120)—(6.121) hold for any
o > 0. Once a pair (yk, vk') exists, the conclusion about z**! is obvious, inasmuch
as (6.122) raises no existence issues. O

In order to ensure existence of the iterates, we still have to prove, in view of
Corollary 6.10.2, that the whole sequence {z*} is contained in B(Z,¢), where Z is
the orthogonal projection of xz° onto S* N U and ¢ is as in Lemma 6.10.1. This
will be a consequence of the Fejér monotonicity properties of {x*} (see Definition
5.5.1), which we establish next. We have not yet proved yet existence of {x*}, but
the lemma is phrased so as to circumvent the existential issue, for the time being.

Lemma 6.10.3. Let {z*} C H be a sequence generated by either Algorithm IPPH1
or Algorithm IPPH2 applied to an operator T : H = H such that T~ is p-
hypomonotone in a subset W—' of H x H, and take x* in the set S* of zeroes
of T. If 2p < 4 = inf{v} and both (z*,0) and (y*,v*) belong to W, then

(1)
[ —2* |2 < fla* = 2*))? = (1 = o) (F — 2p) 10"
for Algorithm IPPHI, and
(1)
* k+12 * k2 2p k k2
2% — 2|7 < [l2" — 2|7 = (1 - o) 1*7 lly"* — "7,
for Algorithm IPPH2.

Proof. We start with the following elementary algebraic equality,
[l = a®|* — [l — a2 = [ly* = 2+ [ly* - 22

= 2(z* — yF 2F T - k), (6.140)

Using first (6.122) in the right-hand side of (6.140), and then p-hypomonotonicity of
T~ in W1, together with the fact that both (z*,0) and (y*,v*) belong to TNW,
by (6.117) and the assumptions of the lemma, we get

lz* = 2®* = fla™ = a2 — fly® = 27+ [ly* - 22

=2y (a" — y*, 0 — %) > —2py[lv*|%. (6.141)
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From this point the computation differs according to the error criterion. We start

with the one given by (6.119). It follows from (6.118) and (6.122) that y* — 2* =

ek — ypvF and yF — 2P+ = k. Substituting these two equalities in (6.141) we get
lz* —a®[? — [|lz* = 22 2 A7 [[0" )1 = 2 (0", ) — 2pm|0*)?

> illv* )1 = 2mllvF | e[| = 270" |12
= llo" [ (o = 20) 0" = 2/€"]]
> el || [(vw = 20) 10" = (5 = 20)[|v*]]
>l (1= o) (5 = 2p)[[0"]]] = (1 = o) (5 = 2p) 0", (6.142)

using (6.119) in the third inequality and the definition of 4 in the last inequality.
The result follows immediately from (6.142).

Now we look at the error criterion given by (6.120)-(6.121). Using again
(6.118) and (6.122), we can replace y* — 2F+1 by e* and —v* by 7, ! (yF — 2* — €F)
in (6.141), obtaining
* xk”Q o ||f£* 7xk'+1||2

E
>[Iy = 2*2 = ()2 + 209 " — o* — ¢*)?)
_ . N/
> |l = P2 = (b2 + 20 (" = 1+ e )*] . (6148)
Using now (6.120) in (6.143) we get

) 2
lo* — 2|2  fla — P > [1 -2y u)?] Iy — |2

> [1 . ?(1 + u)z} ly* — || (6.144)

It follows from (6.121), after some elementary algebra, that

[1y2 — %(1+u)2] =(1—-o0) <1 %) (6.145)

Replacing (6.145) in (6.144), we obtain
2
Jo* — 2F|? = fla* — 2H 12 > (1 - ) (1 - 7”) I —a*P (6.146)

and the result follows immediately from (6.146) 0O

Next we combine the results of Lemmas 6.10.1 and 6.10.3 in order to obtain
our convergence theorem.

Theorem 6.10.4. Let T : H = H so that T~' is mazimal p-hypomonotone in a
subset V- x U of H x H satisfying
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(i) S*NU is nonempty and closed,

(i) There exists 3 > 0 such that B(0,5) C V,
(iii) There exists 6 > 0 such that (S*NU) + B(0,d) C U,
(iv) U is conve,

where S* is the set of zeroes of T. Take a sequence {7y} of positive real numbers
such that 2p < 4 = inf{y}. Define ¢ = min{d, 35/2}. If d(2°,S* NU) < ¢, then,
both for Algorithm IPPH1 and Algorithm IPPH2,

(a) For allk there exist y*, v* e* x**1 € H satisfying (6.117)-(6.119) and (6.122),
in the case of Algorithm IPPHI, and (6.117)—(6.118) and (6.120)—(6.122), in
the case of Algorithm IPPH2, and such that (y* v*) € U x V, d(z*+1,8* N
U)<e.

(b) For any sequence as in (a), we have that {x*} converges weakly to a point in
S*NU.

Proof.
(a) We proceed by induction. Take any k& > 0. We have that

d(z*,8* NU) <e, (6.147)

by inductive hypothesis, if £ > 1, and by assumption, if £ = 0. We are within the
hypotheses of Corollary 6.10.2. Applying this corollary we conclude that the desired
vectors exist and that (y*,v*) € U x V. It remains to establish that d(z**1,S* N
U) < e. Let Z be the orthogonal projection of z* onto S* N U, which exists by
conditions (i) and (iv) and Proposition 6.9.6. Note that both (z,0) and (y*,v¥)
belong to U x V. Thus we are within the hypotheses of Lemma 6.10.3, with W =
U x V, and both for Algorithm IPPH1 and Algorithm IPPH2 we get from either
Lemma 6.10.3(i) or Lemma 6.10.3(ii) that

lz* = &M < Jla* — 2] (6.148)
for all * € S*NU. By (6.148) with Z instead of a*,
d(z* 5 NU) < ||z — 2" < |7 — 2¥|| = d(2F,5* NU) <,

using (6.147) in the last inequality.

(b) We follow here with minor variations the standard convergence proof for
the proximal point algorithm in Hilbert spaces; see, for example, [192]. In view of
(6.148), for all z* € S*NU the sequence {||z* —z*||} is nonincreasing, and certainly
nonnegative, hence convergent. Also, because ||z¥ — 2*|| < ||2° — 2*|| for all k, we
get that {z*} is bounded.

Now we consider separately both algorithms. In the case of Algorithm IPPHI,
we get from Lemma 6.10.3(i),

(1= 0)(F = 2ppmllvf[|* < |2 — & ||* — 2"+t — 272, (6.149)
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Because the right-hand side of (6.149) converges to 0, we have limy_, v ||v¥||

= 0, and therefore, because v, > 4 > 0 for all k
lim v =0, (6.150)

k—o0

which implies, in view of (6.119), that limy .., ¥ = 0, and therefore, by (6.118),

lim (y* —2*) = 0. (6.151)
k—o0
In the case of Algorithm IPPH2, we get from Lemma 6.10.3(ii),
2p « «
(1-0) (1= Z) Iy~ HP <l = a2 - o = (6152)

Again, the right-hand side of (6.152) converges to 0, and thus (6.151) also holds
in this case, so that, in view of (6.120), limy_.o e¥ = 0, which gives, in view of
(6.151) and (6.118), limy_ o yxv* = 0, so that in this case we also have (6.150).
We have proved that (6.150) and (6.151) hold both for Algorithm IPPH1 and Algo-
rithm IPPH2, and we proceed from now on with an argument that holds for both
algorithms.

Because {z*} is bounded, it has weak cluster points. Let & be any weak cluster
point of {z*}; that is, 7 is the weak limit of a subsequence {z' } of {z*}. By (6.151),
7 is also the weak limit of {y**}. We claim that (#,0) belongs to U x V. In view of
condition (ii), it suffices to check that # € U. Note that {z*} C (S* NU) + B(0,¢)
by item (a). Because U is convex by condition (iv) and S*NU is closed by condition
(i), we can apply Proposition 6.9.6(ii) to conclude that (S*NU)+ B(0, ) is weakly
closed. Thus, the weak limit # of {z%*} belongs to (S*NU)+ B(0, €), and henceforth
to U, in view of condition (iii) and the fact that ¢ < §. The claim holds, and we
are within the hypotheses of Proposition 6.9.5: {v®*} is strongly convergent to 0 by
(6.150), {x'} is weakly convergent to Z, and (0, ) belongs to V x U, where T~ is
maximal p-hypomonotone. Then 0 € T'(Z); that is, T € S*NU.

Finally we establish uniqueness of the weak cluster point of {z*}, with the
standard argument (e.g., [192]) which we include just for the sake of completeness
(cf. also the proof of Theorem 6.4.6(ii) in Section 6.4). Let &, & be two weak cluster
points of {2*}, say the weak limits of {2’} and {27*}, respectively. We have just
proved that both & and Z belong to S* x U, and thus, by (6.148), both {||# — 2*||}
and {||Z — z¥||} are nonincreasing, hence convergent, say to @ > 0 and to & > 0,
respectively. Now,

12— %)% = |2 — 2> + |1Z — «"||® + 2(2 — &, & — 2"). (6.153)
Taking limits in (6.153) as k — oo along the subsequence {z'}, we get

|2 — 2||* = &% — &% (6.154)

Reversing now the roles of Z, & in (6.153), and taking limits along the subsequence
{27%}, we get
|z — &% = a* — a2, (6.155)
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It follows from (6.154) and (6.155) that ¥ = #, and thus the whole sequence {z*}
has a weak limit which is a zero of T" and belongs to U. O

The next corollary states the global result for the case in which 7! is p-
hypomonotone in the whole H x H.

Corollary 6.10.5. Assume that T : H = H has a nonempty set of zeroes S* and
that T~ is mazimal p-hypomonotone. Take a sequence {7y} of positive real numbers
such that 2p < 4 = inf{y,}. Then, both for Algorithm IPPHI1 and Algorithm
IPPH2, given any 2° € H,

(a) For allk there exist y*, v* e* x**1 € H satisfying (6.117)-(6.119) and (6.122),
in the case of Algorithm IPPHI1, and (6.117)—(6.118) and (6.120)—(6.122), in
the case of Algorithm IPPH2.

(b) Any sequence generated by Algorithm IPPHI or by Algorithm IPPH2 is weakly
convergent to a point in S*.

Proof. This is just Theorem 6.10.4 for the case of U = V = H. In this case
all the assumptions above hold trivially. Regarding condition (i), note that S* is
closed because, by Proposition 6.9.4, it is also the set of zeroes of the maximal
monotone operator Y,(T), which is closed (by Corollary 4.2.6). Conditions (ii) and
(iii) hold for any 3, > 0, so that the result will hold for any e > 0, in particular
for e > d(2°,5%). O

Exercises

6.1. Prove that the set S* of primal-dual optimal pairs for problems (P) and
(D), defined by (6.55)—(6.56) and (6.63)—(6.64), respectively, coincides with
the set of saddle points of the Lagrangian given by (6.57); that is, the points
that satisfy (6.66).

6.2. Prove that the set S*™ of Exercise 1 coincides with the set of zeroes of the
operator Ty defined in (6.72).

6.11 Historical notes

It is not easy to determine the exact origin of the proximal point method. Possibly,
it started with works by members of Tykhonov’s school dealing with regularization
methods for solving ill-posed problems, and one of the earliest relevant references
is [126]. It received its current name in the 1960s, through the works of Moreau,
Yosida, and Martinet, among others (see [160, 142, 143]) and attained the form of
(6.1) in Rockafellar’s works in the 1970s ([193, 192]). A good survey on the proximal
point method, including its development up to 1989, can be found in [129].
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We mention next some previous references on the proximal point method in
Banach spaces. A scheme similar to (6.3) was considered in [68, 69], but requesting
a condition on f much stronger than H1-H4, namely strong convexity. It was
proved in [4] that if there exists f : X — R which is strongly convex and twice
continuously differentiable at least at one point, then X is Hilbertian, so that the
analysis in these references holds only for Hilbert spaces. With f(z) = ||z[|%, the
scheme given by (6.3) was analyzed in [114], where only partial convergence results
are given (excluding, e.g., boundedness of {2¥}). For the optimization case (i.e.,
when T is the subdifferential of a convex function ¢ : X — R, so that the zeroes of
T are the minimizers of ¢), the scheme given by (6.3) was analyzed in [2] for the
case of f(x) = ||z||% and in [53] for the case of a general f.

In finite-dimensional or Hilbert spaces, where the square of the norm leads
always to simpler computations, the scheme given by (6.3) with a nonquadratic
f has been proposed mainly with penalization purposes: if the problem includes
a feasible set C' (e.g., constrained convex optimization or monotone variational
inequalities) then the use of an f whose domain is C' and whose gradient diverges at
the boundary of C, forces the sequence {2*} to stay in the interior of C' and makes
the subproblems unconstrained. Divergence of the gradient precludes validity of
H3, and so several additional hypothesis on f are required. These methods, usually
known as proximal point methods with Bregman distances, have been studied, for
example, in [59, 60, 99, 121] for the optimization case and in [44, 75, 100] for finding
zeroes of monotone operators. The notion of Bregman distance appeared for the
first time in [36]. Other variants of the proximal point method in finite-dimensional
spaces, also with nonquadratic regularization terms but with iteration formulas
different from (6.3), can be found in [20, 21, 51, 77, 108] and [109].

The analysis of inexact variants of the method in Hilbert spaces, with error
criteria demanding summability conditions on the error, started in [192]. A similar
error criterion for the case of optimization problems in Banach spaces, using a
quadratic regularization function, was proposed in [114]. Related error criteria,
including summability conditions and using nonquadratic regularization functions,
appear in [75, 121] for optimization, and in [46] for variational inequalities.

Error schemes for the proximal point method, accepting constant relative er-
rors, have been developed in [209, 210] with a quadratic regularization function
in Hilbert spaces and in [211, 51] with a nonquadratic regularization function in
finite-dimensional spaces.

Algorithm TPPM, without allowing for errors in the inclusion (6.6) (i.e., with
er = 0) has been studied in [102], which is the basis for Sections 6.2-6.7 in this
chapter. A related algorithm, allowing for errors in the inclusion, has been studied
in [202]. A proximal point method for cone constrained optimization in a Hilbert
space H was introduced in [228]. Convergence results in this reference require either
that limg_., Ay = 0 or at least that A\x be small enough for large k.

The augmented Lagrangian method for equality constrained optimization prob-
lems (nonconvex, in general) was introduced in [92, 173]. Its extension to inequality
constrained problems started with [56] and was continued in [27, 124, 191]. Its con-
nections with the proximal point method are treated in [193, 21, 28, 75] and [108].
A method for the finite-dimensional case, with f(z) = ||z||* and inexact solution of
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the subproblems in the spirit of [209, 211], appears in [97].

There are few references for augmented Lagrangian methods in infinite-dimensional
spaces. Algorithm IDAL was presented in [54]. The method presented in Section
6.8 was analyzed in [103].

In connection with the proximal point method applied to nonmonotone opera-
tors, they have been implicitly treated in several references dealing with augmented
Lagrangian methods for minimization of nonconvex functions (e.g., [28, 76] and
[213]). A survey of results on the convergence of the proximal point algorithm
without monotonicity up to 1997 can be found in [113]. The notion of hypomono-
tone operator was introduced in [194]. The exact version of Algorithms IPPH1 and
IPPH2 was presented in [169], and the inexact version in [105]. These two references
also introduce an exact and an inexact version, respectively, of a multiplier method
for rather general variational problems with hypomonotone operators, which can be
seen as a generalization of the augmented Lagrangian method.
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Notation

R: the real numbers
R, : the nonnegative real numbers
R4 the positive real numbers
X*: the topological dual of the normed space X
R: RU {co}
N: the natural numbers
Noo: the neighborhoods of infinity in N
Nj;: the subsequences of N
Zn, — x: the subsequence {x, }n,cs converges to x, with J € ./\/'ﬁ
Ny: first countability axiom
Ny: second countability axiom
T3: third separability axiom
limint C),: the internal limit of the sequence of sets {C),}
lim ext C,: the external limit of the sequence of sets {C,, }
d(xz,C): the distance of z to the set C
B(z,r): the closed ball of center x and radius r
| - ]]: the norm
|| || x+: the norm in X*
(-,-): the duality pairing
C*¢: the complement of the set C
C?: the topological interior of the set C
(C)9: the topological interior of the set C' relative to A
O the topological closure of C
(' 4: the topological closure of C' relative to A
A\ B: the set AN B¢
ri(A): the relative interior of the set A
0C": the topological boundary of C'
CP: cluster points of a sequence of sets
F*1 the inverse of the point-to-set mapping F
~1(A): the inverse image of the set A
F+1(A) the core of the set A
Gph(F): the graph of the point-to-set mapping F'
D(F): the domain of the point-to-set mapping F'
R(F): the range of the point-to-set mapping F'
' —ax: ' € D(F) converging to x
4 F(x) =limext, . F(2'): the outer limit of F at x
(_F(x)=1lim intx/_iw F(2): the inner limit of F at z
Dom(f): the effective domain of the function f
Epi(f): the epigraph of the function f
df: the subdifferential of the function f
O f: the e-subdifferential of the function f
[k the restriction of the function f to the set K
d4: the indicator function of the set A
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288 Notation

S¢(A): the level mapping of f with value A

Ey: the epigraphic profile of f

diam(A): the diameter of the set A

f*: the convex conjugate of the function f

f**: the convex bicongugate of the function f (i.e., the convex conjugate of f*)
A" the closure of the set A with respect to the weak topology

A" the closure of the set A with respect to the weak™ topology
Nk (z): the normal cone of K at the point x

Tk (x): the tangent cone of K at the point z

K~ : the polar cone of the set K

K*: the positive polar cone of the set K

K*°: the antipolar cone of the set K

DF(x,y): the derivative of the mapping F at (z,y) € Gph(F)
DF(z,y)*: the coderivative of the mapping F at (z,y) € Gph(F)
=: the partial order induced by a cone

04: the support function of the set A

V f: the gradient of the function f

A f: the Laplacian of the function f

Pc: the orthogonal projection onto the set C'

L*: the adjoint of the linear mapping L

0T (z): the Gateaux derivative of T' at the point z

w-lim: weak limit

s-lim: strong limit

co A: the convex hull of A

C0A: the closed convex hull of A

J: the normalized duality mapping

Jo: the duality mapping of weight ¢

X/L: the quotient space of X modulus L

E(T): the family of enlargements of T

E.(T): the family of closed enlargements of T

T*: the largest element of E(T)

T*¢: the smallest element of E(T')

d f: the Brondsted and Rockafellar enlargement of the subdifferential of f
VIP(T,C): the variational inequality problem associated with T and C
T} +eqt To: the extended sum of the operators 77 and 15

v¢: the modulus of total convexity of the function f

px: the modulus of smoothness of the space X

0x: the modulus of uniform convexity of the space X

Dy (z,y): the Bregman distance related to the function f

F: the family of lsc, differentiable, strictly convex functions

/': the Gateaux derivative of the function f

argming f: the set of minimizers of the function f on the set C'
Y,(T): the Yosida regularization of the operator T' with parameter p
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Alaoglu, L., 32
algorithm
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EDAL, 248ff, 251, 256
EGA, 195, 197, 200, 201, 203, 205,
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IDAL, 249, 251, 251ff, 256, 270
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approximate solution, 198
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